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PREFACE 


IN writing this book, my object has been to discuss the funda- 
mental properties of matter in the simplest manner consistent 
with accuracy. The student who possesses a sound knowledge 
of the elements of algebra, geometry, and trigonometry, will find 
that his acquirements are sufficient to enable him to read the 
book, and to solve the problems set at the ends of the chapters, 
without referring to mathematical treatises. In many instances, 
the performance of integrations, commonly effected by the aid 
of the integral calculus, has been found to be unavoidable ; in 
such cases I have used a method which is neither difficult nor 
lengthy, while it can be learnt without much trouble. This 
method is explained fully in the text, and a number of its 
applications are given sufficient to enable the student to become 
perfectly familiar with it. It must be understood that this 
method has not been devised in order to give the student an 
excuse for neglecting the study of the calculus ; on the contrary, 
I consider that it forms a most valuable introduction to the 
calculus, as it presents a definite integral under its true form— 
the sum of a series ; and the procedure by which the summation 
is effected is just as legitimate as that commonly used in books 
on mathematics. Geometrical properties, with which the 
student is likely to be unacquainted, are also investigated fully in 
the text. 

The first five chapters are devoted to a development of 
mechanical principles, especial attention being paid to the 
rotational motion of solids (including the gyrostat) and to 
oscillatory motion. Subsequently the properties of gravitation 
are studied, and the phenomena attending the straining ot 


elastic bodies are analysed. The surface tension of liquids forms 
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a connecting link between the mechanical properties of solids 
and fluids. In Chapters X-XV a number of the most important 
properties of moving fluids are investigated. Finally, Chapter 
XVI is devoted to a consideration of those phenomena which 
can be explained only on the assumption that fluids consist of 
ultimate particles, or molecules, moving with great velocities. 

A large number of experiments, some of which present novel 
features, are described in the text. Questions are set at the end 
of each chapter, and answers to these are given at the end of 
the book. In many cases, assistance has been afforded to the 
student in the solution of problems of a difficult character. 

The illustrations to the text have been reproduced from 
original drawings; the wood-cuts have been executed by 
Messrs. Butterworth, and the line diagrams by Mr. Emery 
Walker ; to these firms, as well as to the printers, Messrs. k. 
Clay & Sons, Ltd., my best thanks are due for their care and 
skill. During the passage of this book through the press, I have 
received assistance and advice from my friends, Prof. R. A. 
Gregory and Mr. A. T. Simmons, which has proved most help- 


ful, and for which this brief expression of my gratitude is an 
inadequate return. 


EDWIN EDSER. 


UNIVERSITY OF LONDON, GOLDSMITHS’ COLLEGE. 
July, 1911. 
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GENERAL PHYSICS FOR 
STUDENTS 


‘ CEVA PA Pea. 
INTRODUCTORY 


What is matter ?—Everyone has a more or less definite idea 
of the meaning to be attached to the word ‘‘ matter”; it is not 
easy, however, to frame a rigid definition of matter which will 
prove useful in our subsequent investigations. The property which 
distinguishes matter from any other substance is that it has weight ; 
in other words, when matter is near to the earth (where alone 
we can adrectly investigate its properties) it is pulled downward 
towards the ground. The word wezgff is applied to the pull 
which the earth exerts on matter near its surface. 


In order to explain the phenomena of Light and Magnetism and 
Electricity, we are forced to assume the existence of a medium which 
pervades all space, and is called the J/eumdniferous ether. This 
medium has many properties in common with matter; but it is 
imponderable, that is, it has no weight; and this characteristic 
distinguishes the ether from matter. 


States of matter.—Matter can exist in several states. If 
it can maintain its shape at the surface of the earth for an 
indefinite time without lateral support, it is said to be in the 
solid state. If it cannot maintain its shape without lateral 
support (that is, if there is no permanent cohesion between its 
parts, so that it flows if not prevented from doing so by the 
walls of a containing vessel) it is said to be in the fluid’ 


1 From Latin _/ffvere, to flow. 
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state. Fluids are divided into liquids and gases. The volume 
of a liquid is constant! at a given temperature; if the volume 
of a liquid is less than that of a vessel into which it is intro- 
duced, it will not fill the vessel, but will possess a free surface. 
When a gas is introduced into a closed vessel which was 
previously empty, it entirely fills the vessel, and consequently 
has no free surface. A vapour is distinguished from a gas by 
the property that it can be liquefied merely by compressing it, 
while a gas cannot be liquefied without cooling it below a 
certain critical temperature.” : ‘ 

Viscosity.—Some fluids are capable of flowing much more 
readily than others : for instance, water can be poured out of a 
vessel much more readily than treacle. The property of a fluid 
which retards its rate of flow is called its viscosity : thus treacle 
has a greater viscosity, or is more viscous, than water. 


Many substances which, at first sight, appear to be solids, are really 
very viscous fluids, For instance, a large piece of pitch will gradually 
flow over the ground if it is not prevented from doing so by the walls of 
a containing vessel: a stick of sealing-wax, if supported only at its ends 
while in a horizontal position, will gradually sag under its own weight : 
a glacier is a stream of ice slowly flowing down the side of a mountain. 
Hence pitch, sealing-wax, and ice are fluids, and differ from treacle 
only in possessing much greater viscosities. Many fairly soft substances, 
such as tallow, can maintain their shapes for an indefinite time at 
ordinary temperatures : such substances are soft solids. 


Elasticity.—If the volume and shape of a substance could 
not be altered by the application of any force, however great, that 
substance would be said to be perfectly rigid : no such substance 
is known, but certain solids require so great a force to modify 
their shapes that, occasionally for convenience, we may speak of 
them as perfectly rigid. 

When the volume or shape of a substance can be altered 
appreciably by the application of forces of finite magnitude,. 
and the original volume or shape of the substance is regained 
when the forces cease to act, the substance is said to be 
elastic, or to possess elasticity. There are two principal kinds 
of elasticity; volume elasticity and shape elasticity. Solids alone 


1 Under very high pressure the volume of a liquid may be slightly diminished. 
2 See the Author's “‘ Heat for Advanced Students,” pp. 183 and 207. 
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possess a definite shape, and consequently they alone possess 
shape elasticity. A gas can be compressed by the application 
of increased pressure, and it regains its original volume when 
the pressure regains its original value: hence gases are fluids 
possessing volume elasticity. Liquids and solids can be com- . 
pressed appreciably only by the application of enormous pres- 
sure ; therefore they are often spoken of as incompressible: in 
reality, however, they possess volume elasticity. 

When the shape of a solid can be changed by the application 
of forces of sufficient magnitude, and the original shape of the 
solid is not regained when these forces cease to act, the solid is 
said to be plastic. Putty and lead may serve as instances of 
plastic solids. 

Fundamental units of measurement.—It has been said 
that “science is measurement.” This statement means, that we 
can never understand a phenomenon fully unless we can describe 
it in terms of magnitudes which have been measured exactly. 
But an exact measurement can only be made in terms of some 
unit previously agreed upon ; thus, to measure the distance from 
one point to another we must have a unit of length, such, for 
instance, as the inch or the foot, and then determine how many 
of these units of length there are between the two points. 

In early times all units of measurement were arbitrary and, 
for the most part, unrelated one to another. Even at the present 
time experimenters are forced to use: certain arbitrary units 
which have no definite relation to other units ; as an example, 
the “standard candle” used in photometric researches may be 
cited. But it is recognised clearly that all units of measurement 
should be related, so far as possible, to the three fundamental 
units of length, mass, and time. These units will now be 
defined. 

Units of length.—The British unit of length is the foot, 
which is one-third of the distance between two marks on a bar 
of metal preserved at the Standards Office, and called the 
“Standard Yard.” 

The unit of length used in nearly all scientific investigations 
is the centimetre (written for short cm.); this is the one- 
hundredth part of the distance between two marks on a bar of 
platinum, called the “Standard Metre,” which is preserved at 
the International Bureau of Metric Standards, Saint-Cloud, 
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near Paris. It is a copy of a standard originally made to be as 
nearly as possible equal to one ten-millionth part of a quadrant 
of the earth, measured from the equator to the pole ; but it was 
decided that the standard, once constructed, should not be 
altered if subsequent more exact measurements of the earth 
showed that this relation does not hold exactly. It is now 
known that the length of the quadrant passing through Paris 
is equal to 10,002,100 metres. 


The following multiples and sub-multiples of the metre are often used 
in measurements; but it must be remembered that in theoretical 
investigations all lengths must be expressed in centimetres :— 

1 kilometre (km.) = 1,000 metres =0°6214 mile. 

I decimetre (dm.)=1/10 metre =10 cm. 

I millimetre (mm.)=1/1,000 metre = 1/10 cm. 

I micron ‘represented by the symbol «)=1/1,000 mm. 

I micro-millimetre (represented by the symbol wu)=(1/1,000) w= 
1/1,000,000 mm. 

I inch is roughly equal to 2°54 cm. 1 foot is equal to 30°5 cm. 
(nearly). More accurately, a metre is equal to 39°370113 inches. 


Units of area and volume.—The unit of area is the 
area of a square, each,side of which is of unit length. Hence, 
the British unit of area is the square foot, and the scientific 
unit is the square centimetre. 

The unit of volume is the volume of a cube, each edge of 
which is of unit length. Hence, the British unit of volume is 
the cubic foot, and the scientific unit is the cubic centimetre (c.c.). 

I litre=1,000 c.c. 

The gallon is the volume of 10 lb. of fresh water at 62° F. ; it is ° 

equal to 4°546 litres. Tlence 1 pint =568°23 c.c. 


Units of mass.—The word mass is used to denote “ quantity 
of matter.” Hence it follows directly, that two cubic centimetres 
of a homogeneous substance, such as water, have twice the mass 
of one cubic centimetre of the same substance, the temperature 
being the same in both cases. To compare the masses of 
quantities of different substances, such, for instance, as lead and 
water, we may reason as follows. The characteristic property 
of matter is its weight; if a piece of lead is pulled down- 
wards by the earth with a force equal to that exerted, at the 
same place, on a cubic centimetre of water, the two obviously 
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have equal weights, and we may define them as having equal 
masses. This, however, does not necessarily imply that the 
weight of a body is directly proportional to its mass ; we cannot 
find out whether two grams of water are pulled downwards by 
the earth with a force twice as great as that exerted on one 
gram, until we have defined accurately the word “force,” and 
obtained a method of measuring forces. But without being in 
a position to measure forces, we may yet test the equality of 
weight of two masses of matter. 

Let a beaker containing a known volume of water be placed 
on one scale pan of a balance, while matter of any kind is added 
to the other pan until equilibrium is obtained. The water is 
pulled downwards by the earth with a certain force, and if we 
remove the water and replace it by (say) a piece of brass, the 
equilibrium of the balance can only be preserved if the force 
exerted by gravity on the brass is equal to that previously 
exerted on the water, z.e., unless the water and brass are equal 
in weight. Thus, we could construct a series of standard 
masses, say of brass, respectively equal to the masses of one 
c.c., two, three, four, etc., c.c. of water, and we could then 
balance other unknown masses against the standards so 
constructed. 

In the scientific system, the unit of mass is the gram (gm.) ; 
this was originally defined as the mass of one cubic centimetre 
of water at 4° C., at which temperature the density of water has 
its maximum value. A standard kilogram (1,000 grams) was 
constructed, and is preserved at the Bureau of Metric Standards ; 
it was decided that this should continue to be the standard of 
mass, even if subsequent researches showed that its mass was 
not exactly equal to that of 1,000 c.c. of water at 4° C. According 
to Guillaume, a cubic centimetre of water at 4° C. actually has a 
mass of 0°99995 gm. 

The British standard of mass is the pound avoirdupois ; this 
is the mass of a standard block of metal preserved at the 
Standards Office. It has no direct relation to the unit of 


volume. 


1 lb. =7,000 grains=453°593 gm. (454 gm. nearly). 
1 ton=2,240 lb. = 1,016,050 gm. (1,000,000 gm. nearly). 


The mass of unit volume of a substance is called the density of that 
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substance. Density is measured in grams per c.c, or in pounds per 
cubic foot. The density of water at 4° C is equal to one gram per c.c., 
or 62°415 lb. per cubic foot. 


Unit of time.—The solar day is defined as the time which 
elapses between two successive passages of the sun across the 
meridian ; the meridian being a plane passing through a given 
point on the earth’s surface, and also through the geographical 
poles of the earth. The earth rotates at a uniform rate about its 
axis, and also revolves in an orbit about the sun with its axis 
pointing always in one direction. Consequently, the solar 
day will have slightly different values at different times of 
the year; the mean solar day is the mean value of the solar day 
throughout the year. The mean solar day is divided into 24 
hours, each hour into 60 minutes, and each minute into 60 
seconds. The second is the unit of time used in all scientific 
researches. 

We have now defined the three fundamental units of length, 
mass, and time. The centimetre, gram, and second are called the 


c.g.s, units of measurement. The pound, foot, and second are called 
the British units of measurement. 


Dimensions of physical quantities.—A “ physical quantity ” 
may be defined as a measurement of some physical property : a 
length, a mass, or a time is a fundamental physical quantity, and 
most other physical quantities are related to these. The 
“dimensions of a physical quantity” denote an expression which 
shows how the quantity in question is related to the three 
fundamental units of length L, mass M, and time T. 


For instance, the area of a rectangle is found by multiplying its 
length by its breadth, z.e., by multiplying together two magnitudes each 
of which represents a certain number of units of length ; the area of any 
other figure involves the multiplication together of two lengths, and 
hence the dimensions of an area are given by Lx L, or L?. Similar 
reasoning shows that the dimensions of a volume are given by L?, To 
find the density of a substance, we must determine the volume of a 
weighed mass of that substance, and then divide the mass by the 
volume; hence the dimensions of a density are given by M+L+3, or 
ML~*. A discussion of the dimensions of other physical quantities 
must be eee until those quantities have been defined. 


Displacements.—When a body is moved from one position to 
another, the distance, measured in a straight line from the 
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initial to the final position of the body, is termed its displace- 
ment. It follows. that a displacement is a distance measured in 
a definite direction; its description involves a numerical 
magnitude, together with a specification of the direction of 
measurement. Any measurement 

which involves, not only a magni- B 
tude, but a direction, is termed a 
vector, or directed quantity. <A fs 
measurement which does not in- 

volve a direction (for example, a bs 
measurement of mass or time) is 


called a scalar quantity. b; 
Let the vectors OA, AB (Fig. 1) 
indicate, in magnitude and direction, Oa A 
two successive displacements of a yy, 1. — The composition of 
body initially at O.- Then the displacements. 


resultant displacement of the body 
is equal to the vector OB. Thus, the two successive dis- 


placements OA and AB are equivalent to the single displace- 


= > => > 
ment OB. Hence we may write OA + AB = OB. 

We may, however, proceed in a different manner. Let us 
displace the body from O, first along OA, through the distance Oa, 
equal to OA/, where 7 is any number ; and then through a,4,, 
which is equal to AB/z, and is measured parallelto AB. These 
two successive displacements are equivalent to the single 
displacement O4,. If we next displace the body through the 
distance 4,a,, parallel to OA and equal to OA/z; and then 
through the distance a,,, parallel to AB and equal to AB/x, the 
body will have arrived at 4. Repeating this procedure until 7 
displacements, each equal to OA/z, have been effected parallel 
to OA, and an equal number of displacements, each equal to 
AB/z, have been effected parallel to AB, it is evident that the 
body finally arrivesat B. Its actual path has been along the zig- 
zag line Oa,6,a,6,a,6, .... B,and the resultant displacement - 
is equal to OB. If we imagine that 7, the number of steps in 
the zig-zag path, is increased indefinitely, then this path 
approximates to the straight line OB. The body still suffers the 
displacements OA and AB, but an infinitesimal displacement 
parallel to OA is followed immediately by an infinitesimal dis- 
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placement parallel to AB, and so on. Thus, the conditions are 
practically the same as if the displacements OA and AB were 
performed simultaneously, and we see that the result is the single 
displacement OB. 


An instance of the superposition of simultaneous displacements occurs 
when a person shifts his position in a moving railway carriage. The 
resultant displacement of the person is equivalent to the displacement 
due to the motion of the carriage, together with the motion of the 
person relative to the carriage. 

Any two displacements OA and AB are equivalent to a displacement 
OB. The process of finding a single displacement which is equi- 
valent to two or more displacements, is called the composition of 
those displacements. Conversely, any displacement OB can be 
replaced by the component displacements OA and AB, in which case 
- the displacement OB is said to have been resolved into its components 
OA and OB. Any magnitude and direction may be chosen for one of 
the components, such as OA; but when this is given, the remaining 
component AB becomes known. If the directions of the components 

are given, it is easily seen that the magnitude of 
B the components becomes known. _ 

The most useful method of resolving a displace- 

ment is to choose its components so that the angle 


OAB= 2 (Fig. 2). 


Let OA=2, while AB=y and OB=yr. Let the 
angle AOB=8@. 


Then, x/r=cos 6, and x=rcos 0. 
O A y/r=sin 6, and y=rsin @. 


. 2.—Th : : al Be , as 
Be ae cpg A displacement obviously has the dimensions 


placements. of a length, L. 

Velocity.—When a body moves ina straight 
line, and travels over equal distances in equal intervals of 
time, the motion of the body is said to be uniform and rectilinear. 
The velocity of the body is defined as the distance over 
which it travels in unit time; to determine the velocity, we 
must measure the distance D travelled by the body in ¢# seconds, 
and divide D by ¢. 

If a body moves in a straight line, but does not travel through 
equal distances in equal intervals of time, the motion of the 
body is constant in direction but variable in magnitude. To 
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measure the velocity of the body, we must mark off very short 
elements of length along its path, and divide the length of each 
element by the time which elapses while the body is passing 
over that element ; each element must be so short that, while 
the body passes over it, the motion of the body may be con- 
sidered to be uniform. Thus, the velocity of the body at any 
point in its path is equal to the length of a very short element 
of path which is bisected by the point in question, divided by 
the time which elapses while the body traverses that element ; 
the same result will give the velocity of the body at the time 
when it passes through the point in question. 

When a body travels along a curved path, the direction of its 
motion changes from instant to instant. Its velocity will then 
vary in direction from instant to instant, but the magnitude of 
its velocity will be uniform if equal distances, measured along 
the curved path, are traversed in equal times ; if equal distances 
are not traversed in equal times, the magnitude as well as the 
direction of the motion varies. 

A velocity has the dimensions of a length divided by a time, 
Oe ADS 

A velocity is obviously a vector or directed quantity, being 
equal to a displacement divided by a time. 

Composition and resolution of velocities.—Let the 
velocity of a body at a given instant be represented in magnitude 
and direction by the vector 
OA (Fig. 3); then if—the C B 
velocity remained constant, 
the body would travel a 
distance OA in one second, 
or the displacement of the 
body: in one second would 
be equal to OA. At the 
given instant let an addi- 
tional velocity equal to OC 
be communicated to the O A 
body ; then in virtue of this Fic. 3.—The composition of velocities. 
velocity alone the body would 
suffer a displacement equal to OC per second, and therefore as 
a matter of fact the displacement of the body per second will 
be equal to the resultant of OA and OC. Draw AB equal and 
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parallel to OC; then the resultant of the two displacements OA 
and AB is equal to OB, and therefore the resultant of the two 
velocities, represented by OA per second and AB=OC per 
second, will be equal to OB per second. Hence, to find the 
resultant of two velocities communicated simultaneously to a 
body, draw two vectors from a point so that they represent the 
two velocities in magnitude and direction; complete the parallelo- 
gram, and draw the diagonal from the starting point; this . 
diagonal represents the resultant velocity of the body in magnitude 
and direction. 


Thus velocities, being vectors, can be compounded like displace- 
ments; also, a single velocity can always be resolved into two 
components in any given directions. 

Further, if the velocity of a body at a given instant is equal to OA, 
(Fig. 3) and after a certain interval of time the velocity is found to be 
equal to OB, then we know that in this interval of time the body has 
acquired an additional velocity equal to AB or OC; thus, AB represents 
the change of velocity in the given interval of time. 


Acceleration.—When the motion of a body is variable, the 
velocity changes from instant to instant ; the rate of change of 
velocity is called the acceleration of the body. Thus, to 
determine the acceleration of a body, we must observe its 
velocity at a given instant and again after a very short interval of 
time, find the change of velocity which has occurred, and 
divide this by the magnitude of the interval of time. Since an 
acceleration is the difference between two velocities (each of 
which has the dimensions LT~!) divided by a time, it follows 
that the dimensions of an acceleration are represented by LT~2. 
Accelerations are measured in cm./sec.? in the c.g.s. system, and 
in ft./sec.2 in the British system. An acceleration is obviously 
a vector quantity. 


If a body is moving in a straight line, the acceleration of the body 
will be constant in direction; if the velocity of the body is increasing. 
the acceleration will be positive (+), while if the velocity is decreasing 
the acceleration will be negative (—). The acceleration will be uniform 
if the velocity of the body increases uniformly with the time, otherwise 
it will be variable. 

If a body moves in a curved path, its acceleration must be determined 
by finding the vector change in the velocity which occurs in a small 
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interval of time (see preceding section) and dividing this by the 
magnitude of the interval of time. 


Force.—Our idea of force is derived, in the first place, from 
the sensation of muscular effort experienced when we move 
matter, as, for instance, when we lift a heavy object. This 
sensation, however, affords us no trustworthy means of measuring 
forces, for a person may find it necessary to make quite 
different efforts at different times in order to lift the same object ; 
therefore some other method must be devised, depending ona 
property of matter independent of our individual strengths. 

We might measure forces in terms of their capacities to 
extend a spiral spring ; making the arbitrary definition, that a 
force which can extend a standard spring by two centimetres 
is twice as great as that which can extend the same spring by 
one centimetre, and soon. We might further stipulate that a 
force which could extend the standard spring by some definite 
amount (say one centimetre) should be called the w7izt force, 
other forces being measured in terms of this unit. In this case 
the temperature at which the measurement is made would have 
to be specified, and the standard spring would have to be 
carefully protected from ill usage; even if these precautions 
were taken, difficulties, which will be discussed in the chapter 
devoted to elasticity, would occur. Further, the unit force, 
measured in this manner, would be arbitrary, and unrelated to 
the units of length, mass, and time. 

Galileo introduced a method of measuring forces which 
depends on their capacities to set matter in motion; this 
method, which was defined and applied extensively by Newton, 
is now accepted universally. 

If a body is set in motion so that it slides along a horizontal 
surface, such as that of a good pavement, the path traversed 
will be approximately straight, and the body will come to rest 
in a time which will be great or small according as the surface 
is smooth or rough. If a similar experiment is made on the 
surface of a sheet of ice, the path traversed will be still straighter, 
and a longer time will elapse before the body comes to rest. 
Now, we know that a greater effort is required to drag a body 
over a rough surface than over a smooth one; hence we may 
infer that the retardation of the body’s motion is due to a 
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frictional force dependent on the nature of the surface ; and that 
if a perfectly smooth surface could be obtained, the frictional 
force would be absent, and the motion of the body would be 
unimpeded. This idea gives rise to Newton’s first law of 
motion, which is equivalent to the following statement :— 


Every body continues in its state of rest, or of uniform motion in a 
straight line, except so far as it may be compelled by impressed 
forces to change that state. 


This law cannot be proved directly, for it is impossible to arrange 
that a body shall be acted upon by no forces; to do this we should 
have to experiment on a body at an infinite distance, not only from the 
earth, moon, sun, and stars, but also from ourselves, so that none of 
these bodies could exert forces on it. It is more logical to consider 
Newton’s first law as giving a definition of force—that which modifies, 
or tends to modify, the state of rest or uniform motion of a body; in 
this case a body which continues at rest or in uniform motion is, by 
definition, either acted upon by no force, or if forces act upon it they 
must neutralise each other’s effects. For instance, if the ice in the 
experiment described above were perfectly smooth, so that no frictional 
force acted on the body, there would still be the downward pull 
exerted on it by gravity, and this would cause the body to descend 
were it not that the ice exerts an equal upward force on the body. 


Newton's second law of motion indicates the manner in 
which forces are to be measured. 


Change of motion is proportional to the impressed force, and takes 
place in the direction of the straight line in which the force acts. 


In applying this law, it must be understood that the condi- 
tions under which the forces act must be similar: that is, they 
must set equal masses of matter in motion, and must act for 
equal times; in this case the forces are defined as being 
proportional to the changes of motion (more strictly the 
changes of velocity) produced. Thus, if a number of different 
forces successively act on the same mass of matter, which in 
each case is at rest to start with, then the velocities produced 
after equal times serve to measure the magnitudes of the forces. 
Hence, if f indicates the magnitude of a force, and wv the 


velocity which it confers on a given mass of matter after acting 
for some definite time, then 


fev, and conversely v c< 7, 
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Attwood’s machine.—It now becomes necessary to inves- 
tigate the relation between the velocity produced by a given 
force, and (a) the time during which the force acts, and (é) the 
mass of matter set in motion. A 
piece of apparatus invented by George 
Attwood, and known as Attwood’s 
machine, may conveniently be used 
for this purpose. 

Two equal masses of matter A and 
B are attached, one at each end of a 
long cord of fine silk (Fig. 4). This 
cord passes round the grooved edge of 
a wheel W, the axle of which is 
supported so that rotation can take 
place with as little friction as possible. 
The two masses A and B being equal, 
gravity exerts equal forces on them ; 
and as one cannot move downwards 
without pulling the other upwards, the 
effect of the pull of gravity on one is 
neutralised by the equal pull of gravity 
on the other. In consonance with 
Newton’s first law of motion, the two 
masses, if originally at rest, remain in 
that condition ; when they are set in 
motion by any force, they continue 
to move with uniform velocity after 
that force ceases to act. The silk 
cord should be so thin that the pull 
of gravity on it is negligibly small in 
comparison with the pull of gravity 
on the masses A and B. The friction 
between the axle and its bearings 
can be made so small that it does 
not perceptibly retard the motion of Fic. 4.—~Attwood’s machine. 
the suspended masses. 

In order to obtain a constant force to set the masses in 
motion, a metal rider is placed on the mass A, and is removed 
after the system has been free to move for a definite time. At 
the commencement of an experiment, the mass B is held by a 
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pneumatic clutch, which can be released on one tick of a 
metronome timed to tick seconds. The mass A then commences 
to descend and B to rise. A horizontal metal ring C is adjusted 
so that the mass A can pass through it without contact, while 
the rider is: caught and lifted off ; by moving C up or down it 
can be arranged that the click due to the removal of the rider 
coincides with the first, second, third, or fourth tick of the 
metronome after that at which the masses were set in motion. 
The mass A can be stopped by means of a flat platform D 
placed at a suitable distance below C; the distance through 
which A or B has travelled, subsequent to the instant when the 
rider was removed, is then equal to the distance between the 
upper surface of the ring C and the upper surface of the mass A 
when it rests on the platform D. 


Expr. 1.—Arrange the position of the ring C so that the rider is 
removed one second after the system commences to move. Adjust the 
platform D so that the mass A is stopped one second after the rider is 
removed, and measure the distance through which A has travelled in 
that second. Then arrange the position of D so that A is stopped 
2, 3, and 4 seconds after the rider is removed, and measure the distance 
traversed by A in each case. If the distance traversed is proportional 
to the time which ‘has elapsed after the removal of the rider, the 
velocity of the system is uniform, and friction does not vitiate the 
results. 

Expr. 2.—-Arrange the position of the ring C so that the rider is 
removed 2, 3, and 4 seconds after the system commences to moye, and 
measure the velocity produced in each case. What relation is there 
between the velocity produced and the time of action of the force ? 


Experiment shows that if a given force sets a given mass of 
matter in motion, the velocity v produced is directly proportional 
to the time / during which the force acts, or— 

Uw cc £, 


The same result may be expressed by the relation — 


) 


7 = @ constant quantity ; 


that is, the velocity increases uniformly with the time, or the 
acceleration ts constant, when a constant force acts on a body 
which moves freely. 

In order to determine the relation between the velocity 
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produced by a given force acting for a given time, and the mass 
of matter set in motion, we must be able to alter the masses of 
A and B. To this end, A and B can each be made in the form 
of a number of metal cylinders which can be screwed together ; 
the mass set in motion can be varied by removing equal masses 
from A and B, or adding equal masses to these. 


Expr. 3.—Arrange A and B so that their masses are as great as 
possible, and adjust the position of the ring C so that the rider is 
removed (say) after two seconds from starting. Determine the velocity 
produced. Then remove equal masses from A and B, and again 
determine the velocity produced when the same rider is removed after 
the same time. Repeat this procedure, varying the masses as much as 
possible. Finally tabulate your results, placing the velocity generated 
in each case opposite to the combined mass of A and B together with 
the rider. 


The following table gives the result of a series of experiments such as 
those just described. In each case the rider was removed two seconds 
after the system commenced to move. 


| | 

Mass of A | Mass of || Combined mass of . ° | 
and B. Rider. A, B, and rider. Se ter coe 

gm. gm. gm. | 
400 to 410 39°5 | 00253 
300 10 310 48°5 00206 
250 IO 260 54°0 O°0185 
150 ie 1s. 160 73°8 | 0°0135 

{ 


On examining this table cursorily, no very exact relation can be 
traced between the velocity acquired and the combined mass of A, B, 
and the rider. We may notice, however, that the mass 310 is nearly 
twice as great as the mass 160, and the velocity 48°5 corresponding to 
the mass 310 is something like half as great as the velocity 73°8 
corresponding to the mass 160. This suggests that the velocity 
generated is doubled when we halve the mass of matter set in motion ; 
but the errors to be expected in the above experiments would not 
account for the discrepancy between the results and this law. It must be 
noticed, however, that A, B, and the rider are not the only masses set in 
motion ; the wheel also moves, and we must make allowance for this. 
It is not enough for this purpose to weigh the wheel; for parts of the 
wheel at different distances from the axis of rotation move with different 
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velocities. Let us, however, assume for the moment that, if all the 
matter set in motion acquired one uniform velocity, then the law 
connecting the velocity v and the mass # set in motion would be 
expressed by— 


then we should have — 
I 
= ccm. 
v 
In this case, if we plotted values of 1/v against #, we should obtain a 
straight line, and equal increments of #z would correspond to equal 


increments of 1/v. 
Now, whatever allowance must be made for the wheel, the experi- 
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Fic. 5.—Graph of the results obtained in experiment 3. 


mental results tabulated above suffice to show the change in the value of 
1/v due to a known increase in the mass set in motion ; thus, if the law 
assumed above is true, we ought to obtain a straight line on plotting the 
values of 1/v, obtained from the above table, against the mass of A, B 
and the rider. On referring to Fig. 5 we see that this is the dae 


Ab 


he’: 
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within the limits of error incidental to the experiments. It will be 
noticed that, starting with any mass of matter set in motion, the 
addition of 100 grams always increases the value of 1/v by- about 0:0048, 
that is, 1/7 increases proportionately with the mass of matter set in 
motion. 

Produce the straight line passing through the experimental points until 
it cuts the horizontal axis; then, if we read off the masses from this 
point of intersection, we find that the corresponding values of 1/v are 
proportional to these readings. Thus, we must increase the mass of 
A, B, and the rider by about 125 grams in order to allow for the 
action of the wheel ; hence, if we could obtain a wheel with a mass of 
125 grams concentrated along the bottom of the groove in which the 
silk cord rests, so that this mass must move with the same velocity as 
the cord, then we should obtain the same results as with the wheel 
actually used. 

It must be noticed that a very high order of accuracy cannot 
be expected in experiments such as those just described; if two 
sounds occur within an interval of o*r second they are not heard 
separately, but merge into a single sensation ; hence, we can scarcely 
hope to adjust the platforms so that the various clicks are within 
o'r second of the corresponding ticks of the metronome. The above 
experiments, however, indicate the probable connection between 
the various quantities measured; the best confirmation of the laws 


~ obtained is, that these laws enable us to predict other phenomena, 


which can be observed with extreme accuracy, and these predictions 
prove to be correct. 


Experiment, therefore, shows that when a given force acts for 
a given time, the velocity ~ produced is inversely proportional 
to the mass 7z of matter set in motion, or 


= I . 
seer gs 
provided that the whole of the mass 7 acquires the velocity v. 


In the expression— 
I 
— cc Wt 
a 
let us call the quantity 1/v the slwggishness of motion ; then we 
see that the greater the mass of matter set in motion by a given 
force acting for a given time, the greater will be the sluggish- 
ness of the motion produced. 
We now have the following laws connecting the velocity v, 
c 
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the force f, the time ¢ during which the force acts, and the mass 
we of matter set in motion :— 

voc f (By definition). 

vot 
I (Experimental relations. . 


Yh 
WL 


We may combine these in the single expression— 
ete CMR he eed Soy (Gn) 


which expresses the fundamental quantitative laws of dynamics. 

The unit force.—In (1) above, the quantities v, 4 and 
must be measured in terms of units already defined, and there- 
fore their magnitudes are directly ascertainable. As yet, 
however, we have not chosen the unit of force; by a 
suitable choice of this unit we may give any value we please to 
the right hand side of (1); in particular, we may choose the 
unit of force’so that, if #is measured in terms of this unit, the two 
sides of (1) become equal. In this case we have the relation— 

ae 
Pisa Sendo 5i Noe! Ge OS ee 

The unit force must now be defined so that equation (2) is 
satisfied. If wv, 4 and 7 are each equal to unity, then / must 
be equal to unity ; hence we have the following definition :— 

If unit force acts for unit time and sets unit mass of matter in 
motion, then unit velocity will be generated. To measure a force 
directly in terms of this unit, we must allow it to act for a 
known time and set a known mass of matter in motion, and 
measure the velocity generated ; on substituting the values 
of the velocity, mass, and time in equation (2), the value of the 
force f can be calculated. 

The value of the unit force will vary with the units of length, 
mass, and time adopted. Two units are in use. 

The dyne is the c.g.s. unit of force. A force of one dyne, 
acting for one second and setting one gram of matter in motion, 
produces a velocity of one centimetre per second. If wv, 4, and mz 
in (2) are measured in the c.g.s. (centimetre, gram, second) 
system, fis obtained in dynes. 

The poundal is the British unit of force. A force of one 
poundal, acting for one second and setting one pound (avoirdupois) 
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of matter in motion, produces a velocity of one foot per second. 
If v, 4, and m in (2) are measured in the f.lb.s. (foot, pound, 
second) system, /is obtained in poundals. 


Problem.— How many dynes are equivalent to one poundal ? 

A poundal, acting for one second and setting 454 gm. of matter in 
motion, produces a velocity of 30°5 cm, per second. Hence, substituting 
v= 30'5, together with 7=454 and ¢=1 in equation (2), we obtain— 

Ons a= £. .*. f= 30°5 X 454=13,850 dynes (nearly). 

Problem.—/vom the data tabulated on p. 15, combined with the 
result that the wheel is equivalent to an additional 125 gm. of matter 
set in motion with the same velocity as A, B, and the rider, find the 
Jorce tn dynes exerted by the earth on the rider. 

Mass set in motion =7=410+125=535 gm. 

Time of action =¢=2 sec. 

Velocity generated =v=39°5 cm. per sec. 


Hence = 4019 5535 = 10,600 dynes (nearly). 
Equation (2) may be thrown into the form— 
De fia 
Eom? 


and since v/¢ is equal to the acceleration (increase of velocity 

per unit time) we see that the acceleration is equal to the force 

divided by the mass set in motion, or to the force per unit mass. 
Also— 


The product wv is called the momentum. Thus we see that 
the force acting on a body is equal to the rate at which its 
momentum is increasing. 

Momentum is a vector or directed quantity, since it involves 
the measurement of a velocity, which is a vector. 

Substituting the dimensions of m, v, and ¢ in the above 
equation, we see that the dimensions F of a force are given 
by the equation— 


16 
M= 
Foe NLC 
= — = LUT 2: 
F T 7 or \V 


The dimensions of momentum are given by MLT™?. 
C2 
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Inertia.—It frequently happens that a force f acting for a time ¢, 
generates a velocity.v in a body, and in addition produces motion in 
matter connected with the body, the velocity generated varying from 
particle to particle of this matter. The action of Attwood’s machine 
affords an instance in point. In such cases, a value M can be found, 
such that— 


Berl ee 
v= oP and therefore M = = oft 


M iscalled the inertia of the body ; thus the inertia of a body is equal 
to the reciprocal of the velocity v that would be generated in it by 
the application of unit force for unit time. 

Let a bubble of air, having a volume of I c.c., be surrounded by water 5 
it is known that if a force of 1 dyne acts on this bubble for a second, 
the velocity generated will be equal to 2cm. per sec,; that is, a 
velocity equal to that which would be generated by unit force acting for 
a second on half a gram of matter, if this mass alone were set in 
motion. Thus, the inertia of the bubble is equal to halfa gram. On 
the other hand, the mass of the bubble is merely the mass of the air 
comprised in it, and this mass would be of the order of magnitude of 
o’ooI gram. The inertia of the bubble is due to the circumstance that 
the bubble cannot move without setting the surrounding water in 
motion. In this and similar cases, the momentum of the body is equal 
to the product of the inertia and the velocity; as before, the applied 
force is equal to the rate of change of momentum. Also, the acceleration 


of the body is equal to the applied force divided by the inertia of the 
body. 


Problem.—d body of mass m, initially at rest, ts acted upon by a 
constant force f; how far will the body move in t seconds ? 

The velocity at any instant is proportional to the time during which 
the force has acted ; thus the velocity increases uniformly from zero at 
the start, to the final value (/¢)/7z, and the average velocity of the body 
during these ¢ seconds is (/#)/2m. If s represents the distance through 
which the body travels in the ¢ seconds, 


° b t 
S = average velocity x time = Zz Kt se. wh 2, 35) gee eee 
2nt m 


The fall of bodies towards the earth.—If a sheet of paper 
and a large piece of metal are dropped from points at the 
same distance above the earth, the paper descends slowly, 
while the piece of metal falls much more quickly. Experiences 
such as this gave rise to the belief, entertained in early times, 
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that heavy bodies always fall towards the earth more quickly 
than light ones. A simple variation of the experiment shows, 
however, that this is not the case; for if the paper is rolled 
tightly into a ball, and the experiment is repeated, it will be 
found that now the paper and the piece of metal fall to the earth 
in approximately equal times. Hence it may be inferred that 
the air opposes the motion of the flat sheet of paper more than 
it does that of the compact mass of metal. 


Expr. 4.—Obtain a glass tube, two or three inches in diameter, and 
about four feet long. DPlace a small piece of fluffy feather and a disc of 
lead in the tube, and then close its ends with rubber stoppers one of 
which is provided with a glass tube and stop-cock. Thoroughly 
exhaust the tube by means of a good air pump (such as a Fleuss pump) 
and close the stop-cock. Hold the tube in an upright position, and 
then suddenly invert it :-the feather and lead remain at the end of the 
tube during the inversion, then commence to fall together, and both 
reach the other end of the tube at the same instant. Careful observation 
will often show that the feather rebounds from the end of the tube like 
an elastic ball. 


This experiment shows that, in the absence of the opposing 
force which the air exerts on bodies moving through it, all bodies 
that start from rest fall towards the earth through equal distances 
in equal times. 


Let f, be the force exerted by the earth on the feather, while 72, is 
the mass of the feather. Further, let 7, be the force exerted on the 
disc of lead, of which the mass is 7. Then, since both bodies fall 
through the same distance in the same time 7, we have from (3), p. 20— 


An = 22 
my Mo, 
Tes Ja 
EN eet 


Hence, we conclude that the force exerted by the earth (or 
the force of gravity) is directly proportional to the mass of the body 
on which this force is exerted, Thus, ten grams of matter are 
pulled toward the earth with a force exactly ten times as great as 
that exerted on one gram of matter. The force exerted by 
gravity on unit mass of matter is thus a constant ; and this 
constant, which is denoted by g, also gives the acceleration of 
matter falling towards the earth (p. 19). 
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It is found that, in England, a mass of metal falls from rest 
through 490°5 cm. in the first second. Hence from (3) 


Sees Vi Lbyen <0 abe 
490°5 = 3 peoiel, piel SF es: 
Hence we may say that in England gravity exerts a force of 981 
dynes per gram of matter attracted, or that the acceleration due to 


gravity is equal to 981 em. /sec.” 
Problem. — ind the value of g, tn the British systent. 


981 cm. = at = 32°18 ft. 


g8I cm. per sec. per sec. = 32°18 ft. per sec. per sec. 


.*. £=32'2 poundals per pound, or 32°2 ft./sec.? (nearly). 


Composition and resolution of forces.—Let OA and OC 
(Fig. 3, p. 9) represent the magnitudes and directions of two forces 
acting at the point O. Then if OA were to act for one second 
on one gram of matter, it would, in that second, generate a 
velocity equal to OA per second. Similarly, if the force OC were 
to act for one second on a gram of matter, it would, in that second, 
generate a velocity equal to OC persecond. If both forces acted 
simultaneously on a gram of matter for one second, each would 
generate the same velocity as if it acted alone (Newton’s second 
law of motion, p. 12), and therefore the actual velocity generated 
would be the resultant of the two velocities OA per second and 
OC per second, and this resultant is given, in magnitude and 
direction, by the diagonal OB of the parallelogram OCBA. 
But a single force equal to OB would generate a velocity equal 
to OB per second if it acted on one gram of matter for one 
second ; hence, a single force OB is equivalent to the two forces 
OA and OC acting simultaneously at the point O, and OB thus 
represents the resultant of the two forces OA and OC. This 


construction for the resultant of two forces is known as the 
parallelogram of forces. 


Thus, two forces acting at a point are equivalent to a single force called 
their resultant. Conversely, a single force represented by OB (Fig. 3) 
is equivalent to the two components OA and OC, so that a force may 
always be resolved into two components acting in any assigned 
directions. In particular we may, when we find it convenient to do so, 


~ 
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resolve a force into two rectangular components by the method 
explained on p. 8. 

We can now readily find a single force which is equivalent to any 
number of forces OA, OC, OD, OE, OH (Fig. 6), acting at a point O. 
Find the resultant OB of 
the forces OA and OC; 
this can be done either 
by completing the paral- 
lelogram OCBA and 
drawing the diagonal 
OB, or, more simply, by 
drawing AB equal and 
parallel to, and in the 
same direction as, OC, 
and then joining OB. 
From B draw BF equal 
and parallel to, and in 
the same direction as, 
OD, and join OF; then Fic. 6.—The composition of a number of 
OF represents the result- forces. 
ant of the forces OB and 
OD, that is, it represents the resultant of the forces OA, OC, and OD. 
In a similar manner, we may find the resultant OG of the forces OF and 
OE, that is, the resultant of the forces OA, OC, OD, and OE; and so 
on. Hence, to find the resultant of any number of forces acting at a 
point, we construct a polygon of which the sides are respectively equal 
and parallel to, and are drawn in the same direction as, the forces in 
question ; a line drawn from the starting point to the termination of the 
last side of the polygon gives a single force which ts the resultant of the 
given forces. This construction for finding the resultant of any number 
of forces is called the polygon of forces. 


Equilibrium.—A body which remains at rest or in uniform 
rectilinear motion is either acted upon by no force, or by 
several forces which together are equivalent to no force 
(Newton’s first law of motion, p. 12). In the latter case the 
forces are said to be in equilibrium. 


If several forces act at a point, their resultant must have zero value 
in order that equilibrium may be produced. Hence, if we construct 
the polygon of forces in the manner already described, the last side will 
terminate at the starting point, or the polygon will be closed, when the 
forces are in equilibrium. In particular if AB, BC, CA are the sides of 
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any triangle, then three forces, which may be represented in magnitude 
and direction by the vectors AB, BC, and CA, will produce 
equilibrium. 

If several forces in equilibrium act at a point, and these forces are 
resolved in two rectangular directions, then the components in either 
direction must be in equilibrium among themselves. For, if the 
components in either direction were equivalent to a resultant of finite 
magnitude, the body would commence to move in the direction of this 
resultant ; it is obvious that the effect of the resultant in question could 
not be neutralised bythe components in a perpendicular direction, 
since if these possessed a resultant its effect would be to make the body 
move in its own direction. 


Action and reaction.—If two persons A and B stand on 
smooth ice, and A pushes B, not only does B move in the 
direction of the push, but A moves in the opposite direction. 
If the ice were perfectly smooth, and the two persons were equal 
in mass, the result of the push would be that A and B would 
move away from each other at equal velocities. Hence, the force 
acting on A is equal in magnitude and opposite in direction to 
that exerted on B, Similarly, if a magnet attracts a piece of iron 
with a certain force, the iron attracts the magnet with an equal 
and opposite force, so that the result is the same as if a stretched 
elastic filament extended from one to the other, and each 
moved, or tended to move, toward the other under the tension of 
the filament. 

Newton’s third law of motion is a generalisation derived 


from the observation of phenomena such as the above. It may 
be stated as follows :— 


To every action there is always an equal and opposite reaction; 
or the mutual actions of any two bodies are always equal and 
oppositely directed. 


Problem. —4 stationary body ts surrounded by a fluid which is also 
stationary. Prove that the fluid can exert no tangential force on any 
element of area of the solid. 

A tangential force is a force parallel to the element of area on which 
it acts. If the fluid in contact with the solid were to exert a tangential 
force on any element of area of the solid, then the element of area 
would exert an equal but oppositely directed force on the fluid. Such a 
force would cause the fluid to flow continuously along the surface of the 
solid; for it is a characteristic property of a fluid that one layer can 
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move relatively to contiguous layers, although the viscosity of the fluid 
may retard the rate of movement. But the layer of fluid in contact 
with the solid is at rest. Therefore no tangential force can be exerted 
by the fluid on the solid. Thus it follows that the only kind of force 
which a fluid can exert on a solid, when both are stationary, is a normal 
force ; that is, a force perpendicular to the element of area on. which 
it acts. The normal force per unit area is called the pressure; to 
obtain the value of the pressure acting on any element of area, the 
normal force acting on the element must be divided by the area of the 
element. 


Conservation of momentum.—Let two bodies A and B 
be moving in any manner, subject to the condition that no force, 
exerted by any other body, acts on either of them. Then any 
change in the motion of one of these bodies must be due to a 
force exerted by the other body. Further, since action and 
reaction are equal and opposite, if A’ exerts any force on B, 
then B must exert an equal force in the opposite direction on A. 
Since force is measured by rate of change of momentum, it 
follows that if the momentum of A is increasing at a finite rate 
in one direction, then the momentum of B must be increasing 
at an equal rate inthe opposite direction, so that if we prefix 
a positive (+) sign to the rate of increase of A’s momentum, 
we must prefix a negative (—) sign to the rate of increase of B’s 
momentum, and on adding these two quantities together we 
obtain zero as a result. Similar reasoning applies to any system 
of bodies which is unacted upon by external forces ; hence we 
obtain the law of conservation! of momentum, viz., that 
when any system of bodies is unacted upon by external forces, 
the vector sum of the momenta of the bodies 1emains 
constant. As a direct corollary, we have the law that any 
change in the vector sum of the momenta of a system of 
bodies, must be due to a force or forces exerted on the system by 
external bodies. 


Motion in a curved path —When a body moves in a curved 
path, the direction of motion continually changes, and 
therefore a force must act upon the body. The following 
example will serve to explain how the magnitude and direction 
of this force are calculated. 


1 Latin Conservare, con=together, and ser7'are, to guard. 


’ 
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Problem.—A body of mass m revolves uniformly with a velocity 
equal to v, in a circular orbit of radius OA=r (Fig. 7). Determine 
the magnitude and direction of the 
force that must act on the body. 

If we select two points very near 
to each other in the circular orbit, 
the very short arc joining these 
points will approximate to a straight 
line, and during the very small time 
which elapses whilst the body is 
passing over this element of path, 
the motion of the body will be in 
this straight line, that is, it will be 
tangential! to the circle. 

From A and C, neighbouring 
points on the circle, draw tangents 
AB and CD, each numerically equal 
to v, the velocity of the body. 

Fic. 7.—Uniform circular motion. Let the body move from A to C 

in a time ¢; then its velocity in this 
time changes from AB to CD. From A draw AE equal and parallel 
to CD. Then, to change the velocity represented by AB into that 
represented by AE, we must add to it a velocity represented by BE 
(p. 10). But the change of velocity per second is equal to the force 
acting on each unit of mass of the body (p. 19). Thus, BE/¢ is equal 
to the force per unit mass acting on the body. - As ¢ is diminished 
indefinitely, the lines AB and AE become more and more nearly 
parallel, and BE becomes more and more nearly perpendicular to AB, 
or parallel to AO. Thus, the force acting on the body when at A 
must be in the direction AO, that is, it must be aircered toward the 
centre of the circular path. 

The magnitude of the force will be equal to mBE/t, when ¢ is 
diminished indefinitely. To evaluate this ratio, notice that the 
triangles AOC and BAE are similar, both being isosceles, while 
ZAOC = zBAE. Also, in the limit, the are AC and its chord will 
be equal: the body traverses the arc AC in ¢ seconds with a velocity 
v, and the arc AC will be equal to v¢. Thus, from the similarity 
of the triangles AOC and BAE— 


BEBBAC. | «.) BE! 0" 2 Brae 
AWNOA” ¢>sS@: @ 7?) alpine 


1A tangent to a curve is a straight line drawn through two points infinitely near to 
each other on the curve. 
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3 BE v 
Consequently, the force acting along AO = f= m re eae 
Ta 


Thus, a force, equal in magnitude to mv?/r, must constantly 
pull the body toward the centre of the circle ; this force is called 
the centripetal force! acting on the body. Now, this force must 
be due to some agent which pulls the body toward the centre ; 
and since action and reaction are equal and opposite, an equal 
force, called the centrifugal” force, must act on this agent, tending 
to pull it away from the centre. 

Let a body move in a curved path of any shape ; then a 
circle, called the circle of curvature, can be drawn through three 
points infinitely near to one another on the curve ; and while the 
body is passing over the part of the curve common to this and 
the circle, it is virtually moving round the circle. Hence, at 
the instant considered, the body will be acted upon by a force 
directed toward the centre of curvature, and equal to mv?/r, 
where v is the instantaneous velocity of the body and ~ is the 
radius of curvature of the element of path over which the 
body is passing. 


Problem.—4 projectile zs fired, from the level of the ground, with an 
initial velocity V, in a direction making an angle 0 with the horizontal 
plane. Determine the point where it will strike the ground. Neglect 
air friction. 

From the instant when the projectile leaves the muzzle of the gun 
the force of gravity acts upon it, conferring on it a downward velocity 
which increases at the rate of g units of length per second during each 
second. Let the initial velocity V of the projectile be resolved into its 
horizontal and vertical components, vzz., V cos @ and V sin @ (p. 8). 
Then the projectile will continue to rise for a time 4, in which the down- 
ward velocity g¢, conferred by gravity becomes equal to V sin @; Z.e. it 
will rise for (V sin 0)/z seconds. During this time its upward velocity 
has diminished uniformly from V sin @ to zero, so that its average 
upward velocity has been equal to (V sin @)/2; hence it has risen through 
the height 
Vsiné@  Vsin@  V*sin?¢ 

x Poe ana 


average velocity x time = 


After reaching the highest point in its path the projectile commences to 


1 Latin centri, centre, and Jefere, to move towards. 
2 Latin centrum, and fugere, to flee. 
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fall toward the earth, and it will reach the level of the ground after an 
additional time /, given by the equation 


Hence, the time which elapses, between the instant when the projectile 
leaves the muzzle of the gun and that at which it strikes the ground, is 
equal to (2V sin @)/g. During this time the horizontal component of the 
velocity has remained equal to Vcos@, and therefore the horizontal 
distance, through which the projectile has moved, or the range of the 
projectile, is equal to 


2Vsiné V2 ‘ Va 
V cos @ x as = —., 2sin @cos @ = — sin 20. 
i iS a 


Hence, for a given velocity of projection the range will be greatest 
when sin 26 has its maximum value, z.e., when 20= 7/2, and therefore 
9=7/4. In this case the range is equal to V?/s. 

For any range less than the maximum, there are two possible 
elevations, one less and the other greater than 45°. When a cannon is 
used to fire a shot at a given object, the elevation chosen is that which 
is less than 45°; if a shot were fired to the same place from a howitzer, 
the elevation chosen would be that which is greater than 45°. It must 
be remembered, however, that we have neglected air friction in the 
above calculations, and the effect of this on high speed projectiles is 


very considerable, so that the range obtained in practice is much less 
than that obtained above. 


Work.—When a body moves in any direction against an 
opposing force, work is said to be done. The work done is 
measured by the product of the opposing force and the 
displacement of the body, or 

work= force x displacement. 

Thus, unit work will be performed when a body is displaced 
through unit distance against unit opposing force. 

When a force of one dyne is overcome through a distance of one 
centimetre, the work done is called anerg. This unit of work is in- 
conveniently small, so that for practical purposes a larger unit 
is used ; this unit is equal to ten million (or 107) ergs, and is 
called a joule. 


When a force of one poundal is overcome though a distance of one 
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foot, the work done is called a foot-poundal. British engineers use 
another unit called the foot-pound. One foot-pound of work is 
done when a pound of matter is raised against, the force of gravity 
through a distance of one foot. Since, in England, a pound of 
matter is attracted toward the earth with a force of 32°2 
poundals (p. 22), it follows that in England a foot-pound is 
equivalent to 32°2 foot-poundals. 


The disadvantage incurred by using the ft. -Ib., or any other gravitational 
unit of work, is that a given mass of matter is attracted toward the earth 
with different forces in different places. .Thus at Greenwich the force 
of gravity is equal to 981°17 dynes per gram, which is equivalent to 
32°191 poundals per 1b. At Aberdeen the force of gravity is equal to 
98164 dynes per gram, which is equivalent to 32°206 poundals per lb. 
At the equator the force of gravity is equal to 978"10 dynes per gram, 
which is equivalent to 32°090 poundals per lb. Hence, the magnitude 
of the foot-pound varies from place to place on the earth’s surface, and 
therefore the foot-pound is an arbitrary unit ; on the other hand, the 
erg and the foot-poundal are units of work which depend only on the 
fundamental units of length, mass, and time, and therefore the value of 
either of these units is independent of local peculiarities of the earth. 


When a body is moved at right angles to a force, no work is 
done. Let a force f/make an angle @ with a line drawn in a 
direction opposite to that in which a body is moved ; then this 
force is equivalent to a component /cos 6 directly opposed to the 
motion of the body, and a component /sin @ perpendicular to 
the direction of motion. Since no work is performed against 
the latter component, the work done is equal to the product of 
7 cos 6 and the displacement of the body. 

When a body moves along the direction in which a force 
acts, work is said to be done éy the force: when the direction 
of motion is opposite to that in which the force acts, work is 
said to be done against the force. Thus, when a body is raised 
from the earth, work is done agazust gravity ; when a body falls 
towards the earth, work is done éy gravity. In any case, the 
value of the work is equal to the displacement multiplied by 
the component force acting in the line of the displacement, and 
will be obtained in ergs if the displacement is measured in 
centimetres and the force in dynes, or in foot-poundals, if the 
displacement is measured in feet and the force in poundals. 

The dimensions of work are obtained by multiplying the 
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dimensions of a force by a length, and are therefore given by 
NIE AD 56 NI faye lanie WM LILE TE 

Power or activity is defined as the rate at which work is 
done. The c.g.s. unit of power or activity is one erg per second : 
no special name is given to this unit. The practical unit, called 
the watt, is equal to one joule (or ten million ergs) per second. 

British engineers use a unit of power called the horse-power ; 
this is equal to 33,000 ft.-lb. per minute, or 550 ft.-lb. per 
second. 


It must be noticed that the work done in any circumstances does not 
depend on the time taken to move the body against the opposing force ; 
thus, if a given body is raised through a given distance from the ground, 
the work done has the same value whether the displacement is 
completed in a second or in a year. It is only when we come to 
measure the power or activity that we need know the time which 
elapses during the performance of the work. 

Problem.—/ind the equivalent of one horse-power in terms of the 
walt, 

In raising 1 lb. (454 gm.) through 1 ft. (30°5 cm.), a force of 
454 x 981 dynes is overcome through 30°5 cm.; therefore 

I ft.-lb.=454 x 981 x 30°5 = 13, 580,000 ergs. 

.*. 550 ft.-lb. per sec. = 550 x 13,580,000 = 7,460,000, 000 ergs per sec. 
= 746 x 10’ ergs per sec. 
=746 watts. 

The Continental horse-power is equivalent to 735 watts. At the time 
when it first became necessary to measure power, the Continental 
horses were not so strong as the British horses, or possibly the strength 
of the British horses was over-rated ; hence the difference in the values 
of the Continental and British horse-power. 


The dimensions of power or activity are obtained by dividing 
the dimensions of work by a time, and are therefore given by 
IVETE ez onmVile2 ieee. 

Energy.—A body which is capable of performing work is 
said to possess energy ; the value of its energy is measured 
by the work that the body can perform, and is expressed as 
sO many ergs or foot-poundals in theoretical investigations, 
or as so many joules or foot-pounds for practical purposes. 


The dimensions of energy are obviously the same as those 
of work. 
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__ There are several different kinds of energy which must now 
be considered. 

Kinetic energy is the energy which a body possesses in 
virtue of its motion. When a stone is thrown vertically 
upwards, it rises to a certain height which depends on its initial 
velocity, and in so doing work is done against the opposing 
force of gravity ; hence, at the instant when the stone leaves 
the hand it possesses an amount of kinetic energy, which is 
equal to the work which it can do against gravity in rising to 
the highest point in its course. 


Let it be required to calculate the kinetic energy possessed by a body 
of mass 7z moving with a velocity of v units of length per second. Let 
the motion of the body be opposed by a uniform force 7, and let the 

_body be brought to rest after it has moved through a distance equal to s 
units of length against this force. Then the work done by the body 
against the opposing force is equal to fs; and this, therefore, is the value 
of the kinetic energy possessed by the body. We must now find the 
value of fs in terms of the mass and velocity of the body. 

Since the opposing force is uniform, it produces uniform acceleration , 
it may be considered to generate a uniformly increasing velocity in 
a direction opposite to the initial velocity of the body, and the 
body will be brought to rest when the two opposite velocities are 
numerically equal. Let the velocity generated by the force / become 
equal to the initial velocity v of the body at the instant when the force 
has acted for ¢ seconds ; then (p. 18)— 


During these ¢ seconds, the resultant velocity of the body has 
decreased continuously from its initial value v to its final value o, and 
therefore the average velocity— 

v_ ft 
= - = 4, 
ah m 
and the distance s through which the body has moved during these 
¢ seconds is given by the equation— 


2 ¥\2 
o/s = pb = am() = hmv", 


me 
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Hence the kinetic energy possessed by a body of mass 7 moving 
with a velocity v is equal to the product of half the mass and the 
square of the velocity of the body. 

If m is measured in grams, and vw in centimetres per second, the 
energy will be obtained in ergs ; if 7 is measured in pounds, and w in 
feet per second, the energy will be obtained in foot-poundals. To 
convert foot-poundals into foot-pounds, divide by 3272. 

Potential energy.—When a body is stationary and yet 
possesses the capacity for performing work under suitable 
conditions, it is said to possess potential energy. Potential 
energy may take a number of different forms. 

Gravitational energy.—When a body is raised above the 
ground, it possesses energy in virtue of its position. Let two 
equal masses, A and B, be attached to the ends of a silk cord 
which passes over the rim of a frictionless wheel (compare 
Attwood’s machine, p. 13) ; and, in the first place, let A be higher 
than B. On giving the smallest possible downward impulse to 
A, it commences to descend, and B commences to rise at an 
equal rate. The velocity communicated to the system remains 
constant (in the absence of friction) and therefore the kinetic 
energy of the system remains constant ; but as B rises through 
a distance s, the force f exerted by gravity on B is overcome 
through that distance, and fs units of work are done against 
gravity. This work is done by the tension of the silk cord, 
which is due to the force / exerted by gravity on the mass A ; 
and the work done by the force of gravity acting on A is equal 
to fs, that is, to the work done agaznst the force of gravity acting 
on B. When A reaches the ground, B can rise no further unless 
some external force acts upon it ; hence the possibility of work 
being done by A depends on its position, and the lower A is 
the less work can be done by it. Let A be at a height % above 
the ground ; then in descending to the ground it can raise B 
through an equal height #, and thus perform /% units of work: ; 
hence A possesses the capacity of performing /# units of work 
when it is at a height 2 above the ground, and therefore, in 
these circumstances, it possesses /# units of potential energy, 
This energy is lost when A descends to the ground; and in 
general, when a body descends through a given distance toward 
the earth, it loses as much potential energy as it would gain if it 
were raised through the same distance from the earth. 
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When a body is projected vertically upwards with a velocity v, it 
possesses 77v*/2 units of kinetic energy. In the absence of air friction 
it will rise till the downward velocity g¢, communicated to it by gravity, 
is numerically equal to v, and, in so doing, reach a height 4, given 
by the equation— 


Ra 
a 


x ¢= hed (compare p. 31), 


where ¢ is the force exerted by gravity on each gram of matter. In 
rising through the height 4, against the force of gravity mg, the work 
done (or the potential energy gained) — 


= mgh = 4m( gt)? = 4mv; 


that is, the potential energy gained is equal to the kinetic energy that 
has disappeared. If the body now falls to the earth, it will lose 
mgh units of potential energy, and regain its original kinetic energy. 
If the body were perfectly elastic, and rebounded from the earth with a 
velocity numerically equal to that which it possessed just before the 
impact, then it would once more rise to the height 2, once more losing 
its kinetic energy and gaining an equal amount of potential energy ; 
and similar transformations of energy would succeed each other 
indefinitely, 


When work is done against a force which partakes of the 
nature of friction, there is no corresponding gain of potential 
energy ; for a frictional force tends to diminish the velocity of 
matter, but not to set matter in motion. Hence, work may be 
done against a frictional force but not 4y a frictional force. 

When a body is raised from the earth in such a manner that 
no frictional forces are overcome, the work done, and the 
potential energy gained, depend only on the height to which it 
is raised ; if it is moved in a direction inclined to the vertical, 
and finally reaches a point / units of. length above the ground, 
the work done has just the same value as if the body had merely 
been raised vertically through % units of length. To prove this 
statement, let the actual path of the body be replaced by an 
infinite number of steps, each consisting of a vertical and 
a horizontal portion (compare p. 7) ; in traversing each hori- 
zontal portion of a step no work is done against gravity, since 
the motion is perpendicular to the force (p. 29) 3 the sum. of 
the vertical portions of the steps is equal to /, and in traversing 
these the work done is the same as if the body were raised 

D 
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vertically through a distance 4. Hence we obtain the following 
general law: in the absence of friction, the work done against 
gravity, during any rearrangement of matter, is independent of the 
precise manner in which that rearrangement is effected. 


Problem.—/ind an expression for the pressure pat a distance h below 
the surface of a liquid of density p, the atmospheric pressure on the 
surface of the liquid being equal to P. 

By the pressure at a distance % below the surface of a liquid, we 
mean the force acting normally on one side of an imaginary surface of 
unit area, at a distance % below the surface of the liquid. Let the 
liquid be contained in a vessel, the area of 
the free surface SS (Fig. 8) being A. Let a small 
cylinder C, provided with a frictionless piston of 
area a, be placed so that the piston is at a distance 
hk below the surface. Let the imterior of the 
cylinder be exhausted, the piston being prevented 
from being pushed inwards by a spring. If 
the piston is caused by some means to move 
outwards through a small distance d, the work 
done against the pressure ~ will be equal to 

< paxd, since fa is the force tending to push the 
Fic. 8.—Method of de- piston inwards, and this is overcome through 

termining the pres ‘ , Z 

sure at any point in the distance @ In moving outwards, the piston 

a liquid, will displace a volume ad of the liquid, and as 

a consequence the surface SS will rise through 
a distance 5, such that AS = ad. The work done will have the same 
value as if a volume ad of the liquid were removed from a point ata 
distance % below the surface, and then raised: to, and spread over, the 
surface. The liquid raised has a mass equal to pad, and the work done 
in raising this mass through the distance 4 is equal to gpadx h#. In raising 
the surface SS through a height 6 against the force PA due to the atmos- 
pheric pressure, the work done is PAS = Pad. Hence, the total work 
performed against gravity and atmospheric pressure = (gpk + P) x ad; 
and equating this expression to the work done by the piston against the 
pressure #, we have 


pad = (gph + Phad; 
5. Pil pe tak 
Exactly the same amount of work will be performed whatever may be 
the direction in which the cylinder points; and as the pressure, by 


definition, always gives rise to a force normal to the surface of the 
piston, it follows that the pressure is equal in all directions. 
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Buoyancy.—A body immersed in a material fluid medium is 
pulled downwards with a smaller resultant force than would be 
exerted on it if the medium were removed. The gravitational 
force exerted on a body is called the weight of the body, so we 
may say that a body apparently loses weight when it is immersed 
in a material fluid medium. Let W be the weight of a body ina 
vacuum, and W’ its apparent weight when immersed in a given 
medium ; and let w be the weight of that part of the medium which 
is displaced by the body. If the body is raised through a distance 
d, then W’d units of work are performed. Let us now consider the 
redistribution of matter ; as the body is raised, an equal volume of 
the medium may be supposed to descend so as to occupy the space 
which the body has vacated ; that is, Wd units of work are done 
against gravity and wd units of work dy gravity. Hence— 


W'd = Wa - wd; 
._W=W-w. 


Thus the weight apparently lost by the body is equal to the weight 
of that part of the medium displaced by the body. 

The way in which the apparent loss of weight is brought about may be 
realised by the examination of a particular instance. Let the body have 
the form of a cylinder of length 7 and cross-sectional area @ ; and let the 
cylinder be suspended with its axis vertical, its upper plane end being 
at a distance # below the surface of the liquid. Then the pressure 
acting on the upper plane end produces a force equal to (P+ gp/)a, 
acting downwards (p. 34), where P denotes the atmospheric pressure 
on the surface of the liquid and p is the density of the liquid. The 
pressure acting on the lower plane end produces a force equal to 
{P+gp(h+2)}a, acting upwards. The resultant of these two forces is 
equal to gp/a, acting upwards ; and this is the force that would be 
exerted by gravity on the volume a/ of the fluid displaced by the 
cylinder. The forces acting on the curved sides of the cylinder are 
horizontal, and therefore can have no vertical component. 


The student should now realise that in air, a pound of 
feathers weighs less than a pound of lead. (Remember that the 
pound is a unit of mass.) When a body is weighed in air, a 
correction must be applied for the mass of air displaced by it 
and by the weights. “+ 

Energy of strain.—When the shape of an elastic solid is 
modified by the application of suitable forces, the solid is said 

D2 
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to be strained. When the volume of a gas is changed it is also 
said to be strained. In producing a given strain, forces are 
called into play which tend to restore the substance to its 
original condition ; these forces are called stresses. In order 
to maintain the strain, it is obvious that the applied forces must 
be equal and opposite to the stresses. 

In producing any strain the opposing stresses must be over- 
come, and hence work must be done. This work can be 
recovered by allowing the substance to regain its original 
condition ; thus, potential energy is stored in the strained 
substance. 


Problem.— When an elastic filament is stretched by the application of 
a force f, at each end, the length of the filament zs increased by unity. 
How much work would be done in increasing the length of the filament 
by s untts ? 

Experiment shows that when the elongation produced is small in 
comparison with the original length of the filament, the stress is 
proportional to the elongation. Thus, since unit elongation produces 
a stress f,, an elongation of s units produces a stress fs, and the 
average stress during the elongation = (/,s)/2. 


.‘. Work done = average stress x strain =4 fs x s= 43/5. 


Other kinds of energy.—Heat. When a body is moved 
against friction, work, of course, is done; but this work is not 
represented by a gain of either potential or kineticenergy. Heat 
is, however, produced ; and the researches of Mayer, Joule, and 
other later experimenters have shown that the amount of heat 
produced is directly proportional to the work done. A steam 
engine is driven by steam which enters the cylinder, expands 
and drives the piston before it, and then escapes; Hirn has 
shown that the steam contains more heat when it enters than it 
does when it leaves the cylinder, and that the heat which has 
disappeared is proportional to the work done by the engine. 
Hence we conclude that heat is a form of energy. 

The unit quantity of heat, called the gram-calorie or therm, 
is defined as the amount of heat that will raise the temperature 
of one gram of water from 14°5° C to 15°5°C. It has been 
found that this quantity of heat is equivalent to 4'19 joules, or 
roughly to 4°2 joules, of energy. The quantity of energy 
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equivalent to unit heat is called Joule’s equivalent, and is denoted 
by J. 

Light.— When light falls on a blackened surface it is absorbed, 
and the temperature of the surface rises: hence heat is 
produced, and experiment shows that the amount of heat is 
proportional to the time during which light of a given character 
and intensity falls on the surface. We may therefore conclude 
that light possesses energy ; we are unable, however, to express 
the mechanical equivalent of light in any very useful form, 
since light is detected, and its intensity is measured, by the eye, 
instead of by some instrument not dependent on the peculiarities 
of the observer. 

Sound.—Sound consists of compressions, or expansions, or 
both, transmitted through a gas, a liquid, or a solid. Com- 
pressions and expansions are particular forms of strain ; hence 
we conclude that the transmission of sound is equivalent to the 
transmission of energy through matter. 

Magnetic energy.—A magnet possesses the capacity of at- 
tracting pieces of iron toward itself, and in so doing, work is 
performed ; hence a magnet possesses a store of energy. This 
store is limited ; for when a horseshoe magnet has drawn its 
keeper up against its poles, it can do very little additional work in 
attracting other pieces of iron. A piece of steel may be mag- 
netised by stroking it from one end to the other with the pole of 
a magnet; during this process work must be done, since the 
pole clings to the steel, and its movement is thus opposed ; if 
we subtract the mechanical equivalent of the heat produced, by 
friction and otherwise, from the work done during the stroking, 
the residue represents the energy of the magnet. 

Electric energy.-—An electrified body can attract uncharged 
bodies toward itself ; it can also attract bodies with charges dis- 
similar to its own, or repel bodies with charges similar to its own. 
In each of these cases work is done, and therefore an electric 
charge possesses a store of energy. The energy is not, however, 
merely proportional to the charge, but depends on the shape and 
size of the conductor which carries it, and also on the presence 
of other bodies, charged or uncharged, in its neighbourhood. 

Chemical energy.—During the progress of many chemical 
reactions, such as the combination of hydrogen and oxygen to 
form water, heat is produced ; and the amount of this heat is 
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proportional to the amounts of the reacting substances that 
have combined ; thus, when two grams of hydrogen combine 
with oxygen, twice as much heat is produced as when only 
one gram combines. We conclude that an equal amount of 
work must be performed when the process is reversed ; that is, 
when water is decomposed into hydrogen and oxygen in the’ 
water voltameter. We are not in a position to state that unit 
mass of any particular element possesses an assignable store of 
energy ; but we know how much energy will be liberated, in the 
form of heat, when known masses of two or more elements 
combine to form a definite compound. 

Conservation of energy.—We have now examined a num- 
ber of forms which energy can take, and have noticed that 
one form of energy can only increase at the expense of some 
other form or forms of energy. This leads to the important 
generalisation that energy can neither be created nor destroyed, and 
therefore that the sum totalof the energy inthe universe is constant. 

This is known as the law of conservation of energy. 


We must not conclude that energy is a definite entity, like matter, for 
instance; we have already seen that in certain circumstances the 
momentum of a system remains constant (p. 25), and this constancy 
does not imply that momentum is an entity. The laws of conservation 
of momentum and energy 
must be considered to 
be generalisations derived 
from experience, which 
aid us in the task of 
explaining physical phe- 
nomena. 


The principle of 
virtual displace- 
ments may be stated 
as follows :—If a body 
f is in equilibrium under 

2 the action of any 
forces, then during a 
small displacement of 
the body, the total 

work performed by these forces is equal to zero. The truth of 
this principle is self-evident. When a body is in equilibrium 


Fic. 9.—Principle of the lever. 
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under the action of any forces, these forces have no tendency 
to set the body in motion, that is, to communicate kinetic 
energy to it ; hence during a small displacement the body gains 
no kinetic energy, and therefore loses no potential energy ; that 
is, no work is done during the displacement. It must be 
remembered that the displacement must be so small that no 
finite change is produced in the forces acting on the body. 


Equilibrium of the lever.—Let AB (Fig. 9) represent a horizontal 
lever, resting on the fulcrum C, and in equilibrium under the action of 
the vertical downward forces f, and f, near its ends. 

To find the force ¥ exerted by the fulcrum, imagine the lever to be 
displaced vertically upwards through a small:distance 6. Then the 
work done against the forces 4, 4, and F, is equal to zero, that is— 


fib + fod + Fi =0, 
by the principle of virtual displacements ; 


. F=—-(f, +f). 


That is, the force exerted by the fulcrum is numerically equal to the 
sum of the downward forces acting on the lever, but its direction 
is vertically upward. 

To find the relation between f, and fy, imagine the lever to be rotated 
through a very small angle @ about the fulcrum ; then, if the point of 
application of f is at a distance d@, from the fulcrum, and the end A of 
the lever sinks, the work done éy f, is equal to f@,@; similarly, if /, 
acts at a distance d, from C, the work done agazzst f, will be /od,6. 
The work done against /, increases the potential energy, and that done 
by A diminishes the potential energy ; therefore by the principle of 
virtual displacements— : 

AU — foteh = 05 
oe fit, = fot 


We thus see that the tendency of 7 to rotate the lever in an anti- 
clockwise direction about the fixed point C is measured by f(a), and 
this tendency can be neutralised by the force 7, provided that this 
force tends to rotate the lever in a clockwise direction, and 
that 7.25=/42,- 

The product of a force, into the perpendicular let fall on it from 
any point in a body, is called the turning moment or torque 
exerted about that point. A positive sign may be given to torques 
which tend to produce clockwise rotations, and a negative sign to those 
which tend to produce anti-clockwise rotations. For a_body to be in 


. 
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equilibrium, it is obvious that the sum of all the torques about any point 
in the body must be zero. 

Two equal and oppositely directed forces, which act in a straight line, 
are in equilibrium. Two equal and oppositely directed torces which 
do not act in a straight line, have no tendency to impart translatory 
velocity in any direction to the body. To prove this, let the body be 
displaced through a small distance in any direction, without rotation. 
Then no work is done by the forces, and therefore no kinetic energy 
is gained by the body; in other words, the forces have imparted no 
translatory velocity to the body. It can be proved, without difficulty, 
that the torque exerted aout any point in the body, is equal to the 
product of either force and the perpendicular distance from one force to 
the other. 

In the c.g.s. system of units, a torque is measured in dyne-centi- 
metres. In the British system it is measured in poundal-ft. If 
grayitational units (p. 29) are used, a torque may be measured in gram- 
centimetres, kilogram-centimetres, pound-feet, etc. (notice that the foot- 
pound is a unit of work, while the pownd-foot is a unit of torque). 

A torque is a vector quantity, since it cannot be defined without 
specifying the axis about which it tends to produce rotation, and the 
direction of this rotation. The following convention is used in 
representing torques graphically. Look at a body along the axis about 
which the torque tends to produce rotation; then if the rotation is 
clockwise, the vector ,is drawn away from the observer ; if the rotation 
is anti-clockwise, the vector is drawn toward the observer. The length 
of the vector is equal to the product of the force into the perpendicular 
let fall on it from the axis of rotation. 

Centre of Gravity.—The fact that the force exerted on a body 
by gravity is proportional to the mass of the body (p. 21) implies that 
gravity attracts each particle of a body with a force which is not 
modified by the action of neighbouring particles. Let us suppose that 
a body can be divided into particles which are severally attracted down- 
wards with forces f,, 75, /3, etc., and let us assume that the body as a 
whole may be prevented from falling by the application, at some point, 
of an upward force F. Then if the body is raised vertically through 
a small distance 6, we have, by the principle of virtual displacement, 


BS = 9750 fo fo0 toga = on Oe 


where %f denotes the sum of all the forces exerted by gravity on 
the body. Then— 

1M Dye 
Let the forces f,, fo, fz, + - . etc. act at horizontal distances dj, do, dg, . . etc. 
from some definite point of the body, and let it be required to find the 
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distance D from this point to the line of action of the force F. Then 
the torque due to F about the specified point must be equal and 
opposite to the sum of the torques due to fi, fo» Ja - » » etc., about the 
same point ; therefore— 


FD =a, + foe 4- fata + Ser Calo) kes (fd) ; 
pa) _ 3170 
o. = FE = ii 


By placing the body in three different positions, we can find the 
distances from three definite points to the line of action of the force F, 
and hence the position of the point at which F must act becomes 
definitely known. Since the force F neutralises the effects of the pull 
of gravity on all the particles comprised in the body, it follows that 
a downward force equal to F, and applied at the point whereat F must 
act, will produce the same effect on the body (supposing it to be 
rigid) as is actually produced by gravity pulling on all the particles of 
the body. The point at which F must act is consequently called 
the centre of gravity of the body. 


Work performed in overcoming a torque.—Let it be 
supposed that a circular cylinder can turn about an axle which 
coincides with the axis of symmetry of the cylinder ; and let the 
axle be mounted in a horizontal position, in frictionless bearings. 
Let one end ofa cord be fastened to the surface of the cylinder, 
and let a turn or two of the cord be wound round the cylinder, 
the free end of the cord being attached to a heavy body which 
hangs freely. Let the pull of gravity on the body be equal to /; 
then if the cylinder is rotated so as to raise the body, the force / 
is overcome, and work is performed. If the radius of the 
cylinder is equal to 7, a rotation of the cylinder through an 
angle 6 winds an extra length of cord, equal to 76, on to the 
cylinder ; and the heavy body is raised through a vertical 
distance equal to 76. Thus the work done during the rotation 
is equal to fx7é=/r6. But the perpendicular distance from the 
axis of rotation to the vertical force fis equal to 7, and therefore 
/r is equal to the torque exerted about the axis of rotation. Let 
the angle 6 through which the cylinder has been rotated be 
called the ¢w7s¢; then the work done is equal to the product of the 
torque and the twist. 


In the case considered above, the force / is constant, and therefore 
the torque is constant. Now let it be supposed that the free end of the 
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cord is pulled vertically downwards by a force which varies during the 
rotation of the cylinder. Let the twist @ be divided into a very large 
number 7 of equal elements, and let the force have the value fy over 
the first element of twist, its value over succeeding elements being 
equal to fy, fy. .++fx Then the work done during the first element 
of twist is equal to f; x (76/7), and the total work performed during the 
twist @ is equal to— 


tats ent P 
; ace 


But (Ar+frt ... + +fnr)/2 is the average value of the torque during 
the complete twist; hence the work done is equal to the average 
value of the torque overcome, multiplied by the twist. 


Stable, unstable, and neutral equilibrium.—A body is 
in equilibrium when the forces acting on it do not tend to set it 
in motion. Now let a small force act on a body that, in the 
absence of this force, would be in equilibrium ; the force will 
move the body, and as a consequence of this motion the other 
forces acting on the body will be slightly changed. If the change 
ts such that the body tends to return to its original position of 
equilibrium when the extra force is removed, the equilibrium of 
the body is said to be stable. If the body does not tend to 
return to its original position of equilibrium, but to move away 
from that position, the equilibrium is said to be unstable. If the 
body does not tend to return to its original position of equilib- 
rium, but also does not tend to move farther away from that posi- 
tion, the equilibrium is said to be neutral. 


A cone standing on its base is in stable equilibrium. If the cone were 
placed with its centre of gravity exactly over its apex, and the latter 
were supported on a table, the cone would be in unstable equilibrium ; 
for in the position described the downward force exerted by the earth 
on the centre of gravity would act in the same straight line, and have 
the same numerical value as the upward force exerted by the table on 
the apex ; but the slightest displacement would shift the position of 
the centre of gravity, and then the force of gravity would produce an 
uncompensated torque about the apex, and the cone would rotate 
about that point until one side came into contact with the table 
A cone lying on its side on a horizontal table is in neutral equilibrium. 
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The movement of,a body from one position to another is 
generally accompanied by a change of potential energy. Let 
a cylinder of elliptical section rest with its curved surface on a 
horizontal table ; its position of stable equilibrium is that in 
which the minor axis of the elliptic section is vertical. If we 
roll it through a very small angle from this position, its centre of 
gravity moves in an admost¢ horizontal direction ; hence, to a 
first degree of approximation, no work is done during this dis- 
placement, and the potential energy of the cylinder remains 
unchanged. But owing to the motion of the centre of gravity, 
a torque is produced which tends to bring the cylinder back to 
its original position. As we continue to rotate the cylinder, its 
centre of gravity commences to rise perceptibly, so that its 
potential energy increases ; its potential energy will acquire its 
maximum value when the major axis of the elliptic section is 
vertical, for in that position the centre of gravity is at its 
maximum height above the table. A small angular displace- 
ment about this position will produce no appreciable change in 
the potential energy of the cylinder, since the centre of gravity 
moves in an a/most horizontal direction ; but a torque is called 
into play which tends to rotate the cylinder away from the 
position in which its major axis is vertical. Hence we see that, 
in the position where the major axis is vertical, the equilibrium 
is unstable, and the potential energy of the cylinder has a maxi- 
mum value ; when the minor axis is vertical, the equilibrium is 
stable, and the potential energy has a 
minimum value. If we plot the poten- 
tial energy of the cylinder for various 
inclinations of the minor axis to the 
vertical, we obtain a curve of the general 
form shown in Fig. to. The curve is Fic. 10.— Curve showing 
horizontal for a small distance on either 2° p rerenecgr et ac of 
side of the points which correspond to _various positions. 
equilibrium, whether stable or unstable ; 
hence the principle of virtual displacements, which has been 
discussed previously. Unstable equilibrium corresponds to maxi- 
mum potential energy, stable equilibrium to minimum potential 
energy. 

The law thus derived applies, not only to the particular 
case considered, but to the equilibrium of bodies in general. It 
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must be remembered, however, that the words maximum and 
minimum must be understood in their mathematical sense. A 
point on a curve has a maximum position if the curve com- 
mences to.slope downwards on either side of it, and it has 
a minimum position if the curve commences to slope upwards 
on either side of it; thus a maximum position need not 
necessarily be the highest possible position on a curve, nor need 
a minimum position be the lowest possible position. When we 
‘state that matter tends to arrange itself so that its potential energy 
. is a minimum, in accordance with the above law, we do not mean 
that its potential energy will acquire its smallest possible value ; 
water tends to flow downwards, but it may collect in a lake 
among the mountains at a great altitude above the sea-level. 


QUESTIONS ON CHAPTER I. 


1. A locomotive engine weighing 12 tons is moving with a uniform 
velocity of 20 miles per hour, when the steam is cut off, and a constant 
opposing force is applied which brings the engine to rest in 20 seconds. 
Determine the value of the opposing force, expressed in dynes, in 
poundals, andin pounds. (g=32°2 ft./sec.?) 

2. A locomotive engine weighing 12 tons is moving with a uniform 
velocity of 20 miles per hour, when the steam is cut off, and a constant 
opposing force is applied; the locomotive subsequently moves over a 
distance of 100 yards before it comes to rest. Determine the value of 
the opposing force, expressed in dynes, poundals, and pounds. 

3. An engine, working at 600 horse-power, keeps a train moving 
on the level with a uniform velocity of 20 miles per hour. Deter- 
mine the value of the frictional force which opposes the motion of 
the engine and train ; express the result obtained in dynes, poundals, and 
pounds. ; 

4. An engine, working at a constant horse-power, can draw a train of 
200 tons mass up an incline of I in 200 at a speed of 30 miles per hour, 
or up an incline of I in 400 at a speed of 40 miles per hour, Determine 
the value of the frictional opposing force exerted. 

5. A heavy body is supported by an elastic filament attached to the 
ceiling of a lift chamber. If the lift chamber were suddenly set free 
and allowed to fall freely under the action of gravity, how would the 
heavy body move relatively to the chamber ? 

6. A heavy body is supported by an inextensible filament attached 
to the ceiling of a railway carriage. Prove that the filament will be 
inclined to the vertical when the acceleration of the carriage is constant ; 
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and determine the angle 0 which the filament makes with the vertical, 
when the constant acceleration of the carriage is equal to a. 

7. A body is hung from a spring balance, which is supported in a 
lift chamber. When the chamber is stationary, the reading of the 
balance is 10 lb, When the lift chamber is rising with a uniform 
acceleration, the reading of the balance is 11 lb. Calculate the value 
of the acceleration of the lift chamber. 

8. A person drops a stone into a well, and hears it strike ‘the 
water after a lapse of 3 seconds. Calculate the depth of the well, if 
g=981 cm./sec.”, and the velocity of sound is equal to 340 metres per 
sec. 

g. A pail containing water is allowed to fall freely from rest, under 
theaction of gravity. Prove that the pressure at any point in the water 
is equal to the atmospheric pressure exerted on the surface of the 
water. 

10, The mean velocity of the earth in its orbit is equal to 18°47 miles ¢ 
per second. Assuming that the earth’s orbit is circular, its radius 
being 92°8 million miles, calculate the value of the attraction exerted 
by the sun on each unit of mass of the earth. Could this attraction be 
observed by the aid of a spring balance if it were sufficiently sensitive ? 

11. A coil! of perfectly flexible, heavy cord rests on a table, and 
one end of the cord hangs over the edge of the table and extends as 
far as the ground. Prove that, in the absence of friction, the cord 
which hangs over the edge of the table will continue to descend at a 
constant speed, and determine this speed. 

12. A body is attached to the end of a wire, of which the other end is 
fixed ; and it is found that when the body is twisted about the wire as 
axis, through an angle of one radian, the wire exerts an opposing 
torque equal to one pound-foot. Assuming that the opposing torque 
called into play is proportional to the twist, calculate the work done in 
twisting the body through 30°; express the result in foot-pounds, and 
in ergs. 

13. The extremities of a long thin cord are attached to the ends of a 
heavy unifcrm rod, and the rod is supported by passing the cord over 
a small frictionless pulley of which the axis is horizontal. Determine 
the position of stable equilibrium of the rod. 

14. In order to determine whether air has weight, Voltaire weighed a 
flexible bladder, first when it was inflated with air, and afterwards when 
it was deflated. He found both weighings to be equal, and concluded 
that air has no weight. Criticise this conclusion. 


CHAPTER II 
ROTATIONAL MOTION 


Energy of a rotating body.—When a body is merely 
rotating, such of its particles as lie on a particular line will not 
be moving through space ; this line is called the axis of rotation. 
If the body is rigid, the relative positions of its particles must 
remain unchanged ; hence the distance of any particle from the 
axis of rotation must remain constant, and therefore all particles 
which do not lie on the axis of rotation must revolve about that 
line in circles. Further, the velocity of any particle will be 
proportional to its distance from the axis ; for all particles must 
complete a revolution in the same time, and therefore if the 
body makes 7 complete rotations per second, a particle at a 
distance x from the axis must move through 2m7~xz units of 
length in a second, and this gives the linear velocity of the 
particle. 

Now, the value of 7 will vary from particle to particle, but 
2m will have the same value for all particles. 277 is called 
the angular velocity of the body; it measures the angle swept 
out in a second by any line which is perpendicular to the axis. 
If the body completes a rotation in T seconds, it is clear that 
m=1/T. The angular velocity of a body is generally denoted 
by ; the linear velocity of a particle=v=ar. 

Since the particles comprised in the body move with various 
velocities, they must possess various amounts of kinetic energy ; 
the kinetic energy of the body as a whole is equal to the sum of 
the kinetic energies of its particles. Let the body consist of a 
number of particles of which the masses are equal to 


Uli Wiss Ula etene ey OCCH 
while the distances of these particles from the axis are 
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Then the kinetic energy of the particle of mass 7, will be equal 
to 3720,?=30,7,"0", and therefore the kinetic energy of the 
body as a whole will be equal to— 


Nee 2 : 
Sw eyry? + Mor? + migrs? +... .} = hw2S(w7?), 


Moment of inertia.—The quantity %(s*), which will be 
denoted by I, is called the moment of inertia of the body: its 
value is found by dividing the body (in imagination) into minute 
particles, multiplying the mass of each particle by the square of 
its distance from the axis, and then adding together the results 
obtained for all the particles. A moment of inertia will be 
measured in gram-(cm.)? or lb.-(ft.)? according as the c.g.s. or 
the British system of units is used. The dimensions of a 
moment of inertia are ML”. The kinetic energy of a body of 
moment of inertia I, rotating with an angular velocity a, is 
equal to $1. 

We can calculate the values of the moments of inertia of bodies 
possessing certain simple geometrical shapes, and the moments of 
inertia of bodies of irregular shapes can be compared with these by an 
experimental method which will be described later. Hence it is a 
matter of some importance to be able to calculate the moments of 
inertia of bodies which may be conveniently used as standards for 
comparison. The mathematical determination of moments of inertia 
can be effected most expeditiously by the use of the Integral Calculus ; 
the method which will be used here is fundamentally similar to that 
used in the calculus, but it can be understood and applied by students 
possessing only a sound knowledge of algebra. 


Moment of inertia of a thin rod, about an axis through its 
middle point and perpendicular 
to its length. Let 7 be the 
length, and # the mass of the 
rod. It is clear that the moment 
of inertia of the whole rod about 
the axis specified must be twice | 
as great as that of either half of | 
the rod about the Se ana Fic. tr.—Method of calculating the 
hence we may, in the first place, moment of inertia of a thin rod. 
confine our attention to one 
half of the rod, which may be imagined to be divided into 
very short elements of length. Let the mass per unit length 
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of the rod (that is, 2//) be denoted by m,. Let the two ends 
of a particular element be at distances +, and 2, from the 
axis, where 7)>2+, (Fig. 11); then the length of the element 
is (t»—%q), and its mass is ,(%)—4,q). This mass must be 
multiplied by the average value of the square of the distance 
of the matter in the element from the axis. 

Now, the greatest distance from the axis to any particle of 
matter in the element is equal to 1%, and the smallest distance is 
equal to x4. Therefore the mean value of the square of the 
distance must be less than 2%, and greater than 2%. If the 
length (%,—2+,) of the element is infinitely small, azy value 
which is intermediate between 2+*%, and 2%, will differ but 
infinitesimally from the mean value of the square of the distance. 
Therefore, in the first place, we may write down a number of 
expressions, each of which is intermediate in value between 2%, 
and x?,; any one of these expressions will give a sufficiently 
close approximation to the mean value of the square of the 
distance, when the element is infinitely small. The following 
expressions, among others, suggest themselves :— 


” 


pone) 2 2 2 
(a) x, ta (2) (2 + =) (c) Xo yee be ee : 
3 


2 : 2 

When %, and x, differ appreciably in magnitude, the values 
given by (a), (4), and (c) will differ considerably ; but each of 
these values is less than that of 7;*, and greater than that of 
%q’, and therefore if the difference between xy and %q is in- 
finitely small, that is, if the length of the element is infinitely 
small, we can use either (a), (), or (c) to give the square of 
the length by which the mass of the element is to be multi- 
plied. Now, it must be remembered that we must subsequently 
treat each element of the rod in a similar manner, and then 
add together the results so obtained ; we therefore choose that 
value of the mean square of the distance which will lead to 
a simple expression when the results for all elements of the 
rod are added together, and trial will show that in the present 
case (c) fulfils this condition. Thus, that part of the moment of 
inertia due to the element lying between the distances 2% 
and +, from the axis, is given by— 

(x5 — Xq) (= ded aS =) ae 
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Now, let one half of the rod be divided into infinitely short elements 
of length, by imaginary cuts at distances 4, #1, <9, %g)... Kn 20) Snes 
%n, from the axis; where finally x will be equated to zero, and 
4, %2.. , are in increasing order of magnitude, x, being equal to //2. 
‘Then we may write down an expression similar to (1) for each of these 
elements, and add the results together. We thus obtain— 


1 
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Adding these together, we obtain that part of the moment of inertia 
due to one half of the rod— 


ML 
= Nan8 — x) 


mi “65 m1 
SB EACEA OYE: 


since x, = 2/2, and x) =o. .*. Total moment of inertia of rod— 
myl3 


=e 2 ; 
24 


(i Take 
= (72,0) —— 
ie re tar 
since 71,/ is equal to the mass » of the whole rod. 


The above result applies to a rod which is so thin that, if two 
imaginary cross cuts are made infinitely near to each other, then all 
points in the thin slice cut out must be at one and the same distance 
from the axis. If the sectional area of the rod is not exceedingly 
small, the edges of the slice will be at a greater distance from the axis 
than the middle point, and the above reasoning will not be strictly 
applicable. The moment of inertia of a rod of finite section will be 


dealt with later. 
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Moments of inertia of other bodies may be obtained in a similar 
manner ; the general nature of the procedure has been explained in 
detail in the case just considered, so that no difficulty should be 
experienced in following the reasoning now to be used, although less 
detailed instruction is given. 

Moment of inertia of a thin rectangular lamina, about an axis 
through its centre of gravity and parallel to its breadth.—Let 7 be 
the mass, and / the length of the lamina. Divide it into 7 equal narrow 
strips by imaginary cuts parallel to its length; then the mass of each 
strip is »/, and the moment of inertia of a strip is equal to its mass 
multiplied by (7/12). The moment of inertia of the lamina as a whole 
is equal to the sum of the moments of inertia of the z strips ; hence 
Hale mee le 


mu—. 


| 
nm 12 12 


Moment of inertia of a thin circular ring, about an axis through its 
centre and perpendicular to its plane.—Let 7z be the mass, and ~ 
the radius of the ring. Then since the ring is thin, the whole 
of its nvass is at a uniform distance, ~, from the axis, and there- 
fore the moment of inertia is given by the equation—- 


I= mr. 


Moment of inertia of acircular disc about an axis through its 
centre and perpendicular to its plane.—Let wz be the mass and ~ 
the radius of the disc. Let the mass per 
unit area of the disc be denoted by #2, 

so that 17°72, = 7m. 

Divide the disc into infinitely narrow 
circular strips (Fig. 12) by means of 
circles concentric with the disc and of 
LACIY pers Zev am ine ema SSmOr 
the circular strip lying between the 
circles of radii 7 and 7, is equal to 
mar? —ar2) = myn(r;2—-72), and the 


Fic. 12.—Method of cal- average value their 
teh es aetnet verag of the square of their 
Aerie al ara distance from the certre may be taken 


as (7,7+7,7)/2. Thus the part of the 
moment of inertia due to the strip is 


(7? — 72)? + 172), _ Myr 
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Writing down similar expressions for the other elements, and 
adding these together, we find that the moment of inertia, I, of 
the whole disc is equal to 

Myw meyar4 


itn a ae) = oe ’ 


since 7,=7, the radius of the disc, and 7)=o. 


2),2 2 
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Hence ie ey ) =i, 
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If we place a number of circular discs one on top of another, so as 
to form a circular cylinder, then the moment of inertia of the whole 
cylinder about its geometrical axis is equal to the sum of the moments of 
inertia of the discs about the same axis. Hence if # = mass of 
cylinder, and 2=number of discs, the moment of inertia of the cylinder 


The moment of inertia of a flat ring, that is, a circular disc from 
which the central portion has been removed by a concentric circular 
cut, can be found in a similar manner. Let 7 be the internal, and R 
the external radius of the ring, and let m be its mass, and m7 its mass 
per unit area, so that m = m(R?- 77). 

By reasoning similar to that employed above— 


Moment of inertia of ring = eaE(RE — 7) 


mym(R? — 7?)(R2+ 9?) 
2 


R2 +4 72 
= 72. ; 


Moment of inertia of a thin circular ring about a diameter as axis, 
—Let ABCD, Fig. 13, represent the ring, of radius OA, and let 
AC be the diameter chosen as axis. Through the centre, O, 
draw DOB perpendicular to AC; then AC and DB divide 
the ring into four equal quadrants. Divide the quadrant, AB, 
into any very large-even number of equal elements, and let 
E be one of these elements. Join E to O, and drop the 
perpendicular, EG, on to the axis, AC, and the perpendicular, 
FH, on to OB; then (EG)? is the quantity by which the mass of 

E 2 
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the element at E must be multiplied in order to obtain that part 
of the moment of inertia due to this element. 

From O draw OF, so that the angle FOA=angle EOB ; then 
the point, F, will be 
the) centre” of, san 
element. Drop the 
perpendicular, FK, on 
to the axis; then to 
obtain that part of 
the moment of inertia 
due to the element 
at F we must multiply 
the mass of that ele- 
ment by (FK)*, and 
IRS Salle Hence, 
that part of the moment 
of inertia due to the 
elements at E and F 
=mass of either ele- 


as sei 2 j ment x {((EG)?+(EH)?*} 

1G. 13.—Method of calculating the moment o am 

inertia of a circular ring about a diameter = mass of element 
as axis, x(OE)24 7) Ini other 


words, the average 
value of the squares of the distances from E and F to the 
axis, is equal to half the square of the radius of the circle. 

We may now group the elements comprised in the quadrant, 
AB, in pairs, one of each pair being as far from B as the other 
is from A, and the mean square distance of each pair from 
the axis is equal to half the radius squared. From this it 
follows that the average value of the squares of the distances of 
all elements of the ring from the axis AC is equal to half the 
square of the radius of the ring; hence, if 7 is the mass 
and 7 the radius of the ring, the moment of inertia, I, about 
the axis, AC, is given by 


qn 
that is, its value is equal to half the moment of inertia of the 


ring about an axis through the centre and perpendicular to 
its plane. 
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Let angle EOB=@; then EG=OH =; cos 6, and the average value 
of (7 cos 6) for values of @ between o and 1/2 is equal to 7?/2, Thus, the 
average value of cos*0, for values of @ between 0 and 7/2, is equal to 
1/2. It can be proved, in a similar manner, that the average value of 
sin’@, for values of 6 between 0 and 7/2 is equal to 1/2. These very 
important results will be used frequently in subsequent investigations. 


Moment of inertia of a circular disc about a diameter as axis. 
—Let the disc be divided into narrow circular strips by 
means of concentric circles ; then the moment of inertia of 
each circular strip about its diameter is equal to half the 
moment of inertia of the same strip about an axis through the 
centre of the disc and perpendicular to its plane ; hence the 
moment of inertia of all the circular strips (that is, of the whole 


2 2 
. . : + ht Few. 
disc) about a diameter is equal to $._, where m_ is the 
Fs o) 


moment of inertia of the disc about an axis through its centre 
and perpendicular to its plane. Hence 
2 
Lae. 
4 


It is easily proved that the moment of inertia, I, of a flat ring, 
of which the mass is . 
me and the internal 
and external radii are 
y and R respectively, 
about a diameter as 
axis, is given by the 
equation 


R2 + 
l= n— A 


Moment of inertia of 
a thin spherical shell, 
about a diameter as 
axis.—Let ACBD (Fig. 
TA arepresent the 
spherical shell, the  Fy6, 14.—Method of calculating the moment of 
centre of the sphere inertia of a thin spherical shell. 
being O, and AB being 
the diameter chosen as axis. Draw any diameter, DC, perpen- 
dicular to AB, and draw a third diameter EF perpendicular to 
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the plane containing AB and DC. Let P represent a point on the 
shell, and from this point drop the perpendicular PG on the 
plane containing the diameter DC and EF ; and from G draw 
GH perpendicular to DC. Let OH=x, while HG=y and 
GP=z. Then the square of the distance from P to the 
diameter DC is equal to (HG)?+(GP)?=y?+27, and similar 
reasoning shows that the square of the distance from P to the 
diameter EF is equal to x?+<2, and the square of the distance 
from P to the diameter AB is equal to 47+ 7”. 

Now the shell is symmetrical. about all three diameters ; 
hence the moment of inertia about one, has the same value as 
about any other diameter. If we suppose that a small element 
of surface about P has a mass 7, then it contributes an amount 
equal to 7(2*+.7) towards the moment of inertia about AB, and 
the total moment of inertia about that axis will be found by 
dividing the whole of the surface into elements, multiplying the 
mass of each element by the sum of the squares of the corres- 
ponding values of + and y, and then adding together the results 
found for all the elements ; that is, the moment of inertia of the 
shell about AB is equal to S7z(4?+y?). Similarly, the moment 
of inertia about DC is equal to S7z(y*+2?), and that about EF 
is equal to S7(2?+<s7). Then if I is the moment of inertia about 
any diameter, 

T= 37n(2x? -+ y?) = Smn(y? + 27) = S7(x? + 27) 5 
ete 31 = Sex? +”) + So(y? + 2?) + Sex? + 2?) 
=i . 2(x? +7? + 2?) 
= 2372. (OP)2—=2( Ob )eeayte 
since +*+y?+z2=(PH)?+(OH)=(OP)*, the triangle POH 
having a right angle at H. But OP is the radius of the sphere ; 
let this be denoted by 7 Also let M be the mass of the shell. 


Then 27=M, and 
31=277 . 3m=2M?7, 


so that we sur 


Moment of inertia of a solid sphere about a diameter as axis.— 
Let 7 be the radius, and let 7z be the mass of the solid sphere, 


while 72, 1s its mass per unit volume, so that 4 Pin, =m. Divide 
3 


the sphere into thin spherical shells by concentric spherical 
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surfaces. If7, is the internal and 7% the external radius of one of 
these shells, its mass will be equal to 4mr*.(7,—7,)v,, where r? is 
less than 7,? and greater than 7,2. The moment of inertia of this 
shell will be equal to 
2 8 
4nr?y (1 — 7a) Xt? = ES —1a); 2 
Fe] 
and we may write— 
po Bae Sys. - 25-2 943 4 
yr = Ya tha To+Va To + Vato” +15 
5 
since this value lies between 7,4 and ~!, and the thickness of 
each shell may be made as small as we please, and therefore 
r, and ”, differ only infinitesimally in value. Substituting the 
value of r*in the value for the moment of inertia of the shell, 
we find that this is equal to 


J 


5 - 5 
—M)} Tr, —7 . 
15 iT (7 a) 


Let the radii of the concentric spherical surfaces, which divide 
the solid sphere into shells, be %, 4, %.--..%m where =o 
and 7,=7=the radius of the sphere. Then, writing down values 
for the moments of inertia of the various shells, and adding these 
together, we obtain 


Sri, - 
I= 15 (7 WES ry) 
Sam 2 
15 seri) x =? 
15 3 5) 
2m 
= —?7. 
5 


Moment of inertia of a solid, about an axis which does not pass 
through the centre of gravity of the solid. In the preceding 
investigations, moments of inertia of various bodies, about axes 
passing through their centres of gravity, have been determined ; 
now we must see what modification in our procedure is required 
when the axis has any position whatsoever. 

Let AB (Fig. 15) be a rod of which the centre of gravity is 
at G; let this rod rotate with uniform angular velocity about 
an axis, perpendicular to the plane of the paper, and passing 
through any point C. Ina given interval of time let the rod 
change its position from AB to A’B’, the centre of gravity 
sweeping out the arc GG’. 
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The same results would have been obtained if the rod had 
first moved to the position A”B” whilst remaining parallel to 
its original direction, and had then rotated about G’ till it 
acquired the position 
A’B’. Let CG=4/, and 
let the angle BCB’=8@. 
As the rod moves from 
the position AB to 
A’ B”, every particle of 

Fic. 15.—Rod rotating about an axis through it moves through a 
the point C. distance equal to that 
traversed by the centre 
of gravity, that is, a distance GG’=6. As the rod rotates 
to the position A’B’ it turns through an angle A”G’/A =8. 
To obtain the actual motion of the rod, we may suppose 
the two motions which have been just described to occur 
simultaneously. Thus the kinetic energy possessed by the 
rod, as it rotates with an angular velocity » about the axis 
through C, can be resolved iato two parts. The first part is due to 
the motion of every particle of the rod with a velocity equal to 
that of the centre of gravity G; and as G moves with a velocity 
hw, this part of the kinetic energy is equal to 47(Aw)*, where 7 
is the mass of the rod. The second part of the kinetic energy 
is due to the rotation of the rod with an angular velocity » 
about its centre of gravity G ; if I, is the moment of inertia of 
the rod about an axis through G and parallel to the axis through 
C, then the second part of the kinetic energy is equal to $],o”. 
Now let I be the moment of inertia of the rod about the axis 
through C ; then the total kinetic energy of the rod is equal to 
$lw*. Hence— 


41? = bmh?w? + 41,0? 5 
. l=mh? +1,. 


Hence, if we know the moment of inertia I, of a body about 
an axis through its centre of gravity, we can obtain the moment 
of inertia I about any. other parallel axis, by adding to I, the 
mass of the body multiplied by the square of the distance 
between the two axes. 


Moment of inertia of a rectangular bar, about an axis through its 
centre of gravity and perpendicular to one of its faces. Let the mass 
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of the bar be 7, while its length and breadth, perpendicular to the axis 
AA’, are / and @ respectively (Fig. 16). Divide the bar into an 
‘indefinitely large number # of equal slices by means of planes perpen- 
dicular to its length; 
then the mass of each 
slice will be m/z, and 
the moment of inertia of 
a slice about the axis AA’ 
will be equal to— 


mt m 6 
1 7° 12? 


where x is the distance 


Fic. 16.—Method of calculating the moment 
from the centre of gray- SGinecua Ohla BE 


ity of the slice to the 


: TE. Ue o ‘ : ; 
axis AA’, and alts the moment of inertia of the slice, about an 
7 


axis through its own centre of gravity and parallel to AA’. 
In adding together the moments of inertia of the various slices, the 


See m : eee: 
sum of the terms similar to ae will be equal to the moment of inertia 


2 


; : ( 
of a thin rod of mass # and length /, that is, to m— The second 


term does not contain x, and the sum of the terms of this type 
will be equal to— 

2 B 
N.—-—=m—. 

7 2 12 


Hence, the total moment of inertia I of the bar is given by the equation— 


Ee 


Il=m 


Notice that (72+?) is equal to the square of the diagonal length 


of the bar. 

The student should now find no difficulty in proving that the 
moment of inertia I of a cylinder of circular section, about an axis 
through its middle point and perpendicular to its length, is given by— 


i (5 +2)s (com are ) 
=| Aye: compare p. 53). 


where m is the mass, and / the length of the cyclinder, whilst 7 is the 
radius of its tranverse section. 
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Radius of gyration.—The moment of inertia I of a body 
about any specified axis may always be expressed in the form 


I = nik, 


where m is the mass of the body and 4 is proportional to its 
linear dimensions. For instance, in the case of a thin rod 
#2=(2/12), and in the case of a sphere #?=(27°/5). The 
quantity & is called the radius of gyration of the body about 
the given axis ; if the total mass of the body were concentrated 
at a uniform distance # from the axis, then the moment of 
inertia of this arrangement of matter would have the same 
value as that of the body. 


Problem. 4 body rolls, without slipping, down a smooth plane 
inclined at an angle @ to the horizon: it ts required to find the 
acceleration of the body, and the distance through which tt moves in 
a given time. 

When the body is rolling along the plane with a velocity v (¢.e. when 
its centre of gravity is moving parallel to the plane, with a velocity 
v), it must be rotating with an angular velocity equal te v/v, when 7 is 
the radius of the body ; for in each complete rotation, every point of the 
circumference must come, in turn, in contact with the plane ; that is, the 
body must advance through a distance 27v units of length; and there- 
fore if it is rotating at a rate of z turns per second, the centre of gravity 


must advance through 2777z=v units of length per second, so that the ~ 


angular velocity w=272=u/r. 

After ¢ seconds let the body be moving with a linear velocity a 
parallel to the plane; then, if its mass is 7, its kinetic energy due to its 
linear velocity is equal to 47v?, and that due to its angular velocity is 


equal to— 
v\2 B\2 
4mk?w* = 4mh?| —) = kmv?. (-), 
ie 7 


where # is the radius of gyration of the body about its axis of rotation. 
Hence its total kinetic energy— 


ees Fall: 


If the body started from rest, and has travelled over a distance 5 
parallel to the plane, the work done by gravity is equal to the 
component of the earth’s attraction resolved parallel to the plane 
(that is, 72g sin @), multiplied by s ; hence— 


kN? p 
amo" ~ ied } = mgs sin 0. 


aes ad 
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-\t 4 seconds from the start, let the linear velocity of the body be 
v, and let the distance traversed be s,;; and at 4 seconds from the 
start, let the linear velocity of the body be zy, and let the distance 
traversed be 53. Then— 


yoo {r +(Z) pas gsing . ee el) 
gor {it +(2)} = -esine . Maer, Heh C2) 


Subtract (1) from (2); then— 


i(op—o2){2 + (2) } = (4-5 )esing see (3) 


If 7, and 4 are nearly equal, the value of (s,—5,) is equal to the 
distance traversed in the time (4-4) with the average velocity 
(W+v)/2. Therefore (3) may be re-written in the form— 


Dyo+D k\? Ug+U. : 
(wa)(22) (6+ EVP=CLV(e-a)oae 
oli eee k\? 

Bah Fi = gsine. /{1 +(2)}, 


and this gives the linear acceleration of the body, z.e., the increase of 
- velocity per unit time. Thus the acceleration is constant. 

If the body were to slide down the plane without rotation, its acceler- 
* ation would be gsin 6, so that the acceleration is diminished by the 
rolling of the body. For a solid cylinder (4/7)?=1/2, (p. 51) ; in this 
case the acceleration would be only two-thirds that of a body sliding 
down the same plane. 


Finally s= so Nh 
1+(-) 


Problem. 4 nut descends without friction along a vertical screw 
with n threads per unit length ; find its acceleration. 
- For every unit of length through which the nut descends it makes 
# complete rotations ; hence, when it is moving vertically downwards 
with a linear velocity v, its angular velocity is equal to 2mv, and 
its total kinetic energy is equal to 


dino" + 4mk?. (axnv)? = hmv {1 + (20nk)’}, 


where & is the radius of gyration of the nut about its axis of rotation. 
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Hence, by reasoning similar to that used in the preceding preblem, the 
acceleration is equal to— 


S 
I + (202k)? 


Moment of momentum.—When the angular velocity of a 
body, about an axis through its centre of gravity, is changing, 
the linear velocity of any particle which does not lie on the axis 
must be changing, and therefore all such particles must be acted 
upon by forces. If a particle of mass 7, is at a distance 4 
from the axis of rotation, and the angular velocity of the body 
increases by win a time 4, then the linear velocity of the particle 
increases by w7, in that time, and 4, the force acting on the par- 
ticle, is given by the equation— 


=, (see p. 18), 


and therefore ji = (mr,o)/t: 


This force is, of course, additional to the centripetal force 
(p. 27) necessary to keep the particle in a circular orbit. 

Now, the direction of motion of the particle changes from in- 
stant to instant, and therefore the direction of the force which is 
increasing its velocity must be continually changing; further 
at any instant the forces acting on the various particles of the body 
willhave different directions, and the resultant of all these forces 
will be equal to zero, if the centre of gravity of the body 
remains stationary. This is due to the fact that /, is propor- 
tional to 7, and therefore changing the sign of ~ changes the 
sign of /,; thus oppositely directed forces must act on particles 
equidistant from, and on opposite side of the centre of gravity. 
From the investigation on p. 39, it follows that the tendency of 
a force to produce rotation about a given axis is measured by 
the moment of that force about the axis of rotation ; and it is 
now obvious that if we multiply 4 by ~, and so obtain the 
moment of this force about the axis of rotation, we obtain— 


@ 
AS TBE « ri, 
and since 7, occurs to the second power on the right hand side 


of this equation, the value obtained is unaffected if we change 
(+7;) into (—7,). Asa general rule, the applied forces do not 
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act directly on the individual particles of the body, but each 
particle is acted upon by forces called into play by strains pro- 
duced by the applied forces. If the strains produce forces 
fy Jy Jz + + acting on particles of masses 772,, 7 Mtg, . . 

at distances 4, %, 73... . fromthe axis of rotation, then the 
turning moment or torque which must be applied to the body is 
given by— 


Oe & 
Siti t fore + fava + = = ry? + mor? + mgr +...} 


oe; 


SIE sI8 


where I is the moment of inertia of the body about the axis of 
rotation. Thus, to find the torque which must be applied to a body 
in order to produce a given angular acceleration (w/t), we must 
multiply (#/¢) by the moment of inertia of the body about the axis of 
rotation. 

Now 7,0 is the momentum (p. 19) of a particle, and 
Mh, X7,=Myr,7@ may be called the moment of momentum of 
the particle about the axis of rotation, so that o#2777*=aI may be 
called the moment of momentum of the body about the axis of 
rotation. Thus the torque acting on the body is equal to the rate 
of change of the moment of momentum of the body. 

Moment of momentum is a vector quantity, since it cannot be 
defined completely without specifying the axis, and the direction 
of rotation about that axis. If we look at a rotating body 
along the axis of rotation, the moment of momentum of the 
body can be represented by a vector of which the length is equal 
to. Iw, drawn parallel to the axis, and extending away from us if 
the rotation is clockwise, or toward us if the rotation is anti- 
clockwise. The torque acting on a body determines the rate at 
which its moment of momentum changes, just as the force act- 
ing on a body determines the rate at which its momentum 
changes (p. 19). Further, a torque is needed to change either the 
direction or the magnitude of the moment of momentum of a body, 
just as a force is needed to change either the magnitude or the 
direction of the momentum of a body. 


Problem, Determine the linear acceleration of a body which rolls 
down an inclined plane. 

It is supposed that that the body does not slip on the plane ; therefore 
the point of the body which is in contact with the plane is stationary for 
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an instant, and the body is turning about that point. The body must 
be either cylindrical or spherical in shape; the radius of the cylinder or 
sphere may be denoted by ». The centre of gravity of the body is at a 
distance x from the point of contact with the plane, and if the centre of 
gravity is moving with a velocity v parallel to the plane, the radius 
joining the centre of gravity to the point of contact must be rotating 
with an angular velocity w, given by the equation— 


BOSE Pay ae 


During a short interval of time ¢, let the linear velocity of the body 
change from v, to v, and let the angular velocity of rotation Chetee 
from w, tow. Then— 

o, = 2/7, 
wy = ve! 


and w_—- , = (Y—%)/7. 


Wy — Wy, C50) Le 
t t ga aid 


where a denotes the linear acceleration of the body. The expression 
(w@. —w )/¢ denotes the angular acceleration of the body, and this is equal 
to a/r; the torque necessary to produce this angular acceleration is 
equal to mk? a/v, where m&? denotes the moment of inertia of the body 
about the axis of rotation. 

The body is prevented from slipping on the plane by a force F, called 
into play at the point of contact of the body with the plane, the direction 
of the force being parallel to the plane and opposite to the direction of 
motion of the centre of gravity of the body (Fig. 17). Let it be 
imagined that two oppositely directed forces, each numerically equal 
and parallel to F, are applied to the centre of gravity of the body ; 
these forces are in equilibrium, and therefore produce no change in the 
motion of the body. 

The force F at the point of contact, together with the force (—F) 
applied to the centre of gravity of the body, are equivalent to a torque 


equal to F7; this is the torque which produces the angular acceleration 
of the body, and thus— 


a. 
Fy = mk. -, 
x 


jp 


(4 


F = ma zs 


The component of the force exerted on the body by gravity, resolved 
parallel to the plane, is equal to mg sin 6 (Fig. 17), and the resultant of 
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this force and the oppositely directed force F applied to the centre of 
gravity, is equal to (7g sin @—F). This resultant force is equal to the 
product: of the mass » and the linear acceleration a of the body ; 


therefore— 
; : k\? 
ma = mgsind—F = m4 gsin 0-« (£) i; 


r 


This result was obtained, by a different method, on p. 59. 


The gyrostat.—The gyrostat is essentially a fly-wheel of 
large moment of inertia, mounted so that it can rotate freely 


Fic. 17.—Body rolling down an inclined plane. 


about its axle, while both wheel and axle can also turn about 
any axis perpendicular to the axle. If the direction of the axle 
remains fixed, then the moment of momentum of the fly-wheel 
can only change in magnitude, and such change can only be 
produced by a torque acting about the axle as axis ; this torque 
increases or decreases the kinetic energy of the fly-wheel, and 
therefore its application involves the performance of work ; 
if it ceased to act the angular velocity of the fly-wheel would 
remain constant, in the absence of friction. Let us suppose that 
the fly-wheel is rotating with constant angular velocity about its 
axle ; if the direction of the axle is altered, the direction of the 
moment of momentum must also be altered, and this involves 
the action of a torque. The magnitude and direction of the 
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torque which must be applied, in order to change the direction 
in which the axle points, may be determined directly from the 
conditions explained above ; but it is interesting to solve the 
problem, in the first 
place, from first prin- 
ciples,! as will now be 
done. 

Let Fig. 18 represent 
a fly-wheel rotating, 
with constant angular 
velocity , in a clock- 
wise direction about 
an axis through C and 
perpendicular to the 
plane of the paper. 
Let the mass of the 
fly-wheel be concen- 
trated in the rim at 
a uniform distance 7 
from the axis of rota- 

Fic. 18.—Action of the gyrostat. tion. It is required 

to find the condition 

that the fly-wheel shall also turn with a uniform angular velocity 

o, about the diameter AB, the direction of w, being clockwise 
when we look along AB in the direction from A to B. 

Let us suppose that the rim is divided into a great number of 
equal portions, each of mass wz, Consider the forces which 
must act on one of these particles, say that at F. 

Centripetal force.—Each particle must be acted upon by a 
force directed toward the centre C, in order that it may move in 
a circular path; the magnitude of this force has already been 
determined (p. 27) and it need only be mentioned that this 
force is called into play by strains in the material of the rim, and 
the spokes by which it is connected to the axle. 

Torque due to change in the magnitude of the velocities of par- 
ticles.—At the instant when the particle is at F, it is revolving 
about the diameter AB with a linear velocity equal to @, x FG, 


1 The ensuing investigation is a mathematical development of a train of reasoning 
used by Dr. S. Tolver Preston in an article on The Mechanics of the Gyroscope, 
Technics, Vol. ii. p. 47. 
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where FG is the perpendicular let fall from F on the diameter 
AB. After a short time - iet the particle arrive at the position 
H ; it is now revolving about AB with a linear velocity #, x HK, 
where HK is the perpendicular let fall from H on to AB. Hence 
its velocity, from front to back through the plane of the paper, is 
diminishing ; and a force must be acting on it from back to front 
through the plane of the paper, the magnitude of this force being 
equal to the rate at which the momentum of the particle is 
changing. The change in the velocity of the particle is equal to 
o(FG—HK)=a,FL, 

where L is the foot of the perpendicular let fall from H on to 
-FG. Further, if 7 is sufficiently small, the arc FH will be small, 
and it may be treated as a straight line of length 7w/, where o is 
the angular velocity of the fly-wheel about its axle ; and since 
FH is perpendicular to the radius FC, the angle FHL=angle 
FCD=6 (say), so that FL=FH sin FHL=or¢sin 6. Therefore 
the vate at which the momentum of the particle is decreasing’ 
is equal to— 

my. «FL _ me ert sin 6 


: ; =Mmywersin@. . . (1) 


This gives the force, directed from back to front through the plane of 
the paper, that must act on the particle as it moves through the position 
F. Notice that y sin@=FM, the perpendicular distance of the particle 
from the diameter DE drawn at right-angles to AB. It follows that no 
force acts on the particle passing through D, but all particles between 
D and A are acted on by forces directed from back to front through the 
plane of the paper, the magnitudes of these forces being proportional 
to the respective distances of the particles from the diameter DE ; thus, 
the maximum force acts on the particle passing through A. 

Similar reasoning applied to any particle in the quadrant AE shows that 
the velocity of each of these particles, directed from back to front through 
the plane of the paper, is increasing: therefore forces, directed 
from back to front through the plane of the paper, must act on these 
particles, the force acting on any particle being equal to 77,» multiplied 
by the perpendicular distance of the particle from the diameter DE. 

The velocity of a particle in the quadrant EB is directed from back 
to front through the plane of the paper, and this velocity is diminishing, 
so that a force acting from front to back through the plane of the paper 
must act on it. The velocity ofa particle in the quadrant BD is directed 
from front to back through the plane of the paper, and this velocity is 

= 
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increasing, so that a force directed trom front to back through the plane 
of the paper must act on it. In each case the magnitude of the force is 
equal to 7,#,; multiplied by the perpendicular distance of the particle 
from the diameter DE. In other words, the expression (1) above gives 
the force that acts on any particle at the end of a radius which makes 
an angle @ with the radius CD, the angle @ varying from o to 27 for all 
particles of the wheel. 


We thus see that all particles in the two quadrants DA 
and AE are acted on by forces directed from back to front 
through the plane of the paper, and all particles in the two 
quadrants EB and BD are acted on by forces directed from 
front to back through the plane of the paper. A particle in 
DA or AE at a distance d above DE may be paired with a 
particle in DB or BE at an equal distance below DE, and 
equal but oppositely directed forces must act on these particles ; 
these forces, however, produce equal torques of the same 
sign, about the diameter DE; hence the condition that the 
rotating wheel shall turn with a uniform angular velocity «, 
about the diameter AB is, that a torque must be applied which 
would turn the wheel, if it were stationary, about the diameter 
DE ina clockwise direction looking from D to E. The magnitude of 
the torque is easily found ; for ifa particle is at a distance @, from 
DE, the force acting on it is equal to 777,o,od@,, and the moment of 
this force about DE is found by multiplying it by ¢@,, thus giving 
m,a,od,*. Hence the applied torque, which must be equal to the 
sum of the torques due to the forces acting on the individual 
particles, is equal to 

HOPI Aly of Ge a 5 a UB) 


where I, is the moment of inertia of the wheel about the diameter 
DE as axis. 


It must be noticed that this torque does no work ; the work done by 
a torque acting about a given axis is equal to the torque multiplied by 
the twist produced about the same axis; and in the case considered the 
torque, and the twist due to it, are about mutually rectangular axes. 
Similarly, when a central force constrains a particle to move in a 
circular orbit, no work is done by the force, since the force and the 
motion are at right-angles to each other. It will also be noticed that 
the gain of energy due to the increasing velocities of some particles of 
the fly-wheel is just counterbalanced by the loss of energy due to the 
decreasing velocities of other particles. 
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Torque due to change in the plane of motion.—Itisobvious that, 
as the wheel turns about the diameter AB, the piane in which a 
particle is moving changes continually. 
Let Fig. 19 represent the fly-wheel, seen in 
perspective from a point towards the left- 
hand side; then at a given instant the 
particle at F is moving in the direction 
FM in the plane containing AFD ; 
shortly afterwards the particle will be at 
F’, moving in the direction F’M in the 
plane containing AF’D. In this time the 
velocity of the particle changes from or 
along FM, to or along F’M; and if we 
draw FM and F’M as in Fig. 20, and from 
F draw a line FP parallel to F’M and 
equal in length to FN=or, then the 
change of velocity is equal to NP, and 


the force acting on the particle is equal  yyg, 19.—Action of the 
gyrostat. 


NP ; : : : 
to my where ¢ is the time in which the 


wheel turns from the position AFB to AF’B (Fig. 19). To find 
the value of NP/f (Fig. 20), notice that NP = or x angle 
PEN =orv x angle FMF’. 

Now from Fig. 19, angle FM F’— 


M “MF  rtanMCF ° coté 


FF’ rcosFCD. w, COS 0 


= wf sin 4, 


i 
! 
i 
.P_ and therefore the force necessary to change the 
plane of motion of the particle 
INE i é 
= mM, as Mywr . @, SiN 6 = 24H, 07 sin 8. 

lee VE 
Fic. 20.—Action This force is just equal to that given by (1) 
of the gyrostat. which suffices to change the magnitude of the 

velocity of the particle about the axis AB. 
Hence the total force acting on each particle is twice that 
given by (1), and the total torque, which must act on the rotating 
fly-wheel in order to constrain it to turn Uniformly about the 


F2 
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diameter AB, is twice that given by (2) above, that is the total 
torque— 
= ow. xX 2], = wl, 


where I is the moment of inertia of the fly-wheel about an axis 
through C, and perpendicular to the plane of the paper ; I is equal 
to twice the moment of inertia I, about the diameter DE 
(p. 52). 

Direct determination.—The torque required to constrain a 
fly-wheel, which rotates about its axle with a constant angular 
velocity », to turn with uniform angular velocity @, about a 
diameter, can be determined directly in terms of the rate 
of change of moment of momen- 
tum. Let DAE (Fig. 21) repre- 
sent the fly-wheel as viewed from 
a point vertically above A (com- 
pare Fig. 18), the direction of 
rotation being clockwise when 
viewed from the side O of the 
fly-wheel. Then the moment of 
momentum can be represented 
by a vector drawn along the 
axis of rotation and equal to 
AV=lIo, where I is the moment 

Fic. 21.—Action of the gyrostat. of inertia about the axle (p. 61). 

If the wheel turns about a 
vertical diameter to the position D’AE’, the angular velocity 
® remaining numerically constant, the moment of momentum 
changes to AV’ which is numerically equal to AV. Hence 
the change in the moment of momentum is represented by 
VV’, and if the angle VAV’ is small, VV’ will coincide with 
a circular arc with A as centre and AV as radius. If the wheel 
is turning with constant angular velocity , about the diameter 
through A perpendicular to the plane of the paper, then the 
angle VAV’=a/, where ¢ is the small interval of time required 
for the wheel to turn from the position DAE to D’AE’. Then 
VV'=AV X @;f=Ioo,7, and this gives the change of momentum 
in the time #4 

To find the rate of change of momentum, which measures 
the torque required to constrain the fly-wheel to turn about the 
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vertical diameter, we divide the change of momentum by /, and 
thus obtain I@,, which is the result previously obtained. 
Further, VV’/¢ represents a torque which, if acting on a 
stationary body, would tend to turn it ina clockwise direction, 
looking along an axis parallel to VV’ in the direction from V to 
V’ (p. 40), which is also in accordance with the results 
previously obtained. 

There is, however, a case in which the direct method 
explained above cannot be used to determine the torque 
necessary to constrain a rotating body to turn about an axis per- 
pendicular to the axis of 
rotation. Let FCF’ (Fig. 
22) represent two heavy 
spheres F and F’, each 
of mass 72,, fastened to 
the ends of a massless 
rod which is rotating in 
a clockwise direction, with 
uniform angular velocity 
, about an axis through 
C and perpendicular to 
the plane of the paper. 
Let this arrangement turn 
with uniform angular 
velocity , about the line 
AB, in a clockwise sense 
when viewed from A to Fic. 22.—An anomalous type of 
B. Then the reasoning eyroset 
explained on pp. 65 to 67 
shows that the sphere F must be acted upon by a force 
2t\o,oF M, directed from back to front through the plane 
of the paper; while an equal but oppositely directed force 
must act on F’, The momentary torque is therefore equal 
to 41,0,0(FM)?; this value is not constant, but varies from 
the value zero when the arrangement passes through the 
position DE, to 4#2,,0.(CA)? when the, arrangement passes 
through the position BA. If we had used the direct method 
explained above, we should have obtained 27,(CA)*@,o for the 
torque, which gives only the average value of the variable torque 
really required. 
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Lanchester’s rule.— Mr. F. W. Lanchester has given a very useful 
rule for finding the direction of the torque that is required to constrain a 
rotating fly-wheel to turn about a specified diameter. Let the fly- 
wheel be viewed from a point in its plane, the line of sight being 
perpendicular to the diameter about which the wheel is required to 
turn. Any point on the rim of the rotating wheel will appear to 
move in a straight line. Now let the wheel be turned through a 
small angle in the required direction, about the specified diameter ; 
a point on the rim of the wheel will appear to move in an ellipse. 
The direction in which the ellipse is traversed gives the direction in 
which the required torque would turn a stationary body. The line 
of sight gives the axis of the torque. 

Let this rule be applied to Fig. 18, p. 64. Let it be supposed that the 
wheel is viewed in the direction from D to E, perpendicular to the 
diameter AB about which the wheel is required to turn. When the 
wheel has turned through a small angle about AB (in a clockwise 
direction viewed from A to B), a point on the rim will appear to traverse 
an elliptic path in a clockwise sense. Therefore the required torque 
must act in a clock-wise sense about the diameter DE, viewed in the 
direction from D to E. 


Experimental study of gyrostatic action.—Let DAEB 
(Fig. 23) represent a fly-wheel rétating, without friction, with 
angular velocity about the axle CC’, 
the direction of rotation being clock- 
wise when viewed in the direction from 
C to C’.. In order that the fly-wheel 
may turn with uniform angular velocity 
#, about the vertical axis AB, in a 
clockwise direction when viewed in the 
direction from A to B, a force /’ must 
act vertically upwards on the end C’ of 
the axle, and an equal but oppositely 
directed force f must act on the end C 
of the axle, the torque r due to these 

| two forces being equal to Iwe,, where 

Pic. 25 Action efile I is the moment of inertia of the fly- 

gyrostat. wheel about the axis CC’. The agent 
producing the torque r will be acted 

upon by a numerically equal torque in an opposite direction ; 
that is, the end C’ of the axle will exert on the agent a force 
numerically equal to /’, in a direction vertically downwards ; 
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and the end C will exert on the agent a force numerically equal 
to f, in a direction vertically upwards. 

Conversely, if a torque 7 is exerted on the axle of the fly- 
wheel the latter will turn about an axis perpendicular to 
the axis of the torque, with an angular velocity #, given by the 
equation : 

a Ti 
ej = Te 

This result is expressed by saying that the fly-wheel 
precesses with an angular velocity , about a vertical axis, 
when the torque 7 is applied 
about a horizontal axis perpen- 
dicular to the axis of rotation. 
If no torque is applied to the 
fly-wheel, then no precession 
will be produced ; that is, the 
axis of rotation will maintain a 
fixed direction in space. Hence, 
if a fly-wheel is mounted so that 
when it is not rotating it is in’ 
equilibrium in any nositidn 
(Fig. 24), then the direction of 
the axle will remain fixed in 
space when the fly-wheel is 
spinning ; in particular, as the 
earth rotates it will not impart : 
its rotation to the fly-wheel. Fic. 24.—Gyrostat mounted so that it is 
This gives one method by in equilibrium in any position. 
which the rotation of the earth 
can be observed experimentally. The approximate constancy in 
the direction of the earth’s axis is explained in a similar manner ; 
its small precessional motion will be dealt with presently. 


Fig. 25 represents a form of gyrostat in which the fly-wheel is 
mounted so that it can rotate freely within a metal ring; the ring is 
supported only at one point P near an end of the axle, where it 
is pivoted on a vertical rod, being free to move in any direction about 
the pivot. If the fly-wheel were not rotating, it could not remain in 
the position shown in Fig. 25 unless further support were afforded to 
the ring. The action of the gyrostat when the fly-wheel is rotating can 
be easily deduced from the results of the preceding investigation, 
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Let us suppose that the ring, within which the fly-wheel is pivoted, is 
clamped while the wheel is set spinning with an angular velocity o. 
On releasing the ring, gravity tends to rotate the whole arrangement 
downwards about the supporting pivot P. But directly the rotation 
commences, the direction of the axle commences to change; on 
applying the rule explained on p. 70, it is easily seen that if the 
wheel rotates in the direction of the arrow A, then the reaction due to 
the descent of the gyrostat will produce a torque which will tend to 
turn the ring about a vertical axis in the direction of the arrow B. If 
this reaction were counterbalanced by an equal but opposite torque, the 
wheel would continue to descend freely ; this would be the case if the 
ring were hinged at P so that it could only swing up or down, without 
being free to turn about a vertical axis. Lut in the case represented in 


Fic. 25—Action of a gyrostat. 


Fig. 25, no external force, except that of gravity, acts on the wheel and 
its supporting ring ; thus, the reaction sets the supporting circle rotating 
about a vertical axis through P, in the direction of the arrow B. This 
rotation produces another reaction which opposes the torque due to 
gravity, and therefore the wheel descends more slowly ; but so long as 
it continues to descend, the reaction due to its descent causes it to rotate 
more quickly in the direction of the arrow B, and this rotation, in its 
turn, produces a greater torque opposing that due togravity. After a very 
short time the fly-wheel ceases to descend, its angular velocity w, about 
the pivot P being sufficient to generate a torque equal and opposite to 
that exerted by gravity ; henceforth, in the absence of friction, the axle 
of the gyrostat would remain inclined at a constant angle to the 
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horizontal, but it would precess at a constant angular velocity w, given 
by the equation 


where T is the torque about the point P due to gravity, w is the angular 
velocity, and I is the moment of inertia of the fly-wheel about its axle. 
The fly-wheel has descended toward the earth only far enough for the 
work done by gravity to be sufficient to produce the extra kinetic 
energy due to the rotation of the wheel and its supporting ring about 
the vertical axis through P. ; 

In practice, friction gradually diminishes the value of w, with the 
result that-the rate of precession w, gradually becomes greater, while 
the fly-wheel gradually descends towards the earth. 


The following instances of gyrostatic action may now be explained by 
the student. 

When the axis of a spinning-top is not vertical, its inclination to the 
vertical remains constant (in the absence of friction), but the top 
precesses about a vertical axis in the same sense as that in which it 
spins about its own axis. In practice, the rate of precession increases, 
as the speed of the top diminishes owing to friction. 

The axis of the earth is inclined to the ecliptic (that is, the plane of 
the earth’s orbital motion about the sun). The earth is not exactly 
a sphere, its polar diameter being smaller than its equatorial diameter ; 
the attraction exerted by the sun on the earth tends to pull the 
equatorial protuberance of the earth into the plane of the ecliptic, 
and hence the axis of the earth slowly precesses, that is, it points in 
different directions as time goes on. The rate of precession is about 
fifty seconds of arc per annum. 

When a metal disc (such as a coin) is rolled along a smooth horizontal 
surface, its path is straight so long as the plane of the disc remains 
vertical ; but if the disc inclines towards one side, its path curves away 
towards that side. It is partly owing to this fact that an expert cyclist 
can ride a bicycle without holding the handle-bars, although the 
customary ‘‘rake” of the forks exercises an influence which assists the 
gyrostatic action. The possibility of riding a bicycle at all depends, of 
course, on the gyrostatic properties of the rotating wheels. 


Motion in circular and spiral orbits.—A body ot mass 
can move in a circular orbit witha linear,velocity ¥v, if it is acted 
upon by a force, directed towards the centre of the circle, of 
magnitude mv?/r, where 7 is the radius of the circular orbit 


74 GENERAL PHYSICS FOR STUDENTS CHAP. 


(p. 26). Ifthe angular velocity (p. 46) of revolution is equal to 
w, then v=or, and the central force must have the value ro”. 

Let us suppose that a body is attracted towards a point with 
a force proportional to the distance of the body from the point ; 
then if /, is the force that would be exerted on the body if it were 
at unit distance from the point, the force acting on it when it is 
at a distance ~ from the point is equal to 47; and in order that 
the body may move in a circle of radius ~ around the point, we 
must have— 


If a revolution is completed in a time T, then #=27/T 
and— %y 
mM 
NGEE 

In this case the time occupied by a complete revolution is 
independent of the radius of the orbit. 


t= 27, 


It should be noticed that the kinetic and potential energies of the 
body are equal. If the body were to move from the circumference to 
the centre of the circle, the force acting on it would diminish uniformly 
from fr to f, x o=0, and therefore the average force=/f,7/2. Hence, 
potential energy lost as the body moves from a distance x up to the 
point =(f{7/2) xr=f\r7/2. Further f7=w*. Thus potential energy 
= mw? /2=me/2. 


If a body revolves around a point, subject only to the action 
of a force directed towards that point, it will continue for all 
time to revolve with a uniform angular velocity. A very close 
approximation to this condition is supplied by the moon, which 
revolves ina nearly circular orbit, under the action of the gravita- 
tional attraction exerted upon it by the earth. There is no loss 
of energy in this case, since the motion of the body is always 
perpendicular to the only force acting on it. 

When a body moves through air or any other material fluid, 
its energy continually decreases. This is due to the fact that 
the body sets the fluid in its neighbourhood in motion, and the 
friction between different parts of the fluid causes the kinetic 
energy communicated to it to be dissipated in the form of heat. In 
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effect, the motion of the body is opposed by a force which, when 
the motion is slow (not more than a few feet per second) is propor- 
. tional to the velocity 
of the body ; for high 
speeds the force is 
more nearly propor- 
tional to the square of 
the velocity. 

Let us now study 
the motion of a body 
which revolves around 
a point O (Fig. 26), 
under the action of a 
force directed toward 
that point, and propor- 
tional to the distance 
of the body from it ; 
together with a force 
directly opposing the 
motion of the body, Fic. 26.—Motion in a spiral path. 
and proportional to its 
linear velocity. To fix our ideas, let us suppose that the 
body is originally moving in the circular orbit JAH subject 
only to the action of the central force fz directed towards 
O; and that when the body arrives at A an opposing force 
equal to xv (where « is a constant, and wv is the linear velo- 
city of the body) commences to act. The opposing force 
diminishes the velocity of the body, with the result that the 
central force necessary to constrain the body to move in the 
circle JAH is less than the actual force which pulls the body 
toward O; hence the body gradually approaches O, and its 
path takes the form of the spiral APBCDE. ... 

In the first place it can be shown that, when the motion of 
the body has become steady, its spiral path will cut all radii 
drawn from O at one uniform angle. ‘This proves that the path of 
the body is an equiangular spiral. 

An equiangular spiral can be described by means of the apparatus 
represented diagrammatically in Fig. 27, The rod AB can slide freely 
through a cylindrical hole in the pillar O, and this pillar is pivoted so 
that it can rotate freely about an axis perpendicular to a sheet of paper 


eee 
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strained on a drawing board. To the end B of the rod AB is attached 
a framework, on which is pivoted a small wheel. The axle of this 


A 


Fic. 27.—Apparatus for 


wheel must remain parallel to the plane of the . 
paper, but it can be set at any required inclination 
to the rod AB. The wheel is in contact with 
the paper, and supports the weight of the end B 
of the rod. The edge of the wheel is sharp, so 
that it cannot slip sideways over the paper. 
Thus, the end B of the rod can move only when the 
wheel rolls along the paper, and the direction in 
which the wheel can roll makes a constant angle 
with the rod AB. The curved path which the 
wheel traverses is of such a form, that an element 
of the curve is inclined at a constant angle to 
the line joining the element to O. 

Let ACB (Fig. 28) be a portion of the curve 
ABCD (Fig. 26), described in a very small 


describing an equian- time 4 As the body passes through A, its 


gular spiral. 


velocity is in the direction AD, inclined at an 
angle DAE=a to the line EA, which represents 


part of the radius vector drawn from the central point O to the body. 
The arc ACB (Fig. 28) is supposed to be magnified greatly, so 


that AE and BG, parts of 
the radii which join its ends 
to the .central point, are 
sensibly parallel. Let the 
body, when at A, be at a 
distance ~ from the central 
point, the force acting along 
AE having the value fir. 
This force has a component 
fircosa acting along AD, 
and a component /7sina 
perpendicular to AD. From 
B draw BD perpendicular 
to AD. 

In the time ¢ the body 
actually moves from A to 
B, and its displacement is 
equivalent to the compon- 
ents AD and DB. When 
the body is at A, its linear 


Fic. 28.—A small portion of the curve 
ABCD (Fig. 26) very much magnified. 


velocity is parallel to AD ; let the value of this velocity be vz. Then the 
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‘ 


displacement AD, completed in the time /, is due to the velocity v, modified 
by the accelerating force fr cos a and the opposing force «cv. Thus— 


eee fine hee yf, 


The second and third terms on the right of this equation, both of 
which are proportional to /, can be made as small as we please, in 
comparison with the first term which is proportional to ¢, by making 
the time ¢ sufficiently small. Hence when ¢ is infinitely small— 

NDS ue 

Let the angular velocity of the body about O (Fig. 26) (that is, the rate 
at which the radius vector turns about that point) be equal tow. To find 
the value of w, notice that the velocity v of the body at A (Fig. 28) is 
inclined at an angle a to the radius AE, and therefore the linear velocity 
perpendicular to AE is equal to vsina; that is, the end A of the radius 
vector of length 7 is moving perpendicular to AE with a velocity 
vsin a, and therefore— 


vsin a ; 

o> a ee 
_ or 
Mersin: 
+ AD=-—-4 
sin a 


~ At the end of the time ¢ the body is actually at B; hence the force 
fir sin a, acting perpendicular to AD, has produced the displacement DB 
in the time /, so that— 
Dee Oana 
ri me 

Let C be a point midway between A and B on the are ACB; then 
since ACB is very small, it may be taken as a very small part of a 
circle. The body will pass through C at a time #/2 later than the 
instant when it passes through A, and the tangent at C will-be parallel 
to the straight line joining A and B ; that is, when the body moves 
through C its velocity is parallel to AB. Thus in the time //2 the 
direction of motion of the body turns through the anglco BAD ; and 


ir sin o é 


4. 
DB m 
the small angle BAD = AD = seal ais ue 
sina 
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In the time ¢/2 the radius vector joining the body to the central point 
O (Fig. 26) turns through an angle w¢/2. Hence, while the radius 
vector turns through an angle w//2, the direction of motion of the body 
turns through an angle equal to BAD or— 


weg 
Sain I Go 
s me a 
If the direction of motion, and the radius vector, turn through equal 


angles in the time ¢/2, the path of the body will cut all radii vectors at 
one uniform angle ; in this case— 


i 

get = b= sin?a Ze 

oi sed labora eh SPELL meet ie ca) Vn (2) 
m 


If the direction of motion turns through a greater angle than the 
tadius vector, the angle a at which the path cuts the radii must be 
diminishing, and: therefore sina is diminishing, and the rate at which 
the direction of motion turns is diminishing ; this diminution continues 
until the direction of motion and the radius vector turn through 
equal angles, in which case (2) will be satisfied. If the direction of 
motion turns through a smaller angle than the radius vector, the angle a 
must be increasing, and therefore sina must be increasing, with the 
result that the rate at which the direction of motion turns is increasing ; 
this increase can only cease when (2) is satisfied. Hence, finally, when 
the motion has become steady, the path cuts all radii vectors at a 
constant angle a. 


Since the angle ais constant, it follows that the value of » 
deduced from(1) is constant ; hence the bedy revolves with uniform 
angular velocity about the central point. 


In the absence of the frictional opposing force a=7/2, and (2) then 
gives the value of w deduced on p. 74. 


It now becomes obvious that the kinetic and _ potential 


energies of the body remain equal during the steady motion of 
the body ; for— 


: ° ; re: 
kinetic energy = 4mv* = 4-—— from (1); and 
sin? a 


. hr mr a 
otential energy = ‘=~ xr = 4—— 
P sy 2 “sin? a 


rom (2). 
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Hence, the energy lost in overcoming the force that opposes the 
motion of the body is equally distributed between the kinetic 
and potential energies of the body. 


Since the opposing frictional force is equal to kv, the total rave at 
which the body is losing energy is equal to «v®. The rate at which the 
pody is losing potential energy is equal to the product of the central force 
fir and the component velocity yvcosa parallel to this force; and since 
the loss of potential energy is equal to half the total loss of energy, we 
have— . 

fir. vcosa = 3xv? 


K wr 


*. fur cos a@ = 4xv = — —., from (1). 
fi 3 2 sina’ (1) 
K 
O53 JA COSG) = —- 
2sina 


Substituting the value of w obtained from (2) we have— 


. sing. Je 
2sina 
Bei 
2 aN ML 
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fi cosa = 


I 
fim’ 
which determines the angle a of the spiral. 

When x is small, cos a will be nearly equal to zero, and there- 
fore @ will be nearly equal to w/z, and the spiral will approxi- 
mate toacircle. Unless a is considerably less than 7/2, sina 
will be nearly equal to unity, and the value of » obtained from 
(2) will be nearly equal to NGA which is the value of the 
angular velocity that the body would have in the absence of 
friction (p. 74). Hence, when the frictional force is small, it will 
produce no appreciable effect on the angular velocity of the body, 
and therefore the time occupied in a complete revolution will be 
sensibly the same as if friction were absent. 

Properties of the spiral.—At a given instant let the body be at a 
point on the spiral at a distance 7) from the origin O (Fig. 26), and 
after successive intervals of time, each equal to 1/Zth of a second, let the 
body be in positions at distances 71, 7, 73, . + + 7 from O. Now, during 
the first interval of time, the average velocity v of the body is equal to— 


Tro+T, @ ‘ 
Ae a (compare equation (1), p. 77), 
2 sin a 
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and since the 7a¢e at which the body is losing energy, owing to the 
frictional opposition to its progress, is equal to xv’, the total amount 
of energy lost in 1/fth part of a second is equal to— 


a \2 orion 2 
Ke Se 
sin a 2 Dp 


At the commencement of the interval the kinetic energy of the body is 


equal to— i 
am (= -) , 


and at the end of the interval it is equal to— 


Bei OUNG 
tm i 
sin a 


The loss of kinetic energy in the interval is equal to the difference 
between these two quantities, and this loss is half of the total loss of 
energy in the interval ; hence— 


as 2 \(r8 = nt) = £/ @ \*lgokty\e t 
: 0 1 = ~ Crerl 
sin @ 2\sin a 2 72 


*. n(m aig = ram = a) 


Aes =a Say 
K 
(tO. in 
4? 
K 
m— — 
where K= 42 ; 
K 
n+ — 
4e 


The value of K depends only on the mass m of the body, the 
frictional coefficient «, and the interval of time 1/. 

Similar reasoning will show that at the end of the second interval of 
time the distance 7» of the body from the origin is given by— 


ry = Kr, = K2ry 
and similarly t, = Ker, 


2 
and t= KG, ere ke 
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Hence 7%, 4, 7) 73. » » » %, form a geometrical progression. 
Let us suppose that z intervals of time, each equal to 1/fth of a 
second, are occupied by the body in travelling from A to B 
(Fig. 26). Then if OA=a, and OB=4, we have— 

= NRE GE 

At the end of the next (/p) sec., the body will arrive at C, 
since the angular velocity of the body about O is constant ; and 
if OC =c— 

iM) es ER 

Similarly if OD = d@, and OE =e, 

L= Ke = Keng 

ONG NETO ORS 

ee 

on fic uae Te Pa Sy ae Oy Qe (4) 

Equation to the Spiral.—Let 7) be the distance of the body 
from the origin O at any given instant; then its distance 7; from the 
origin, ¢ seconds afterwards, can be found by substituting ¢ = 7/2 in (3). 
Thus— 


pt 
mt — — 
etme IEG my 4 eee (5) 
Ti 
Now-— 
K IK 
mL — — I - 
4p \ _ 4pm 
mL + - Se ad 
4p apm 


Let 1/f be infinitely small, so that / is infinitely great ; then, dividing 
the denominator into the numerator of the quantity within the brackets, 
and neglecting terms containing the square and higher powers of 1/9, 
we obtain for the quotient the value— 


K 
2 2pm 
We may now re-write (5) in the form— 
ue Las B ( a ) 
K K 2m I 2m 
Vt =r(1 - =) = rt + 5) - (6) 


where B=- oe When / = », the quantity 8 = — o. 
K 
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By the binomial theorem— 


1\B _ B «1, “BiB = 1) Sts BiB = INXB = 2) 7, 
(145) = are Bo aS ya ay 2.3 Ber 
I Ww \Vie 2 
(0-3) a(t - 5\{r - 3) 
=I+I+ : + B/\ eae 
2 Pozi 
I I I 


+ — eae: 
Tis2 yg bere eee 


when 8 is infinitely great. The series just obtained is the base of the 
Napierian system of logarithms, and is denoted by e. Substituting in 
(6), we have— on 
— («t/2072) 
4 = 7o- € i CN fe TD (7) 


2°. loge: = logety = — 


and therefore the logarithm of the distance from the origin to the body 
decreases proportionately with the time 4. For this reason the spiral is 
called a logarithmic spiral. 


QUESTIONS ON CHAPTER II 


1. Determine the moment of inertia of a solid sphere about an axis 
passing tangentially through a point on the surface of the sphere. 

2. Two similar conical shells are joined together, apex to apex, in 
such a manner that the axes of the cones are collinear. Any generating 
line of either cone makes an angle tan~+,/2 with the axis. Prove that the 
moment of inertia of the combination, about the axis of symmetry 
common to both cones, is equal to the moment of inertia about any 
perpendicular axis passing through their apexes. 

3. A closed cubical box is made from thin sheet metal; determine its 
moment of inertia about an axis passing through the middle points of 
two opposite faces, if the mass of the box is equal to m, and the length 
of an edge of the cube is equal to 2 

4. A heavy uniform rod, of mass 7 and length /, is hinged at one 
end so that it can swing freely in a vertical plane. The rod is held in a 
horizontal position, and then released; determine its angular velocity - 
as it swings through the position in which it hangs vertically 
downwards. 

5. A body is allowed to roll down a plane inclined at an angle @ to 
the horizon, Prove that the body will be just on the point of sliding if 


9 . 


ye 


tan @ =p (: + p) where 7 is the radius of curvature, and & is the 


Tago ON ey 
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radius of gyration of the rolling body ; and wu is the coefficient of friction 
between the body and the plane. (If a body is pressed against a plane 
by a normal force F, the body will just slide along the plane under the 
action of a force equal to uF, parallel to the plane. Thus mF is the 
maximum tangential force that can be called into play at the point of 
contact of the body with the plane.) 

6. A hoop 3 ft. in diameter weighs 21b. Find the kinetic energy 
of the hoop when it is rolling along a horizontal road at a linear speed 
of 7 miles per hour. 

7. The moment of inertia of the pulley of an Attwood’s machine is 
equal to 7, and each of the equal masses attached to the ends of the 
cord is equal to M. A rider, of mass m, is placed on one of the equal 
masses ; prove that the linear acceleration a of the moving system is 
given by the equation 

a{2M +m + m(h/r) = meg, 


where ¢ is the distance from the axis of rotation of the wheel to the 
bottom of the groove in which the cord rests. 

8. A large uniform sphere of lead, of mass M and radius 7, rests on a 
plane horizontal surface. A small bullet, of mass 7, is fired horizontally 
into the sphere with a velocity V, the line of motion of the bullet being 
directed towards the centre of the sphere. Prove that the sphere will 
be set rolling along the surface with a linear velocity v, given by the 


equation 
oleae 
Ase 


Wt 


(Assume that the sphere does not slide on the plane.) 

9. A small heavy body is hung from a fixed point by a long thin 
cord. The body is held in such a position that the cord is horizontal, 
and the body is then released ; prove that when the body is passing 
through the lowest point in its path, the tension of the cord is equal to 
three times the weight of the body. 

to. A long thin rod is hinged at one end, so that it can swing freely 
in a vertical plane. The rod is held in a horizontal position, and is 
then released ;* prove that, when the rod is passing through the position 
in which it is vertical, the downward pull on the hinge is equal to 
two-and-a-half times the weight of the rod. 

11. Prove that, if the earth were not rotating about its axis, the value 
of g at the equator would be greater than its present value by 
3°36 dynes per gram. 

(Equatorial semi-diameter of the earth =6°38 x 10° cm.) 
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CHAPTER [il 
SIMPLE HARMONIC MOTION 


Periodic motion.—When a body moves in such a manner 
that it periodically retraces its path, its motion is said to be 
periodic. The time which elapses between successive passages 
in the same direction through any point is termed the periodic 
time, or the period, of the motion. The number of periods com- 
prised in one second is called the frequency ; thus, if T is the 


period, and z is the frequency of a periodic motion, we have 
nm=1/T. 


The motion of the hands of a clock is periodic, the period of the 
motion of the minute hand being one hour, 
or 3600 seconds. The bob of a pendulum 
moves periodically, the period being equal 
to the time of one complete (to and fro) 
oscillation. 


Simple harmonic motion (s.h.m.). 
—A particular kind of periodic motion 
demands especial attention. In Fig. 
29, AB represents a slotted bar rigidly 
connected to a rod CE, which works 
in guides at E and D; thus AB is 
capable of moving only at right angles 
to its length, or parallel to the direction 

Fic. 29.—Nature of a simple CE. A pin, P, is carried by a  cir- 

harmonic motion. cular disc which can be rotated about 
C as centre ; this pin works in the slot 
of the bar AB. When the disc rotates, the pin P describes 


a circle ; thus the direction of its motion changes continually. 
84 
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The component of its motion perpendicular to AB will be com- 
municated to the slotted bar ; on the other hand, the component 
parallel to AB will produce no effect on the motion of the 
slotted bar. The slotted bar will thus move up and down as 
the pin P describes its circular path: the bar is said to perform 
a simple harmonic motion (s.h.m.). 


The characteristic properties of a s.h.m. can be studied by the aid of 
Fig. 30. Let a tracing point, P, revolve uniformly at a constant 
distance OP from O, the direction of motion being opposite to that of 
the hands of a clock. Through O draw the rectangular axes X’OX 
and Y'OY. From P draw PQ perpendicular to OY. Treating OP as 
a vector, we see that it is equivalent to the components OQ and QP. 
Thus, OQ is the component of OP resolved parallel to OY. As P 
revolves about O, the point Q moves up and down along Y’OY, its 
motion being of the simple harmonic type. When P passes across the 


Fic. 30.—Characteristics of a simple harmonic motion. 


axis X’/OX, Q will pass through O. When P passes across the axis 
Y’OY, Q will be at its position of maximum displacement from its mean 
position, O. The maximum displacement of Q will thus be equal to 
the radius of the circular path of P ; it is termed the amplitude of the 
s.h.m. The phase of the s.h.m. at any instant is equal to the angle 
which has been swept out by the line OP. If we measure the phase 
from the particular position of OP when Q is moving in a certain direc- 
tion (say upwards) through O, the angle XOP=6 is equal to the phase 
of the s.h.m,. 

The displacements of Q for various values of the phase angle @, are 
shown by the curve to the right of Fig. 30. The distance a7, measured 
along the horizontal axis, is made equal to the circular measure of the 
angle XOP, and the distance 7 plotted vertically above 7 is equal to 
the corresponding value of OQ. Other points on the curve are obtained 
in a similar manner. 
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Let the amplitude OP=a, while OQ=y. Then y/a=RP/OP=sin 6. 
Therefore y=a sin 6. This is the equation to the curve to the right of 
Fig. 30. 

Further, let OP complete a rotation (z.e. rotate through an angle 27) 
in the period T; then if the tracing point reaches P at a time ¢ after 
passing thrcugh X, we have @=2m¢/T, and therefore y=a sin (27¢/T). 

When the tracing point P crosses the axis OX, it is moving, for the 
instant, parallel to the axis OY. Consequently, at this instant the point 
Q is moving along OY with a velocity equal to that of the tracing point 
‘P in its circular path. The tracing point completes a revolution about 
O in a time T; since the length of its circular path is equal to 27a, the 
velocity of P is equal to 2ma/T. Hence, the velocity of Q as it passes 
through its mean position O is equal to 27a/T. 

When the tracing point P crosses the axis OY, it is moving, for the 
instant, in a direction perpendicular to OY. At this instant the point 
Q will be stationary. Consequently, the point Q is stationary for an 
instant at the extremity of an excursion, on either side of its mean 
position O. 

The velocity corresponding to any phase of as.h.m. can be determined 
readily. Let the vector OP (Fig. 31), of length a, revolve uniformly 
about O in an anticlockwise 
direction, its perod being 
equal to T; and let the pro- 
jection Q of the point P on 
the axis YOY’ determine 
the simple harmonic motion, 
Thus OQ=y=a sin (27¢/T). 
If the tracing point moves 
from P to P’ in the very short 
interval of time /”, its projec- 
tion simultaneously moves 
from Q to Q’, and if @ is 
sufficiently small the velocity 
will be sensibly uniform over 
the short distance QQ’, its 
value being equal to QQ’//’. 
From P and P’ drop perpen- 


Fic. 31.—Method of calculating the velocity cor- ~_. : iz 
sespondiny to any phase of as.h.in, diculars PR and PR’ on OX, 


and let PR’ cut PQ in the 
point S. Treating the short circular arc PP’ as a straight line, PP’S 
forms a right angled triangle; and since PP’ is perpendicular to OP, 
while P’S is perpendicular to OX, it follows that z SP’P= z XOP=8, 
and QQ’=SP’=PP’ cos SP’P=PI” cos @=PP’ cos (2¢/T). Now the 
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tracing point moves round the circle with a velocity 27a/T, therefore in 
the time / it moves through the distance PP’=2ma/'/T, and— 


f / 
Q 2nt 2mat 2nd 2na 2nt 
oe = [ BE’ cos | a = ( cos = ) EO 5 Beene Saeeles 


as a a T A 


This gives the instantaneous velocity of the simple harmonic 
motion at the time 7; in terms of the phase angle @, the velocity is 


equal to ae cos 6. When @=0, cos @=1, and the velocity is equal to 


2na/T, as already determined ; when @=7/2, cos 6=0, and the velocity 
is equal to zero; and so on. 

Thus, a point executing a s.h.m. moves with a maximum velocity 
equal to 27a/T on passing through its mean position. Its velocity 
diminishes as it recedes from its mean position, being equal to 
(27a/T) cos @ when the phase angle is @, and attaining the value zero at 
the extremity of an excursion. Subsequently, as the point returns 
towards its mean position, its velocity increases, and once more attains 
the value 2ra/T on moving through the mean position. 


Resolution of a circular motion into its harmonic con- 
stituents.—The vector OP (Fig. 31) is equivalent to the two 
rectangular components OR=2, and RP=y. As _ proved 
already, y=asin 6. Also, OR/OP=v/a=cos @, and, therefore, 
=a COS 6. 

As P moves uniformly round its circular path, the point R 
moves backwards and forwards along the axis X’OX, and 
obviously executes a s.h.m. R will be at its position of 
maximum displacement at the instant when Q is _ passing 
through O; cos @ acquires its maximum value (unity) when 


yee ; : d ae 
6@=0, while sin @ acquires its maximum value when 6=-, ze. 
yA 


a quarter period later. Therefore the phase of y lags behind 
that of x by 7/2. 

Thus, a uniform circular motion can be resolved into two 
s.h.m.’s at right angles to each other, their amplitudes being 
equal, while their phases differ by 7/2. Conversely two s.h.m.’s 
at right angles to each other, of equal amplitudes but with 
phases differing by 7/2, can be replaced by a uniform circular 
motion, the radius of the circle being equal to the amplitude of 
either s.h.m. 


Resolution of a simple harmonic motion into two equal circular 
motions in opposite senses.—Let two tracing points traverse the circle 
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ACDB (Fig. 32) in equal times but in opposite senses ; and let them 
pass simultaneously through the points A and B, at opposite ends of 
the diameter BOA of the circle. Each circular motion can be resolved 
into two simple harmonic consti- 
tuents, one parallel to the axis XOX’, 
which passes through the points A 
and B, and the other parallel to the 
axis YOY’, which is perpendicular 
to the diameter BOA. When the 
tracing points are at A and B, the 
displacements parallel to YOY’ are 
both equal to zero, and the displace- 
ments parallel to XOX’ are equal 
and opposite ; thus, at the given in- 
stant, the resultant displacement due 
to both circular motions is equal 
to zero. When the tracing point 
that moves in an anticlockwise sense 
passes through C, the other tracing 
point simultaneously passes through 
Fic. 32.—Equivalence betweenasimple JP. where zDOB=zCOA. The 
harmonic motion and two equal and ¢ 

opposite circular motions. component displacements due to the 

anticlockwise motion are then equal 
to OF parallel to YOY’, and EC parallel to XOX’, where E is 
the point in which the axis YOY! is cut by a straight line joining 
C to D. The component displacements due to the clockwise motion 
are equal to OE parallel to YOY’, and ED parallel to XOX’; and 
ED is numerically equal to EC. Thus the resultant displacement due 
to the two circular motions is equal to 2 x OE, since EC and ED are 
measured in opposite directions. 

The same result might have been obtained by drawing CF equal 
and parallel to OD; then OF=2x OE is equal to the resultant of 
OC and CF. ; 

Let either tracing point traverse the circle in the time T, and let each 
of the arcs AC and BD be traversed in a time ¢; then z COA=(27¢/T), 
and OE=OC sin (2m¢/T). Therefore the displacements due to the two 
circular -motions are together equal to 2x OC sin (2m¢/T) ; and if 
2x OC =a, the simple harmonic motion represented by the equation 


y=a sin (27¢/T) 


is equivalent to two motions, in equal periods and in opposite senses, 
around a circle of radius OC=(a/2), provided that the tracing points 
pass through the axis of y simultaneously. 
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The conical pendulum.—Let a small solid sphere (which will 
be called the bob) be attached to the end of a flexible filament 
AB (Fig. 33), which is so thin that it 
may be considered to be massless. 
Let the end B of the filament be fixed, 
and let the bob be displaced from its 
position of equilibrium and set in motion 
in the circular orbit ADC. ‘Then the 
filament sweeps out a conical surface, 
and the bob and filament constitute 
a conical pendulum. 


B 


From A drop the perpendicular AP on 
to the vertical axis through B. In order 
that the bob may revolve about P with 
uniform velocity, it must be acted upon by 
a force directed toward P, and equal to 
mv"/PA; where 7 is the mass of the bob 
and wv is its linear velocity (p. 27). ae eae La 
Let BA=/, and let z ABP=a;3 then if 
PA=a, we have a=/sina, If the bob completes each revolution in 
T seconds, we have— 


v=2na/T, 


and the central force necessary to constrain the bob to move in the circle 
ADC is equal to 


mae 
me ee of (? 5 ] =) 4) 
ea = m | a ) a=mi\ 7 ) sina. 


The forces actually exerted on the bob are— 

(a) a vertical force f due to the pull of gravity, and 

(4) the tension F of the filament. Since the filament is flexible, it 
can exert no force on the bob except a pull in the direction of the 
filament. 

Now the vertical force f has no component along the horizontal line 
AP, and therefore the central force must be equal to the component of 
the tension F resolved along AP, z.e. to F sin a. 

The vertical component of F must be equal and opposite to the force 
f exerted by gravity on the bob ; hence— 


y. 


Fcosa=f, and F= - 
cos a 
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sin a 


*. central force = #/sin a (7) =Fsina=/— 


Cancelling sin a, we have 


; 27 2a Wa 
mi( 2") = OG = 
Fo AR Seti aes / cosa): 


When ais small, the value of cos a will be sensibly equal to unity, and 
‘in this case the period of a revolution will be independent of the angle 
a; that is, so long as the circle around which the bob moves has a 
radius small in comparison with the length of the suspending filament, 
the period of revolution is independent of the exact value of the radius 
of the circle. 


Experiment shows that the period of a revolution is the same 
whatever may be the mass of the bob; that is, a small bob of 
platinum will revolve in the same time asa bob of cork, provided 
that the suspending filament has the same length in each case 
and that the radii of the circular orbits are smal]. Let 7, be 
the mass of the platinum bob, and /, the vertical force exerted 
on it by gravity ; while 7. and f, are the corresponding magni- 
tudes for the cork bob ; then since the period T is the same in 
both cases— 


My, My 
i ele 
Sheets 
My My 


This proves that the gravitational attraction / exerted on a body 
is directly proportional to the mass 7 of the body ; we have already 
deduced this law from another experiment (p. 21), but the 
method just explained is much more accurate, since the period 
T can be determined accurately from an observation of the time 
which elapses during a large number of revolutions of the bob, 

If g is the gravitational attraction exerted on unit mass of 
matter, f=zg; hence for small circular orbits— 


T=27 NE 


The simple pendulum.—A circular motion is equivalent to 
two simple harmonic motions at right angles to each other 


{II SIMPLE PENDULUM gl 


(p. 87); hence the circular motion of the bob of a conical 
pendulum is equivalent to two simple harmonic constituents, 
one along, and the other at right angles to CPA (Fig. 34). Both 
of these simple harmonic motions have 

the same period T as the circular B 

motion. 

If the eye of the observer were 
placed in the horizontal plane con- 
taining the circle ADC (Fig. 34) and 
at a considerable distance in front of 
the line CA, the simple harmonic 
motion in the straight line APC per- 
pendicular to the line of vision would 
be observed, but the motion parallel to 
the line of vision would be unseen. 
if the radius PA of the circle is small, 
the straight line APC will differ only 
imperceptibly from the circular arc 
drawn through A and C in the plane Fic. 34.—Relation between 
ABC, with the point B as centre ; and en aie 
if the pendulum bob, instead of being 
set in motion in the circle ADC, were simply displaced to A and 
then released (thus forming a erate pendulum), it would oscillate 
to and fro along this circular arc, its motion being practically 
indistinguishable from the simple harmonic motion in the line 
APC. Hence we conclude that the period T of a complete 
(to and fro) oscillation of a simple pendulum is given by the 


equation— rE 
Zh is 
Ab = aan g > 


provided that the arc of swing is small and that / is the length 
of the suspending filament, while gis the acceleration due to 
gravity. 


Expt. 5—Suspend balls of cork and lead, by means of silk threads of 
exactly equal lengths. Displace both from their positions of equilibrium 
and release them simultaneously. Observe that they swing to and fro 
together, although the amplitude of vibration of the cork ball dies down 
more rapidly than that of the lead ball. 

Expt. 6—Suspend a lead bullet by means of a silk thread, and deter- 
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f 


mine the times of swing for various lengths of the suspension (measured 
to the centre of the bullet). From the results obtained, prove that T?// 
is constant. Also plot the value of T against /, and observe that the 
curve obtained is a parabola, of which the axis coincides with the axis 
along which / is measured. 

Expt. 7.—Using the mean value of T?//, obtained in the last 
experiment, calculate the value of g. 


Mechanical condition for the execution of a s.h.m.—In 
order that a mass 7z may revolve uniformly in a circle of radius 
vy, it must be acted on by a force directed toward the centre of 
the circle and equal to mr (27/T)?, where T is the period of 
a revolution (p. 74). This circular motion is equivalent to two 
s.h.m.’s at right angles to each other, given by the equations— 


y=rsin @ and «=r cos @ (see p. 87). 


Resolving the central force in the direction of the s.h.m.’s, we 


obtain— , 
Diagn 2n\? 
MN ae) 7 sin @= m T Is 


parallel to the axis of y, and— 


2n\? 2an\? 
m T rcos§@= m T A) 


parallel to the axis of x 


Now, the motion of a body in a straight line can be effected only by 
forces acting in that line. Thus, the force necessary for the execution 
2m \2 


1) This force is 


directed toward the origin, and is proportional to .r, the displacement 
from that point. 


Similarly, the s.h.m. executed along the axis of y is controlled by 
the force m( FE \y acting along the axis of y, and directed toward the 
origin. 

Thus, a body moving in a straight line will execute a s.h.m. if it 
is acted on by a force, directed towards a point in the line of motion 
and proportional to the displacement of the body from that point. 

Since the force acting on a body is equal to the product of the mass 
and the acceleration of the body, it follows that when the displacement 
along the axis of x is equal to x, the acceleration is equal to (2m/T)2x. 
Hence, when a body is executing a s.h.m., its instantaneous 


of the s.h.m. along the axis of x, is equal to mf 


Looe 
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acceleration is equal to its displacement from its mean position, 
multiplied by (27/T)?. 

The potential energy possessed by the body at any point in its path 
is equal to the work done in moving it from the origin to that point, 
against the controlling force. Let a be the amplitude of the s.h.m., and 
let 7, be the force which pulls the body towards the origin when it is at 
unit distance from that point. Then, since the controlling force is pro- 
portional to the distance from the origin, it increases uniformly from zero 
to fa as the displacement increases from zero to a, and therefore during 
this displacement the average force which opposes the motion of the 
body is equal to (f{2/2): this average force is overcome through the 
distance a, and therefore the potential energy possessed by the body 
when it is at the extremity of an oscillation of amplitude a, is equal 
to (f,a7/2). Hence, the potential energy at the extremity of an oscill- 
ation is proportional to the square of the amplitude. This gives a 
useful criterion to determine whether the motion produced in any given 
circumstances, will, or will not, be of the simple harmonic type. 

Oscillations of body suspended by an elastic filament.—Let A 
(Fig. 35) represent the equilibrium position of a heavy body 
suspended by an elastic filament OA. Let 7 be the mass O 
of the body; then the downward pull of gravity on the 
body is equal to mg. At A this force is just counter- 
balanced by the tension of the stretched elastic filament. 

If the body is displaced downwards to B, experiment shows 
that within certain limits (called the limits of elasticity) the 
increase in the tension of the filament is proportional to the 
displacement AB ; consequently, the resultant force on the “DC 
body, when at B, is equal to 4, x AB, where /, is the force 

of restitution called into play by unit displacement from A. A 
This resultant force acts toward A, the position of equi- Os 
librium of the body. ’ 

If the body is displaced upwards to C, the tension of the Fre, 35.— 
filament will be diminished by 4 x AC, so that the upward Se fe 
pull of the filament is now less than the downward pull of an elastic 
gravity by that amount. The resultant force acting on the filament. 
body at C will thus be equal to fx AC, directed toward A. 

Consequently, when the body is displaced in the line OA through a 
distance equal to a, and then given its freedom, it will be acted on at 
each instant by a force directed toward A, and proportional to the 
displacement from that point. It will therefore execute a s.h.m. about 
the position of equilibrium A. The amplitude of the s.h.m. will be equal 
to a, and the force acting on the body when its displacement is equal to x 
will be equal to fx. But (p. 92) when a body of mass m executes a 
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s.h.m. of period T, the force corresponding to a displacement «+ from 


: 7 Ailes } 2n\? 
its position of equilibrium, is equal to 7 >) * Thus, we have— 
mt 


2n\2 
==1770( —— \/ 0s wank = ae 
Six m( =) «5 2m ra 


Thus, the time of vibration is found by multiplying 27 into 
the square root of the ratio of the mass to the restoring force 
per unit displacement. 

We may obtain the same result in another manner. As the body is 
displaced from its position of equilibrium, work is performed, and the 
potential energy of the body is increased. At the limit of an excursion 
the body is for an instant stationary ; it then possesses only potential 
energy, the value of this being equal to fa7/2. 

When the body passes through its position of equilibrium the restoring 
force vanishes, and then the body possesses only kinetic energy. Its 
velocity at that instant is equal to 27a/T (p. 86), and the kinetic 
energy of the body is consequently equal to 47(2ma/T). Now, if no 
energy is lost during the passage from B to A, the kinetic energy at A 
must be equal to the potential energy at B, by the law of conservation 
of energy. Thus— 


2 2 st 
a 27a WL 
Ve ee 8 ey AP Sap — 


as before. 


It should be noticed that the performance of a s.h.m. is 
characterised by the continual transference of energy from the 
potential to the kinetic form, and back again to the potential 
form. At all points in an excursion, the total energy of the 
body remains constant. 

If any frictional forces act on the body, the total energy of the 
body decreases continually ; when the body passes through its 
position of equilibrium, its kinetic energy is less than its potential 
energy at the extremity of the preceding excursion : the ampli- 
tude continudlly diminishes, and the body finally comes to rest. 

The simple pendulum.—We have already derived the period 
of vibration of a simple pendulum from the period of revolution 
of a conical pendulum ; we can now derive it directly. 


When the arc of oscillation is very small, no appreciable error is 
introduced by assuming that. the bob moves to and fro along the chord 
of the arc, instead of along the arc itself. In this case the restoring 
force may be considered to act along the chord, its value being equal to 
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mg sin a/cos a (p. 90) ; and a being very small, we may write cos a=1, and 
sina=a. Ifa is the linear amplitude of the vibration, az=/a; and the 
restoring force is equal to mga=mmga//, so that the restoring force per 
unit displacement =7g,J. Then, as on p. 94— 


mga _ ay 
Ta Na) 


Vk 
Tear ,/2. 


Notice that 2/¢ is equal to the ratio of the mass 7z of the bob to the 
restoring force per unit displacement, mg/Z. 

As, on many occasions, we shall find it convenient to determine times 
of vibration by means of the energy equations, we may use these equa- 
tions in connection with the 
simple pendulum. Let the bob, Pas 1D 3 
at the extremity A or C (Fig. 36) oe Sig 
of a swing, be raised a distance w | 
EF=4 above its position of he | \ 

| 
' 


equilibrium E ; then the poten- ‘ 
tial energy of the bob at A or H 
C=nigh (p. 34). With the H 
point of support, B, as centre, \ 
and / as radius, describe the 
circle ADC; then— 
(EF) x (FD) =(FA). 
If the oscillations are so small 


that the are AEC and its chord 
AFC are sensibly equal, AF =a ; 


then— Fic. 36.—Simple pendulum at the extremi- 
ties and the mid-point of an oscillation. 


@=h(2l-h)=h x 21, 
since / is so small that the value of (27-4) does not differ appreciably 


from 27. Thus— 
h=a/(2/), 
E mga 
and the potential energy at A or C = meh = AEG 


The kinetic energy at E = an( 22), 


Z 
e270 Ws re as before. 
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In the above investigation we have taken no account of the fact that, 
as the bob moves bodily to and fro, it also rotates about a horizontal 
axis through its centre ; in reality, therefore, the kinetic energy of the 
bob, as it passes through its position of equilibrium, is greater than that 
which we have assigned to it. The correction necessary on this account 
will be derived readily from the next stage in our investigation. 


The compound pendulum.—Let arigid body be supported 
so as to be free to rotate about a horizontal axis (Fig. 37); then 
if the centre of gravity 
epea ie of the body does not lie 
we | ‘s on this axis, the body 
A ; . will oscillate to and fro 
: | \ when it is displaced 
j | ‘hs from its position of 
stable equilibrium and 
then released. A body 
supported in the man- 
ner described consti- 
tutes a compound pen- 
dulum; we must now 
investigate the period 
in which it oscillates. 


When the compound 
pendulum is in its posi- 
GAG tion of stable equilibrium 
Fic. 37.— A compound pendulum at the extremity  (p. 42) its centre of gravity 
of a swing. is at the lowest point 
possible in the circum- 
stances. Any displacement, therefore, raises the centre of gravity ; and 
since the total force exerted by gravity on the body may be considered 
to act at its centre of gravity, it follows that if this point is raised through 
a distance 4, the work done (or the potential energy gained by the body) 
is equal to mzgh, where m is the mass of the body. As the body oscil- 
lates to and fro, the centre of gravity describes a small arc of a circle of 
radius /, where / is the distance from the point of support to the centre 
of gravity. Let the angle swept out by the line joining the point of 
support to the centre of gravity, as the body moves from its position of 
equilibrium to the extremity of a swing, be equal to a; then if the linear 
amplitude of oscillation of the centre of gravity is small and equal to a, 
we have a=/a. Then— 
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amalee 
Ta are Se 
(Compare with the result obtained on p. 95). 
Therefore the potential energy of the body at the extremity of a swing 
=mg(a2/2L). This is proportional to the square of the amplitude a, 


and therefore we conclude 
that the oscillations are of 
the simple harmonic type 
(p. 93) ; and since the centre 
of gravity executes a, simple 
harmonic motion, every other 
point in the body must ex- 
ecute a simple harmonic 
motion, and therefore the 
angular displacement of the 
body varies harmonically. 
Thus the angular displace- 
ment or the body at any 
instant can be found if we 
draw a circle XPX’ (Fig. 38) 
of radius a, and suppose that 
a tracing point P revolves 


aly’ 
uniformly around this circle ~ peters Saye 
in a period T. The distance 
from O to the projection Q of the tracing point P on the line YOY’ 
gives the angular displacement of the body at the given instant. Thus, 
at the instant when the phase angle XOP is equal to @, 


the angular displacement = asin @=a sin =. 

Using reasoning similar to that explained on p. 87, it can be proved 
that, when the phase angle is equal to @, the angular velocity of the 
body is equal to (27a/T)cos@. Hence the angular velocity attains its 
maximum value (2ma/T) when the body is just swinging through its 
position of equilibrium. 

The kinetic energy possessed by a body when it is rotating with an 
angular velocity w, is equal to (1/2)Iw?, where I is the moment of 
inertia of the body about the axis of rotation (p. 47). Let mé&* be the 
moment of inertia of the compound pendulum about an axis through its 
centre of gravity and parallel to the axis of rotation ; where 4 is the 
radius of gyration about the axis through the centre of gravity. Then 
the moment of inertia about the axis of rotation, which is at a distance 

H 
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7 from the centre of gravity, is equal to (42+) (p. 56). Hence, as 
the pendulum swings through its position of equilibrium, its kinetic 
energy is equal to— 


4on( A? + m(*eY, 


and since this is equal to the potential energy at the extremity of a 
swing, we have— 


24 72 = mga? _ 2 
Rak? + 7 )( Te ae = 471210", 
3 
Cae ao ; (1) 
ce 


We can now apply this result to determine the period of 
vibration of a simple pendulum, on the assumption that the bob 
and filament move as if, together, they constituted a rigid 
body. Let the bob be spherical, its radius being 7; then if the 
filament is so thin that its mass may be neglected, the centre of 
gravity of the pendulum will coincide with the centre of the sphere; 
and since the moment of inertia of a sphere, about a diameter as 
axis, is equal to (2/5) m* (p. 55), it follows that 42=(2/5) 7. 
Let 7 be the distance from the fixed end of the filament to the 
centre of the sphere ; then— 


21 252 
ale ee 
lg 


If vr is so small that 7 may be neglected in comparison with 7, 
the quantity under the radical sign becomes equal to d/g. 

In applying equation (1) to a simple pendulum, we have 
assumed that the bob and filament move as if they constituted 
a rigid body. Such, however, is not the case; as the bob 
approaches the end of a swing, its inertia causes it to rotate 
through an angle somewhat greater than the angle a swept 
out by the filament. 

Further, in order that the pendulum may continue to oscillate 
for a considerable time, so that the period of vibration may be 
determined with accuracy, the bob must be fairly heavy, and 
as a consequence the suspending filament must be fairly thick ; 
in practice a metal wire is generally used. In this case the 
centre of gravity of the pendulum will not coincide with the 
centre of the spherical bob, and some difficulty will arise in 
determining its exact position. For these reasons, the most exact 
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determinations of ¢ have been made by the aid of a rigid body 
oscillating about a fixed axis, and not by the aid of a body 
suspended by a filament. 

The reversible pendulum.—In order to understand the 
principle on which the compound pendulum acts, let the time of 
vibration T be plotted for various values of 7; we then obtain 
curves similar to those reproduced in Fig. 39. 


Fic. 39.—Graph exhibiting the relation between the period of oscillation and the 
position of the point of support of a compound pendulum. 


The point C corresponds to the centre of gravity of the pendulum, 
and / is measured to the right or to the left of C, according as the axis 
about which rotation occurs is on one side or the other of the centre of 
gravity. It must be remembered, however, that negative values must 
not be assigned to J/, for if they were the quantity under the radical sign 
in (1) would be negative. Hence the curves will always comprise two 
similar branches symmetrical with respect to the vertical ordinate 
drawn through C. 

Substituting various values of / in the equation— 


H 2 
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it is seen that when /=o, T is infinitely great. This is due to the fact 
that when /=o, the axis of rotation passes through the centre of 
gravity ; in this case the body is in neutral equilibrium, and if it 
is displaced from any position and then released, gravity has no tendency 
to make it return to that position. 

If we now suppose / to increase from zero, at first the effect willebe 
to increase the value of the denominator of the quantity under the 
radical sign without materially increasing the value of the numerator ; 
hence the value of T at first decreases as / increases. T does not, 
however, continue to decrease as / increases ; with a certain value of 
7, a minimum value of T is attained, and a further increase in 7 
increases the value of the numerator to a greater extent than it 
increases the denominator ; hence the curve ultimately slopes upwards, 
and T’ increases with 7. 


Hence there will be two points A and B corresponding to a 
minimum time of vibration of the pendulum. Corresponding to 
‘a time of vibration T greater than this minimum value, there 
will be, in general, four possible positions of the axis of rotation ; 
their positions can be found by drawing a horizontal line DEFG, 
at a distance equal to T above the axis of 7, The four points 
may be grouped in two pairs E and F, D and G; the points 
grouped in each pair are equidistant from the centre of gravity. 


Let the pendulum oscillate with a period T,, when the distance 
of the axis of rotation from the centre of gravity is equal to 4; then 
rearranging the terms in (1) we have— 


T,\2 apa 
(2)ag=e@+y s bin tes) salah 


If the pendulum oscillates with a period T, when the distance from 
the axis of rotation to the centre of gravity is equal 4, we have— 


To\e 
(2) as=P +8 ie ncaa Ds sha Dk 


Now let T, and Ty be each equal to T; substituting in (2) and (3), 
and subtracting (3) from (2), we obtain— 


T\2 
(=) (A= hes bie C= (Sa 


If 7, and /, are not equal (that is, if the positions of the axes of 
rotation are not symmetrically situated with respect to the centre of 
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gravity) we may divide both sides of (4) by (4-4) ; when this is done, 
we obtain— 
we i 
(=) c= Z; + Ly 


Eee af th 


Let D and F, or E and G, be the two points, asymmetrically 
situated with ot to the vertical line through C, which corre- 
spond to the period of vibration T ; then (en or EG, 
Denote this distance by X. Then an ideal simple pendulum of 
length A would oscillate in the period T, equal to the period of 
the compound pendulum when its axis of rotation has the position 
corresponding to any of the points D or F, E or G. Thus, if 
the pendulum were supported so as to be free to oscillate about 
the axis corresponding to D, its period of oscillation would be the 
same as if the whole of its mass were concentrated at the point 
corresponding to F. The point corresponding to D is called 
the centre of suspension, and the point corresponding to F is 
called the centre of oscillation: Further it is clear that if the 
point corresponding to F is made the centre of suspension, then 
D will be the centre of oscillation ; that is, the centres of suspension 
and oscillation are convertible. The length A>DF or EG, is 
called the length of the equivalent simple pendulum. 

Hence, in a solid body of any shape whatsoever, we can find two 
points, asymmetrically situated with respect to its centre of gravity, 
about which the body oscillates in one and the same period T. The 
distance A between these points is equal to the length of an ideal 
simple pendulum (that is, of a simple pendulum without the 
defects described on p. 98) that will oscillate in the same time T. 
Hence, if we measure A, we can determine g from the 


equation— ne 
A 

(Bp Yo sr. es 

es 


Expt. 8.—To determine the value of g¢ by the aid of a bar pendulum. 
Procure a brass rod about 100 cm. long, 2 cm. wide, and 0°5 cm. 
thick, pierced transversely with a number of holes. Suspend the 
bar by hanging it from any hole on a knife-edge. Hang it in turn 
from each hole, and determine its period of oscillation. From the 
results you obtain, plot a curve similar to Fig. 39, and thence determine 
the value of g. It is best to plot horizontally the distance from one 
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end of the bar to that side of each hole on which the bar hangs, the 
times of vibration being plotted vertically. 


Kater’s reversible pendulum.—As already explained, it is 
only necessary, in determining g, to find the two points on the 
pendulum corresponding to D and F (Fig. 39) and to measure 
the distance DF=\) ; this distance, with the period of oscillation 
T common to both points, serves to determine g. If we find the 
points corresponding to D and F, it is unnecessary to find that 
corresponding to G; hence the portion of the pendulum 
corresponding to the part of the curve F B G is not directly 
used in the experiment, and may be dispensed with. In order 
to attain this end, the pendulum may consist of a bar H K 
(Fig. 39) with a massive bob L near one end ; the bob merely 
serves to keep the centre of gravity at a sufficient distance 
from the end H. 

The centre of gravity of the pendulum must lie somewhere 
between the middle of the bob and H, and the point corre- 
sponding to F on the curve will generally lie between the middle 
of the bob and H. The point corresponding to D is necessarily 
further from the centre of gravity than the point corresponding 
to F. This serves to explain the nature of the pendulum used 
by Captain Kater in 1817 in determining 2. 


Two knife edges, turned inwards toward the centre of gravity, were 
provided for supporting the pendulum at the points corresponding to D 
and F. These knife edges were fixed, and the period of swing was 
adjusted by moving the bob and two small weights along the bar. 
Kater carried out this adjustment so accurately that the periods of swing 
about the two knife edges were exactly equal, within the limits of 
experimental error; but it was afterwards shown by Bessel that this 
refinement is unnecessary, since the value of ¢ can be obtained with 
equal accuracy when T, and T,, the periods of oscillation about the two 
knife edges, are only approximately equal. From equations (2) and 
(3), p» 100— 

8 
(2m)? 


(Ty? 4 - Ty? 4) = 2? - 2%, 


4 _ TPA-T2S  (T2+T2)(4-4)+ (Ty - T2)(4 4-4) 

ey cine Tey 2(2,?— 22) 
i ae een T,- Dy 
y 2(2, + do) 2(2, — 25)” 
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Now, (/,+4) denotes the distance between the two knife edges, 
and this can be measured directly; the periods T, and T, can be 
observed accurately. The second term contains (4-4), and the 
magnitude cannot be measured with accuracy, since the exact position 
of the centre of gravity is unknown; but since the term containing 
(4-4) is multiplied by (T,?-—T,2), and T, and T, are very nearly 
equal, it suffices to find the approximate position of the centre of 
gravity by balancing the pendulum ona knife edge, and then to measure 
the distances /, and /, from this point. 


A type of reversible pendulum frequently found in laboratories 
has the bob and knife-edges all adjustable. In using a 
pendulum of this kind, the following procedure may be followed. 
Fix the bob and knife-edges in positions, similar to those shown 
in Fig. 39. Swing the pendulum about the knife-edge near 
the bob, and adjust a simple pendulum so that it swings in the 
same period as the reversible pendulum. Then the second 
knife-edge must be placed at a distance from the first equal 
to the length of the simple pendulum. This adjustment will 
alter the period of the reversible pendulum, so again adjust 
the simple pendulum, and afterwards readjust the second 
knife-edge, if necessary. It will now be found that the 
reversible pendulum swings in approximately equal times about 
the two knife-edges, and a further adjustment may be made so 
as to bring the two periods more exactly to equality. 

The adjustment of the pendulum so that it oscillates in exactly 
equal times about the two knife-edges would be very tedious, 
and is unnecessary. Let the pendulum be said to be “erect” 
when the bob is at its lower position, and “reversed” when 
the bob is at its higher position. Let us assume that the 
period of swing is slightly smaller in the reversed than in the 
erect position, that these periods have been determined accur- 
ately, and that the exact distance between the knife-edges 
has been measured. It will be obvious, from reference to 
Fig. 39, that the knife-edge remote from the bob is too far 
from the centre of gravity; move it nearer to the centre 
of gravity, so that the period is now slightly greater in the 
reversed than in the erect position, and let these periods 
be determined, and the distance between the knife edges 
measured. On a piece of squared paper plot the periods of 
the various swings above the respective distances between the 
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knife-edges (Fig. 40) ; join the two points corresponding to the re- 
_ versed positions, and also 
ded I those corresponding to the 


ttt H ’ erect positions, The co- 


ordinates of the intersec- 
BET tion of these two lines 

im 5 gives the correct dis- 
[| tance between the knife- 
bog edges when the pendulum 
swings with the same 
period about either, and 
also the value of that 


H Ht Het period. 
ae | If the knife-edges have 


Peay a 92 been adjusted so that the 
Distance befecen knife edges (ems) nevi ods: of, dscillation) of 


Pic, go Graphical method of dealing with the pendulum, in the erect 

versible pendulum, andthereversed positions, 

are very nearly equal, the 

value of @ can be determined still more simply by using 
Bessel’s formula (p. 102). 

Ball rolling on a concave surface.—If a ball A (Fig. 41) is 
placed on a concave surface EF, its position of equilibrium will 
be such that its centre is at the lowest possible point. If 
the ball is displaced and then 
released, it will oscillate about 
its position of equilibrium ; in , 
the absence of friction the , 
amplitude would remain con- ‘ 
stant. Let it be required to / 
determine the period of an t 
oscillation. E 


(el 


Pericd of Oscillation 
| 


() 


- 


¢ 
: 


. 
Se 
* 


The potential energy at the end 
of an excursion can be found in 
the manner explained in connec- 
tion with the simple pendulum Fic. 41.—Ball rolling on a concave 
(p. 95). Let # be the mass of the agree: 
ball A, while R is the distance 
from its centre to the centre of curvature C of the surface EF. If ais 
the linear amplitude of an oscillation (z.¢. the distance AB through which 
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the centre of the ball moves on either side of its position of equilibrium) 
then potential energy of ball at B = yng © 
ie. 

Since the potential energy at the end of an excursion is proportional to 
the square of the amplitude, the oscillation of the ball will be of the simple 
harmonic type (p. 93). “Let the ball roll on the surface without 
slipping; then, as it passes through its position of equilibrium A, 
its energy will be due, partly to the bodily motion of the ball, and 
partly to its angular velocity about its centre. The velocity of the 
centre of the ball as it passes through A is equal to 24a/T, where T is 
the period of an oscillation (p. 86). The angular velocity of the ball 
about its centre can be found from the following considerations. Since 
the ball does not slip, that point of it which is in contact with the surface 
will be stationary for the instant. If the ball is rolling with an angular 
velocity w, the centre of the ball must be moving forward with a linear 
velocity #7, where 7 is the radius of the ball; for w gives the rate at 
which a radius of the ball rotates, and the end of the radius in contact 
with the surface is stationary. Thus the angular velocity of the ball as 
it passes through the point A is equal to (2ma/T)-+ 7 The moment of 
inertia of the ball about a diameter is equal to (2/5)7" (p. 55) ; hence — 


The kinetic energy of the ball at Ay 
2 2 
= Roe +4.2 aus = 4mi(1 + ‘(sr ) - 
Figs ‘ee 2 
pea, 
/s 
se al Berd § \ aM 


If A is the length of the equivalent simple pendulum (z.e. of the 
simple pendulum that oscillates in the same period as the ball), we have— 


A= |R;... R=#a. 


The radius of curvature of the surface is obviously equal to R+7. 


Ot 


a 
. 4g Remee 
. 


ExpT 9.—Determine the radius of curvature of a concave mirror by 


rolling a ball on it. 
A 2th-inch steel ball (such as is used for ball bearings) answers well ; 


the ball and surface must both be rubbed with clean tissue paper to 
remove all traces of grease. If the surface has a radius of about 7 to 10 


cm., an accurate result can be obtained. 


To determine the moment of inertia of a fly-wheel.— 
Let it be supposed that the axle of the fiy-wheel is supported in 
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bearings, in a horizontal position. If the wheel is properly 
balanced, it will remain at rest in any position ; that is, its 
centre of gravity lies on the axis of rotation. Let a small body, 
of mass #1, be fixed to the wheel at a distance d from the axis 
of rotation, and let I’ be the moment of inertia of this mass about 
the axis of rotation, while I is the moment of inertia of the wheel 
itself about the same axis. Then the total moment of inertia 
of the wheel and the attached mass is equal to I+I’. The 
wheel will rest so that the centre of gravity of the attached 
mass occupies the lowest position possible; if it is displaced 
from this position and then released, it will oscillate to and 
fro as a compound pendulum. 


If the angular amplitude of oscillation is equal to a, it follows that 
the potential energy of the whole arrangement at the end of an ex- 
cursion is equal to the work done in raising the attached mass from its 
lowest position to that which it occupies at the end of an excursion, that 
is, it is equal to mgda?/2 (compare p. 97). Hence, equating this expres- 
sion to the kinetic energy possessed by the arrangement as it swings 
through its position of rest, we have— 


2 
rages 1)(27°) = imede?, 


where T is the period of an oscillation ; 


le mgd(=) - Te 
sl ° 


Expr. 10o—Determine the moment of inertia of the whee! of an 
Attwood’s machine. 

A lead bullet weighing about 100 grms.ymay be attached to the rim 
of the wheel with soft red wax. If + is the radius of the bullet, and a 
is the distance of its centre from the axis of rotation, we have— 

V = 3mr? + ma. 
Observe the value of T, and then calculate the value of I. 

Notice that the moment of inertia can also be obtained by determining 
the inertia of the wheel in the manner explained on p. 17, and then 
multiplying this into the square of the distance from the axis of rotation 
to the bottom of the groove on the edge of the wheel. 


The bifilar suspension.—Let AB (Fig. 42) represent a body 
suspended by two parallel flexible fibres ED and GF, attached 
to points E, G, equidistant from, and on opposite sides of, the 
centre of gravity C of the body. Then the body will be in 
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stable equilibrium when it hangs so that the fibres are vertical 
and lie in a vertical plane ; in this case the centre of gravity of 
the body is at the lowest point consistent with the nature of the 
suspension. If the body is twisted 
about the vertical axis CH, each fibre 
assumes a position inclined to the ver- 
tical, and the centre of gravity of the 
body rises ; if the body is released, it 
executes angular oscillations about the 
vertical axis through C, 


The period T of small oscillations about 
the vertical axis CH can be determined 
readily, Let 7 be the length of each fibre, 
and let @ be the distance EG separating 
them ; then when the body is twisted through 
a small angle a about CH, the points Eand Fic, 42.—Body supported 
G must lie on an imaginary cylinder, of by a bifilar suspension. 
radius @/2, and with CH as axis; the dis- 
placement of E or G perpendicular to the plane of the paper is 
obviously equal to ad/2. Thus, when a is very small, the motion of E 
or G is practically identical with that of the bob of a simple pendulum 
suspended by a fibre of length 7, when it oscillates with a linear 
amplitude equal to ad/2; hence, employing the reasoning explained on 
p- 95, we find that each of the points E and G rises through a 


distance equal to— 
(= 2 
2) 
20 


and this gives the distance through which the centre of gravity of the 
body is raised. Hence, the potential energy of the body at the extremity 


of an oscillation— 
TELS (2); 
2 iy 2 > 


and since this quantity is proportional to the square of the amplitude a, 
the oscillations will be of the simple harmonic type. If the moment of 
inertia of the body is equal to 74", where m is its mass and & is its 
radius of gyration about the axis CH, the kinetic energy of the body as 
it swings through its position of equilibrium is equal to— 
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Hence— 


5 


Hence, by making @ smal! enough, we can make T as large as we 
please. 


Torsional oscillations.—A torque is needed to twist one 
end of a wire of which the other end is fixed ; experiment 
shows that, within certain limits which depend on the material 
of which the wire is composed, the torque is proportional 
to the angle of twist. The twist in the wire may be maintained 
if the torque continues to act; in other words, the twisted wire 
remains in stable equilibrium under the action of the applied 
torque. Hence, the twist in the wire must produce a restoring 
torque, equal and opposite to the applied torque; and the 
restoring torque is also proportional to the twist. Hence, if we 
divide the torque by the circular measure of the twist which 
it produces, we obtain a constant value for the given wire ; 
this value may be called the torque per unit twist and it will be 
denoted by 7}. 

In twisting a wire, work must be done in overcoming the 
restoring torque called into play ; as the twist increases from 
zero to a, the restoring torque increases uniformly from zero 
to t,a; the average value of the torque overcome is therefore 
equal to r,a/2, and the work done (p. 42), or the energy gained, 
is equal to (r,a/2) Xa = r,a*/2. This energy is stored as potential 
energy in the wire. Let a body be suspended by a wire, and 
let the body be twisted through an angle a about a vertical 
axis coinciding with the axis of the wire. Then the potential 
energy gained is equal to r,a?/2, and since this quantity is 
proportional to a?, the body will execute simple harmonic 
oscillations about its position of equilibrium when it is released. 
Hence, if I is the moment of inertia of the body, and T is the 


period of oscillation— 
27a\? 2s 
a1( 2") sas 


. jeneps, oe 


T) 
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This result will apply, not only to very small oscillations, 
but to all oscillations which do not strain the material of the 
wire beyond its limits of elasticity. 

In general, the period of a torsional oscillation is equal to 27 
multiplied by the square root of the ratio— 

moment of inertia of oscillating body 
torque per unit twist of the suspension ; 


This result, obtained from considering the oscillations of a 
body suspended by a wire, is generally applicable to all small 
angular oscillations. 


In the case of a simple pendulum, the moment of inertia I of the bob, 
about 'the fixed point to which the suspending filament is attached, is 
equal to ml, if the bob is very small; or to (2/5727*) +721, if the bob 
is a sphere a finite radius 7. 

When the bob is displaced so that the filament makes an angle a with 
the vertical, the downward force of gravity, mg, exerts a torque 
mg. 7 sin a about the fixed point ; and when a is small, sin a = a, so that 
the torque divided by the twist (that is, 7,) is equal to mg/, 


‘Thus ee = Mh = is for an infinitely small bob, 
™ |) mgl -¢ 


SR ee) ae = ? ; 
or mine Fe) = + ail for a spherical bob of radius 7. 
mel £ gl 


Compare these results with those obtained on pp. 95 and 98. In the case 
of the bifilar suspension, each filament supports half of the weight mg 
of the suspended body; and when this body is rotated through an 
angle a, each filament assumes a position inclined at an angle @ (say) to the 
vertical, and the horizontal component of the tension of each filament 


is equal to— 
mg 
cS) 


. ad | _ at 
(mg/2) sin? = or [= = ’) = Ky 


The resultant torque about the axis of rotation, exerted by the 
horizontal components of the me of both filaments— 


mget x= = =.“ (), 


av? 
so that 7, tne torque per unit twist, is equal to * Ss me (£). 
Lee ae = (#4)! 


panes 


Compare the result with that found on p. 108. 


Hence 
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Problem.—A body zs suspended by means of two similar flexible 
“filaments which are inclined at equal angles to the vertical, Determine 
the torque necessary to twist the body through a small angle 0 about its 
vertical axts. 

Let the upper ends of the filaments be fixed at points B, D (Fig. 
43), in a horizontal plane; and let the distance BD=c. Let the 
lower ends of the filaments be at- 
tached to the body at points E, F, 
where the distance EF=d. When 
the body is in its position of equi- 
librium, the filaments will both lie in 
the vertical plane drawn through B 
and D. Draw the vertical line AC, 
through the point A midway between 
B and D; then if C is the point in 
which the vertical line AC cuts a 
horizontal plane drawn through E 
and F, the point C will be midway 
between E and F. It is obvious that 
AC is the axis about which the body 
can rotate. 

Let the body be rotated through 
an angle @ about AC as axis; the 
filaments will now be in the positions 
DE and BF (Fig. 43). Through the 
filament DE, draw a vertical plane 
cutting the vertical plane through BD 
in the vertical line DG; and from 
E draw EG perpendicular to DG. 
Let the filament DE be inclined at 
: - an angle EDG=¢ to the vertical 
Frc. ar Suspension consisting of twe line DG the other filament will 

to the vertical. (Perspective view be equally inclined to the vertical. 

one Ee) Then if the suspended body has a 

mass m, gravity pulls it down with a 
force mg, and this force must be equal to the upward pull exerted on 
the body by the two filaments. Thus, if the tension of each filament 
is equal to 7, we have 


2 f cos o=me. 
When #¢ is small, cos @ is practically equal to unity. Let it be 
assumed that, when the suspended body is in its position of equilibrium, 
the inclination of the filaments to the vertical is small; and also that @ 
issmall. Then ¢ will be small, and f=(mg/2). 


IIL BIFILAR SUSPENSION - III 


The force / acting on the body in the direction ED has a component 
parallel to EG, equal to (fx EG/Z), where 7 is the length ED of the- 
filament. From C drop a perpendicular CP on GE produced; then 
CP=CG sin z CGP=(c/2) sinz CGP. The torque exerted about the 
axis AC by the tension of the filament is equal to 

(fx EG/Z) x (c/2) sin z CGP. 


Now, from the triangle CGE— 
sin ZCGE sin zCGP_ CE  (d/2) 


Se CCHS musi 6) wae hGu. hCG: 
and, since @ is small, sin@=@. 
i 6d 
sin Zz CGP => Aaa es 


and the torque exerted about the axis AC by the filament ED is 
equal to— 


ALK ER Le aGe ne 0a 
7 - 5 sin CGP Ja. el AEG 
ree 
4¢ 


A similar and equal torque is exerted about AC by the filament FB. 
Thus the total torque + exerted on the body by the two filaments is 
given by the equation— 


—2 LAE a od Ge Cr) 
Ni: =e SOT 


and the torque per unit twist, 7), is given by the equation— 
ca 


TT, = mo. 
1 i) 


If the moment of inertia of the suspended body about the axis AC 
is equal to #&*, the periodic time T of oscillation about that axis is 


given by the equation— 


ae 3 mk 
\ mgcd 

4? 
SN aed 6 
(cd) g 


When c=d, we obtain the value of T already found for an ordinary 
bifilar suspension. 

Expt. 11—To determine, experimentally, the moment of inertia of a * 
body about a given axis. 
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Suspend the body by a wire, in such a manner that the axis of the 
moment of inertia coincides with the axis of the wire. Set the body 
oscillating about the given axis, and determine its period of oscillation 
T,. Then if Tis the moment of inertia of the body about the given 
axis— 


AS SS Bay rs 


where 7, is the restoring torque called into play by unit twist of 
the wire. 

Obtain a body, of which the moment of inertia I, about some axis can 
be calculated, and attach this body rigidly to the first one in such 
a manner that the axes of both bodies coincide. Then the moment 
of inertia of the compound body is equal to (I+I,). Observe the period 
of oscillation T, of the compound body ; assuming that the restoring 
torque called into play by unit twist of the wire has not been altered— 


I+], 
T, = 27 7 Fy 
AEE Ai Oa 
Th —_ wy 
ii Bs aw 
2 
and b 


Expt. 12—Determine the restoring torque called into play by unit 
twist of a wire. 


Suspend a body of known moment of inertia I by the wire, and 
obtain its period of torsional oscillation T, Then— 


Ll = 27, a 


T) ¥ 

2 

CS (=) Ie 
Maxwell’s needle.—In determining the moment of inertia 
of a body by the experimental method explained above, it 
is assumed that the restoring torque called into play by unit 
twist is independent of the longitudinal tension of the wire. 
This assumption is only approximately correct, and where 
very great accuracy is required it is desirable to use a method 
in which no such assumption is made. Further, the moment 
of inertia of the body suspended from the wire is determined _ 
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by comparing it with the moment of inertia of a body of 
regular shape, of which the moment of inertia has been calculated 
by one of the methods explained on pp. 47 to 57. In calculating 
the moment of inertia of a body, it is assumed that the body 
is homogeneous, that is, that it is of uniform density throughout ; 
and even in the case of a cylinder of rolled brass, this condition 
is not complied with absolutely. Maxwell invented a device 
by means of which both of the above sources of error are 
eliminated ; it involves the use of a body of special construction 
such that its moment of inertia can 
be determined without making any 
assumption as to its absolute 
homogeneity ;. this body is called 
Maxwell’s needle. 

Maxwell’s needle may be con- 
structed in several different forms, 
but of these the one which can be 
manipulated most easily will be 
described. A brass tube OO (Fig. 
44) has a discoidal collar C attached 
to it, midway between its ends; 
and by this the tube can be sus- 
pended from a wire. Four hollow 
cylmders, A,B, D, and E, all 
exactly equal in length, slide on 
the tube OO. The cylinders A, B 
are made from rolled brass, and 
Pee ee eke are fairly massive ; besides being 

dinal section below.) equal in length, A and B are also 

equal in mass. The cylinders D 
and E are thin-walled tubes, equal in length and in mass ; 


they are used as distance pieces. 


Let the mass of A or B be M, and let a, be the distance of the 
middle transverse section of either from the axis of the wire. Although 
A and B are equal in mass and in length, they may not be quite 
homogeneous, with the result that their centres of gravity will not 
lie necessarily in their middle transverse sections, and their moments 
of inertia about axes through their centres of gravity and perpen- 
dicular to their lengths may differ. Let the centre of gravity of A be 
between its middle section and the axis of the wire in the arrangement 

I 
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represented in Fig. 44; let the distance of its centre of gravity from its 
middle section be equal to a, and let its moment of inertia about 
an axis through its centre of gravity and perpendicular to its length be 
equal to I4. Then its moment of inertia about the axis of the wire is 
equal to {I4+M(ad,—a)*t (p. 56). Let I, be the moment of inertia of B 
about an axis through its centre of gravity and perpendicular to its 
length, and let the centre of gravity of B be at a distance B from its 
middle section, its position being between the latter and the wire ; 
then the moment of inertia of B about the axis of the wire is equal to 
{I, + M(a, - 8). 

Let the middle transverse sections of D and E be at a common 
distance d from the axis of the wire, and let their centres of gravity be 
between the wire and their middle transverse sections, at distances 
5 and e from the latter. If the mass of D or E is m, and their 
moments of inertia about transverse axes through their centres of 
gravity are Iz and I,, then their moments of inertia about the axis of the 
wire will be respectively equal to— 


{Ig+m(d,-5)?} and {I,+(d,—«)*. 


Now, if the moment of inertia of the tube OO and its collar is equal 
to I,, the moment of inertia of OO, with the tubes A, B, C, and D in 
the positions represented in Fig. 44, will be equal to 


I,+letI,t+Ia+Ie+ Mi{(d, — a)? + (a, — B)*t + (dy — 8)? + (dy — €)?t. 
Let T,’ be the period of vibration of the arrangement ; then if the 
torque per unit twist of the wire is equal to 7,, we have, as on p. 109, 
1 
ri (1) stot lat be tat Tet MU(a, ~ a)? +(d - 8) 
+{(d,—8)?+(dy-e)Pt. 2. 2. 2 . | (tS 


Now turn the tubes A, B, C, and D end for end, and replace them 
without otherwise altering their arrangement. Their centres of gravity 
will now be at distances (@,+a), (@,+8), (@+5), and (d,+¢€) from the 
axis of the wire, and the period of vibration T,’” will be given by the 
equation— 


7) (2-) =1+ Iat-Int+Ia+Ie+M{(d,+a)?+(d,+ 8B) 
+m{(dj+sP+(dre)t. . 2. 2. 2 . (2) 
Adding the equation (1) and (2) together, dividing by two, and writing 
Tj? for {(Ty/)?+(T,)}/2, we have— 
n(2) =16+ Ig+1,+Ig+1-+ M(2d,? + 02 + p2) 
Sil (2dyPtsO7 ets €2), a sigs) ealeed ice Sa 
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Next, interchange the positions of A and D, and also those of B and E. 
Since A, B, D, and E are all equal in length, the middle transverse 
sections of A and B will now be at a distance d, from the axis of the 
wire, and the middle transverse sections of D and E will be at a 
distance d, from the same axis. If T.? is the mean value of the squares 
of the periods of vibration obtained before and after the tubes have 
been turned end for end as before, we have— 


2 
n (22) =1,+1a+I,t+Ia+I1e+ M(2d,? + a? + B?) 
sic ah te PAGAN ol weed nev oeh pay ae abet (i) 
Subtracting (3) from (4), we obtain— 


a {(2)- (2y} cal oad 2): 


This equation serves to determine the value of 7, in terms of 
magnitudes which can be measured directly. Then, if the moment of 
inertia of any particular arrangement (say the first) is required, it can 
be obtained by substituting the value 7, in the left-hand side of (1), 
when the value of the right-hand side of that equation becomes known. 


Theory of the balance.—The beam of a balance is sup- 
ported on a central knife-edge, and two scale-pans are hung 
from knife-edges near to its ends and equidistant from the 
central knife-edge. If the beam of the balance by itself is in 
stable equilibrium in a horizontal position, and the masses of 
the scale-pans are equal, it follows that the beam will remain 
horizontal if the two pans are loaded equally (p. 39). 

In order that the beam by itself may be in stable equilibrium 
in a horizontal position, its centre of gravity must be at a small 
distance vertically beneath the central knife-edge: if its centre 
cf gravity were to coincide with the central knife-edge the beam 
would be in neutral equilibrium, and would remain in any 
position, horizontal or inclined, in which it was placed ; and 
if its centre of gravity were above the central knife-edge, the 
beam would be in unstable equilibrium (p. 42). Hanging the 
scale-pans on their knife-edges makes no difference in the 
position of equilibrium or the beam, since gravity exerts equal 
vertical forces on the pans. If the pans are unequally loaded, 
the beam will attain equilibrium in a position inclined to the 
vertical ; the difference between the opposite torques due to 
the force of gravity acting on the loaded pans, is then just equal 


‘ie 


116 GENERAL PHYSICS FOR STUDENTS CHAP. 


to the restoring torque called into play by the displacement 
of the centre of gravity of the beam. It is clear that when the 
beam is tilted, its centre of gravity describes a circular arc, 
just as the centre of gravity of a pendulum does. The. beam 
oscillates about its position of equilibrium in a period T, 


given by the aes 
hes I 
= or 


where I is the moment of inertia of the beam, scale-pans, and 
load ; and 7, is the restoring torque called into play by unit 
angular displacement of the beam. 


Loading the scale-pans equally makes no difference in the restoring 
torque, unless, indeed, it bends the beam and so alters the position of its 
centre of gravity. Since each scale-pan and its load moves with the 
same velocity as the knife-edge on which it is supported, the moment 
of inertia is increased by loading the pans. Hence the period of oscil- 
lation of the balance is increased by equally loading the scale-pans. 


The sensitiveness of the balance is measured by the angular 
deflection of the beam produced by a given increase in the load 
added to one scale-pan; it is clear that the sensitiveness is 
inversely proportional to 7,, the restoring torque called into 
play by unit angular displacement of the beam. 

In general, the beam is provided with a pointer, which moves 
over a small graduated scale. It is often necessary to determine 
the position which the pointer would occupy if the beam were at 
rest, from observations made while the beam is oscillating. If 
no frictional forces acted on the beam, it would execute simple 
harmonic oscillations about its position of equilibrium, and the 
equilibrium position of the pointer would be midway between the 
points on the scale at which the motion of the pointer is reversed. 
The effect of friction is to gradually diminish the amplitude of the 
oseillations ; this will be studied in detail in an ensuing chapter. 
For the moment, however, we may assume that, if the friction is 
small and the amplitude of the oscillations decreases slowly, the 
rate of decrease remains practically constant during the time 
occupied in performing one or two oscillations. 


In this case, let a particular turning’ point of the pointer be at a 
distance a to the right of its equilibrium position; and let the next 
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turning point be at a distance (a— 8) to the left of the equilibrium posi- 
tion. Then in half an oscillation the amplitude has decreased by 8, 
and therefore in a complete oscillation the amplitude will decrease by 
26, and the next turning point will be at a distance (a — 28) to the right 
of its equilibrium position. Hence, a point half-way between the two 
consecutive turning points Zo the right will be at distance (a — 8) from the 
equilibrium position, and the equilibrium position will be midway 
between this point and the intermediate turning point to the left. 


Expt. 13—Determine the sensitiveness of a chemical balance, that is, 
the change in the equilibrium position of the pointer produced by 
increasing the load on one side of the balance by a milligram. 


Expt. 14—Determine the value of yg, the acceleration due to gravity, 
from observations made with a balance. 

Observe the period of oscillation T, of the balance when it is un- 
loaded, and the period T, when each scale-pan is loaded with M grams. 
Then, if each of the knife-edges supporting the scale-pans is at a 
distance @ from the central knife-edge, loading the pans increases the 
moment of inertia of the moving system by 2Ma@?=z (say). Then-— 


iT 
T; = 27 ws 


Ah Sor 


ah 

These equations suffice to determine I. Insert the value obtained for 
I in the first equation, and calculate the value of 7;. Now observe the 
equilibrium position of the extremity of the pointer, first when the pans 
are unloaded, and then when one pan contains a small mass m, Then 
the distance (expressed in centimetres) between these positions, divided 
by the distance from the extremity of the pointer to the central knife- 
edge, gives the angular deflection @ produced by an applied torque equal 
to mgd; therefore 7,, the torque per unit angular deflection, is equal to 
mgd/@. Then, calculate the value of with care. An accuracy of about 
two per cent. can be attained. 

A balance provided with a nickel or steel pointer must not be used 
for this experiment, on account of the magnetic properties of these 
metals. 


Oscillations of a magnet in a magnetic field.—Let H be the strength 
of a magnetic field, measured in dynes per unit pole ; then a N. pole of 
strength # placed in this field will be acted upon by a force equal to 
(+mH) dynes, the positive sign denoting that the direction of the force 
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is the same as that of the field. A S. pole of equal strength will be 
acted upon by a force equal to (—mH) dynes, the negative sign 
denoting that the direction of the force is opposite to that of the field. 

A magnet suspended so that it is free to turn in a horizontal plane, will 
rest in stable equilibrium with its axis coinciding with the direction 
of the field. Let the magnet be turned through a small angle a ; 
then the parallel and oppositely directed forces acting on its two poles 
are separated by a perpendicular distance / sin a, where / is the distance 
between the poles. Hence the restoring torque called into play— 


= mil sina = mi.1.a, 


when a is small. The product 7/ is called the magnetic moment of 
the magnet, and may be denoted by M; then, the restoring torque r, 
per unit twist=MH. 

Iience, if the moment of inertia of the magnet about its axis of 
rotation is equal to I, we have— 


2 

MH 

It may be left as an exercise for the student to obtain the same result, using 
the energy equations (compare p. 94). 


Period of one oscillation = T = 27 nh = 27 


Observation of oscillations.—A simple harmonic oscillation 
is defined in terms of its amplitude and its period. The 
amplitude is the distance from the mean position (or position of 
rest) to the end of an excursion ; the body moves very slowly 
near the end of an excursion, therefore there is, in general, no 
difficulty in observing its amplitude. Torsional oscillations may 
be observed with ease if a small mirror is attached to the 
oscillating body, and a beam of light is reflected from this mirror 
on toa scale. In this case the beam of light rotates through 
twice the angle of twist of the body ; however, the period of 
Oscillation of the spot of light on the scale is equal to the 
period of oscillation of the body. 

In determining the period of oscillation, it is advisable to note 
the instant at which the body swings through its position of rest, 
and the instant at which it again swings in the same direction 
through this position after 7 oscillations have been performed. 

For a rough determination of the period, a stop-watch may be 
started as the body swings through its position of rest, and 
stopped after 7 oscillations have been performed. If the period 
of oscillation is to be determined with an error not exceeding 
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one per cent., the time between starting and stopping the watch 
should not be less than 100 sec. For accurate observation of 
the period of a pendulum, the “ear and eye” method may be 
employed. For this purpose a chronometer or other time-keeper, 
which beats half seconds audibly, is required. First of all, 
make a rough determination of the period, using a stop-watch. 
Then, using the chronometer, write down the hour and minutes, 
and start counting in time with the ticks. The tick which 
occurs as the second hand passes through 60 is called naught, 
and we then proceed to count as follows :—- 


tick, tick, tick, tick, tick, tick, tick, tick, 

naught—and, | one—and, two—and, three—and, 

tick, tick, tick, ttck, tick, tick, tick, tick, tick, tick, 
ten—and, *leven—and, | twelve—and, | thir—teen, | four—teen. 


Continuing to count in this manner, watch the pendulum, and 
observe the instant at which it swings through its position of 
rest; if, for instance, this occurs on the first syllable of 
“nineteen,” the time is nineteen seconds, and if on the second 
syllable, nineteen and a half seconds from the instant at which 
we commenced to count. 

At the end of about two minutes, again observe and write 
down the time at which the pendulum swings through its 
position of rest, using the ear and eye method as before ; the 
number of oscillations which have been completed between the 
two observations can be determined, by dividing the interval 
of time which has elapsed, by the approximate value of the 
period previously determined. In this manner continue to. 
make observations at intervals of about two minutes, and write 
each observation down; then the number of oscillations 
completed in (say) an hour can be determined accurately, 
without performing the laborious task of actually counting the 
oscillations completed in that time. A similar procedure should 
be followed in accurately determining the moment of inertia of 
a body by the oscillation method. 
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QUESTIONS ON CHAPTER III. 


1. Draw curves to show the value of the displacement, the velocity, 
and the acceleration at each instant during a simple harmonic 
oscillation. 

2. Prove the truth of the following statement:—When a. bar 
pendulum is supported so that its period of oscillation has a minimum 
value, the distance from the point of support to the centre of gravity of 
the bar is equal to the radius of gyration of the bar about its centre of 
gravity. 

3. A uniform hoop, of radius 7, is supported on a thin horizontal 
peg; determine the period of oscillation of the hoop when it is 
displaced through a small distance in its own plane, and then released. 
(Assume that the hoop does not slip on the peg. ) 

4. A uniform rectangular sheet of metal is supported by frictionless 
hinges attached to one edge, which is horizontal ; determine the period 
of oscillation of the sheet, if 7 denotes the length of the side of the 
rectangle which hangs downwards. 

5. A uniform rectangular sheet of metal is supported at one corner, so 
that it can oscillate, like a pendulum, about an axis through that corner 
and perpendicular to the plane of the sheet. Determine the period of 
oscillation of the sheet. 7 

6. A simple pendulum is formed by supporting a small metal sphere 
by means of a very thin steel wire, and the number of oscillations which 
would be performed in twenty-four hours, when the temperature has a 
certain value, is determined. How many oscillations would be lost in 
twenty-four hours if the temperature were to rise through 10° C? 

(Coefficient of linear expansion of steel=o-oooo!2 per degree C.) 

7. A solid hemisphere, of radius 7, rests with its curved surface on a 
horizontal plane. Prove that the hemisphere will be in stable 
equilibrium when its plane surface is horizontal, and determine the 
period of small oscillations about this position, on the assumption that 
the hemisphere does not slip on the plane. 

(The distance from the centre of a solid hemisphere to its centre of 
gravity is equal to three-eighths of the radius of the hemisphere. ) 

8. A uniform rectangular bar, of length /, breadth 4, and depth (or 
thickness) @, is supported like a see-saw on acylinder of radius 7. Prove 
that the bar will be in stable equilibrium when it is horizontal and its 
centre of gravity is vertically above the axis of the cylinder, provided 


that (¢/2) <7; and determine the period of small oscillations about this 
position. 


QUESTIONS 121 


9. A body is supported by three similar flexible filaments, equally 
inclined to the vertical, and arranged symmetrically about a vertical 
axis passing through the centre of gravity of the body. Determine the 
value of the restoring torque per unit twist about the vertical axis, and 
the period of smail angular oscillations about that axis. 

10. A (szple) pendulum is hanging at rest, when its point of support 
is suddenly shifted through a horizontal distance @ Prove that the 
first swing of the pendulum will carry the bob through a distance 2d in 
the direction of the displacement of the point of support, and the 
pendulum will come to rest ultimately with the bob at a distance d 
from its initial position. : 

11. A body is executing simple harmonic oscillations of amplitude a 
and period T. Prove that the body will travel from its position of rest 
to a distance (a/2), in the time (T/12) ; and will reach its extreme dis- 
placement in an additional time (1/6). In returning towards its 
position of rest, the first half of the journey will be completed in 
(T/6) sec., and the second half in (T/12) sec. 

12. A pendulum, which can oscillate in a period T, is hanging at 
rest when its point of support is shifted suddenly through a horizontal 
distance d. After the lapse of (T/6) sec., the point of support is shifted 
suddenly to its original position ; and after another (T/6) sec., the first 
displacement d@ of the point of support is repeated. Prove that, after 
the third displacement of the point of support, the pendulum is left 
hanging at rest, at a distance @ from its initial position, 

13. A galvanometer, whose needle can oscillate freely, is included in 
an electric circuit which can be closed or broken at will by means of a 
suitable key. It is necessary to observe the steady deflection of the 
needle as soon as possible after the electric current has commenced to 
flow ; prove that the needle can be brought to rest in its deflected 
position in a time (T/3) after the current first commences to flow, where 
T is the period of oscillation of the needle. 

14. Prove that the period of oscillation of a compound pendulum will 
not be affected by fixing a small mass to the pendulum at its centre of 
oscillation. 

15. A body is supported in bearings, so that it can oscillate freely 
like a compound pendulum. The distance of its centre of gravity from 
the axis of the bearings is required ; the mass of the body is not known, 
and the body cannot be removed from its bearings. Prove that the 
required distance can be obtained, by the following procedure: 
(1) Determine the period of oscillation of the body. (2) After fixing a 
small mass at a distance L, from the axis, determine the period 
again. (3) Determine its period when the same mass is fixed at a 
distance L, from the axis. 


CHAPTER IV 


THE GYROSTATIC PENDULUM AND THE SPINNING TOP 


The gyrostatic pendulum.—Let a rod be supported at one 
end, A(Fig. 45), by means of a universal joint, so that its other end, 
B, can move freely in any direction. To the end B of the rod 


Fic. 45.—The gyrostatic pendulum. 


let a fly-wheel be attached in 
such a manner that it can rotate 
freely about the length of the 
rod as axis. When the fly-wheel 
is not rotating, the suspended 
system may oscillate in a plane, 
thus forming an ordinary com- 
pound pendulum; or the lower 
end of the rod may move in a 
circular path, thus forming a 
compound conical pendulum. 
When the fly-wheel is rotating, 
the suspended system forms a 
gyrostatic pendulum. 

Let it be supposed that the 
gyrostatic pendulum is set in 
motion in such a manner that 
the end B of the rod describes a 
circular path about the vertical 
line AC as axis, and let this 


circular path be described in an anti-clockwise sense when 
viewed from A ; also, let the rotation of the fly-wheel be in an 
anti-clockwise sense when viewed from A. 

Gravity pulls each particle of the pendulum vertically down- 
wards, and its action is equivalent to a single force, equal to 
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the weight of the rod and fly-wheel, acting vertically downwards 
at the centre of gravity of the combination. This force, together 
with an equal force acting upwards at A, produces a torque, 
which will be called the gravitational torque. Since no other 
external forces act on the suspended system, it follows that the 
gravitational torque must be equal to the resultant of the 
various torques which are necessitated by the motion of the rod 
and fly-wheel. 

In order that any particle of the pendulum may move in a 
circle about the vertical axis AC, it must be acted upon by a 
force directed towards the centre of its circular path ; this force, 
together with an equal force acting in an opposite direction at 
A, constitutes a torque. The resultant of the torques of this 
kind, due to the centripetal forces which must act on the various 
particles into which the pendulum may be supposed to be divided, 
will be called the centripetal torque. This torque is independent 
of the speed of rotation of the fly-wheel. 

As the end B of the rod moves in its circular path, the 
direction of the rod continually alters ; and since the axis of the 
rod forms the axis of rotation of the fly-wheel, it follows that 
the direction of the axis of rotation of the fly-wheel continually 
alters. This necessitates a torque which will be called the 
gyrostatic torque. 

No other torques are necessitated by the motion of the 
pendulum, and therefore it becomes evident that the gravitational 
torque must be equal to the resultant of the centripetal and 
gyrostatic torques. 

The gyrostatic torque can be determined fromthe results obtained 
on p. 68. Ata given instant let the axis of the pendulum be in 
the plane of the paper, in the position represented in Fig 46, a. 
To an eye looking from a distance, in a direction perpendicular 
to the plane of the paper, each particle in the rim of the wheel 
will appear to be moving in a straight line. Shortly afterwards 
the centre of the fly-wheel will be at a small distance behind the 
plane of the paper, and each particle of the rim of the wheel 
will appear to move in an anti-clockwise sense round an ellipse 
(Fig. 46, 6). Hence, by Lanchester’s rule (p. 70) the gyrostatic 
torque must act in an anti-clockwise sense about an axis 
perpendicular to the plane of the paper. It is clear that, as the 
centre of the fly-wheel passes through the plane of the paper, 
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the wheel is turning about the diameter which lies in the plane 
of the paper. 

Let I be the moment of inertia of the wheel about its axis of 
rotation, and let the wheel be rotating with an angular velocity 
« ; then when the wheel is turning about a diameter with an 
angular velocity o’, the value of the gyrostatic torque is equal to 
Iaw’ (p. 68). 

Let the centre of the fly-wheel describe its circular path in a 
time T; then if the length of the rod is equal to 4 and the 
angle BAC=4, the radius of the circular path of the centre of 
the wheel is equal to /sin@, and the linear velocity of the centre 


—- 


& - = 


= 


(2) 
Fic. 46.—Method of determining the gyrostatic torque necessitated by the 
conical motion of a gyrostatic pendulum. 


of the wheel is equal to (2m/sin6/T). In a very small time ¢ the 
centre of the wheel travels from the plane of the paper through 
a distance (27/sin@/T)¢, and its path approximates to a short 
straight line perpendicular to the plane of the paper. If we 
divide the length of this line by the length Z of the rod, we obtain 
the angle through which the rod has rotated about A. Hence 
in the time ¢ the rod has turned through an angle (2msin6/T)¢, 
and therefore its angular velocity is equal to (27sin6/T). The 
rod always remains perpendicular to the plane of the fly-wheel, 
so that the angular velocity of the rod, about A as centre, is 
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equal to the angular velocity #’ with which the fly-wheel turns 
about its diameter. Thus when @ is small— 


278 
Ee 
270 


-". gyrostatic torque = Iw -: 


, 
o = 


Under the conditions indicated in Fig. 46, the gyrostatic 
torque acts in an anti-clockwise sense about an axis perpendicular 
to the plane of the paper. The sense in which it acts would be 
reversed by reversing the sense of the circular motion of B. 

In determining the value of the centripetal torque, it will be 
assumed, in the first place, that the fly-wheel is small, and that 
the rod is practically without mass. The centre of the wheel 
revolves in a circular orbit of radius /sin 6, or 26 when @ is small, 
anda revolution is completed in the time T; thus the centri- 
petal force is equal to 72/6(27/T)*, (p. 74) where 7 is the mass 
of the fly-wheel. The perpendicular let fall from A on to this 
force is equal to /cos6, or / when @ is small, so that— 


centripetal torque = 7/°0 ( za ). 


Under the conditions indicated in Fig. 46, the centripetal 
torque must act in a clockwise sense about an axis perpendicular 
to the plane of the paper; its direction is unchanged by 
reversing the sense of the circular motion of B about the 
vertical axis AC. : 

When the weight of the rod is neglected, the vertical force of 
gravity, equal to wg, acts at the centre of the fly-wheel; and 
the perpendicular, let fall on to this force from A, is equal to 
- Zsin@, or 20 when @ is small ; hence— 


gravitational torque = z7g/0. 


This torque acts in a clockwise sense about an axis perpen- 
dicular to the vlane of the paper (Fig. 46) ; its direction would 
be unchanged by reversing the direction of the circular motion 
of B. 

Let the moment of inertia I of the fly-wheel, about its axis of 
rotation, be denoted by z4,? where £ is the radius of gyration of 
the fly-wheel. Then, remembering that the gravitational torque 
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is equai to the resultant of the centripetal and gyrostatic torques, 
both of which act about axes perpendicular to the plane of the 
paper, but in opposite senses, we have— 

278 


2 
mel0 = ml? (=) — mkrw . 3 


-9(=) -*(z) 
gl=l (7 Bw ( = 


If the motion of the pendulum about the vertical axis AC 
had been clockwise instead of anti-clockwise, the gyrostatic 
torque would have acted in the opposite sense, that is, its sign 
would have been changed; in this case we should have obtained 


the equation— 
_p =) 2 (=) 
gl=l (2 + Bola}. 


Hence, the general form of the equation will be— 


-0() =0(3) 
gan(2 + hw tT) 


where the minus sign must be prefixed to the second term on the 
right hand side, when the circular motion of the pendulum and the 
rotation of the fly-wheel are both clockwise or both anti-clockwise ; 
while the positive sign must be prefixed when one is clockwise and 
the other is anti-clockwise. 

Write Z for (27/T) ; then— 


When the fly-wheel is not rotating, w=o, and in this case the 
pendulum becomes a simple conical pendulum, for which 
p= N(g/2). Thus the second term on the right-hand side must 
be preceded by the positive sign, and we obtain— 


Qn Rw g (Ba? 
When the circular motion of the pendulum and the rotation 
of the fly-wheel are both anti-clockwise, or both clockwise, the 


Iv _ GYROSTATIC PENDULUM 127 


positive sign must be prefixed to the first term on the right- 
hand side ; when one is clockwise and the other is anti-clock- 
wise, the negative sign must be prefixed. 

When the positive sign is prefixed to the first term on the 
right-hand side of (1), the value of # will be greater than when 
the negative sign is prefixed ; and since T, the period of the 
conical motion of the pendulum, is inversely proportional to A, 
it follows that when the fly-wheel moves round its circular path in 
the same sense as that in which it rotates, the period of its motion 
is less than when the sense of the circular motion is opposite to that 
of the rotation. 


Let it be supposed that the plane of the diagram (Tig. 47) is 
horizontal, and that the pendulum is hanging vertically with the centre 
of the fly-wheel over the point C; and 
let it be supposed that an impulse is 
imparted to the pendulum which would 
cause the centre of the fly-wheel to 
oscillate between K and K’ if the fly- 
wheel were not rotating. A simple 
harmonic motion of amplitude CK, is 
equivalent to two circular motions of 
radius (CK/2), performed in opposite 
senses (p. 88). Thus the effect of the 
impulse imparted to the pendulum is 
equivalent to the resultant of two 
circular motions, one starting from L 
in an anti-clockwise sense, and the 
other starting from M in a clock- 
wise sense; where CL=(CK/2). If 
the fly-wheel is rotating in an anti- 
clockwise sense, viewed from above, 
the anti-clockwise circular motion will dey tena nateke etna 
be performed in a shorter period than circular motions of unequal pe- 
the clockwise circular motion ; let it be riods. 
supposed that the period of the anti- 
clockwise circular motion, which starts from L, is equal to three-quarters 
of the period of the clockwise motion, which starfs from M. Then, when 
the anti-clockwise displacement is equivalent to the circular arc LN, the 
clockwise displacement is equivalent to the circular arc MR, where MR 
=(3/4)x LN. From N draw NP parallel and equal to CR; then the 
point P gives the instantaneous position of the centre of the fly-wheel. 
The position of the centre of the fly-wheel at other instants is deter- 


A 
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mined in a similar manner ; the construction lines for five points are 
shown in Fig. 47, and it becomes evident that the centre of the fly- 
wheel describes a series of loops similar to CACA’C. The complete 
series of loops is repre- 
sented in Fig. 48; the 
order in which the loops 
are described is AA’, 
BBE CCS DDEreraiatar 
the direction of motion 
being that indicated by 
the arrow-heads. 


The compound gy- 
rostatic pendulum.— 
In the preceding in- 
vestigation the mass 
of the rod was neglect- 
ed, and it was supposed 
that the fly-wheel is 


yf! E small; in this case, 
Fic. 48.—Graph of the path described by a when the fly-wheel is 
gyrostatic pendulum. not rotating, the sys- 


tem forms a simple 
pendulum. In the following investigation these restrictions are 
discarded ; the only condition imposed on the shape and 
dimensions of the pendulum is that of symmetry about the axis 
of rotation. Thus the pendulum may take the form of an 
ordinary peg-top suspended by means of a universal joint at the 
extremity of the peg; or it may take the form of a large fly- 
wheel which can rotate about the axis of a massive rod. 

If I denotes the moment of inertia of the rotating part of the 
pendulum about its axis of rotation, the gyrostatic torque has the 
value already found, viz., Iw(276/T), where » denotes the 
angular velocity of rotation, T denotes the period of the conical 
motion, and 6 denotes the small angle of inclination of the axis 
of symmetry to the vertical. If the conical motion and the 
rotation are performed in the senses indicated in Fig. 46, the 
gyrostatic torque will act in an anti-clockwise sense about an 
axis perpendicular to the plane of the diagram. 

Let M be the mass of the pendulum as a whole, and let the 
centre of gravity of the pendulum be at a distance L from the 
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point of support A (Fig. 46). Then the gravitational torque 
about A is equal to MgLsin 6, or MgL@ when @ is small. In 
the position of the pendulum represented in Fig. 46, the torque 
acts in a clockwise sense about an axis perpendicular to the 
plane of the paper. 

The centripetal forces, which must act on the particles into 
which the pendulum may be supposed to be divided, in order 
that these particles may revolve about the vertical axis AC, 
produce a resultant torque in a clockwise sense about an axis 
perpendicular to the paper. The direct determination of the 
torque, in terms of the centri- 
petal forces acting on the par- 
ticles, is a matter of some diffi- 
culty, owing to the fact that the 
particlesare at various distances 
from the axis AC. Thus it is 
best to determine the centri- 
petal torque by an indirect 
method. 


Let PORS and UVWX (Fig. 49) 
represent two vertical planes which 
intersect at a small angle in the 
vertical line AC; and let A be the 
point of support of the pendulum, 
while AB represents the axis of 
the pendulum at the instant when 
it passes through the plane PQRS. 
After a small time ¢, let the axis of 
the pendulum pass through the 
plane UVWX, the position of the 
axis at this instant being denoted by 
AB’. Since the lower end of the 
pendulum completes its circular 
path about the vertical axis AC in T 
seconds, the small arc BB’ is equal F¥,49-~Method of determining the re 
to 27 AB sin @(¢/T); and since BB’ by the motion of a compound gyro- 
approximates toa small straight line static pendulum. 
when ¢ is very small, the angle 
BAB’, through which the axis turns about A in the time /, is equal to 
BB’/AB=2r sin 6 (¢/T), or (276¢/T) when the angle BAC=@ is small. 
Hence, as the axis of the pendulum passes through the plane PQRS, it 

K 
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a 


is rotating about A with an angular velocity equal to 276/T. In the 
plane PQRS, draw the line AK from A, perpendicular to the line AB ; 
then AK represents the axis about which the axis of symmetry of the 
pendulum is rotating as it passes through the plane PQRS. In the 
plane UVWX, draw the line AL from A, perpendicular to AB’: 
then AL represents the axis about which the axis of symmetry of 
the pendulum is rotating as it passes through the plane UVWX. 

It must be remembered that we are not concerned, at present, with 
the rotation of the fly-wheel about the axis of symmetry of the 
pendulum ; in determining the value of the centripetal torque we may 
suppose that the fly-wheel is not rotating at all. 


Let the moment. of inertia of the pendulum about an axis 
through A, perpendicular to the axis of symmetry, be denoted 
by I’; then, when the pendulum is passing through the plane 
PQRS, the moment of momentum of the pendulum about the 
axis AK is equal to I’(276/T), (p. 61), and may be represented 
by the vector AM, equal in length to I’(276/T), measured off 
along AK. After the small interval of time 7, the moment of 
momentum of the pendulum may be represented by the vector 
AM’, equal in length to AM, measured off along AL. Thus, 
in the time the moment of momentum of the pendulum changes 
from AM to AM’, and therefore the rate of change of the 
moment of momentum is represented by MM’/¢4, where MM’ 
is the vector drawn from M to M’ (p. 68). Since MM’ extends 
perpendicularly from front to back of the plane PQRS, and 
the rate of change of moment of momentum is equal to the 
torque that must be applied in order to produce that change 
(p. 61), it follows that the applied torque must be equal to 
(MM’/z), and must act in a clockwise direction about a norrnal 
to the plane PQRS ; this applied torque is the centripetal torque 
which is required. 


If the conical motion ot the axis of symmetry were executed in a 
clockwise sense when viewed from A, the axis of symmetry would pass 
from AB’ to AB in the time ¢; in this case the moment of momentum 
would change from AN’ in the plane UVWX to AN in the plane 
PQRS, and the rate of change of the moment of momentum would be 
equal to (N’N/¢), which is equal to MM’/¢ both in magnitude and direc- 
tion. Hence the centripetal torque is independent of the sense in 
which the conical motion is performed. 
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Since the angle BAC=6 is small, AM and AM’ will be very 
‘nearly perpendicular to AC, and therefore the angle MAM’ will 
not differ perceptibly from the angle BCB’, that is, from (2n2z/T). 


Thus— 
MM’ = AM xangle MAM’, 


and SP dee. Barer (Bo 
t ey Lae A ee 
and therefore 
6 2n\? 
centripetal torque = I’ (=) 6. 

From a cursory reading of the argument developed on p. 69, it might 
appear that the centripetal torque ought to have a value twice as great 
as that just found. The fol- 
lowing reasoning proves that 
the result obtained above is 
correct. 

Let F, (Fig. 50)! répresent 
a particle revolving in a 
clock-wise sense, with an 
angular velocity w, about an 
axis drawn through C, per- 
pendicular to the plane of 
the paper ; and let the plane 
in which the particle is re- 
volving be turning, with an 
angular velocity w’, about 
the fixed line ACB, in a 
clockwise sense when viewed 
in the direction from A to B. 

Draw CD perpendicular Fic. 50.—Two particles revolving about the 
to AB. Then at the instant point C in a plane which turns about the 
when the particle is at F, fixed line ACB. 


the forces which are neces- 
sary to constrain it to move in the manner described are as 


follows :— 
(1) The centripetal force, acting toward the centre C about which 


the particle is revolving ; this force does not concern us here. 

(2) As the particle approaches A, its distance from the axis AC 
diminishes ; therefore the linear velocity with which the particle 
revolves around AC diminishes, and this necessitates the application of 


1 This diagram is a duplicate of Fig. 22, reproduced on p. 69. 
K 2 
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a force, equal to 7.FMww’, acting perpendicularly from back to front 
through the plane of the paper (p. 65) ; where 7 denotes the mass of the. 
particle, and FM is its distance from the line CD. The torque about 
the axis CD due to this force is equal to # (FM)?. ww’. When the 
particle is passing through A the value of this torque is equal to 
m (CA)? wo’, and m (CA)? is equal to the moment of inertia of the 
particle about an axis through C perpendicular to the plane of the paper. 

(3) The plane in which the particle revolves is rotating about AC as 
axis, and this necessitates a change in the direction of motion of the 
particle (p. 67). To produce this change, a force equal to #.FMwo’ 
must act perpendicularly from back to front through the plane of the 
paper, and the corresponding torque is equal to m.(FM)?wo’. When 
the particle is passing through A the value of this torque is equal to 
m (CA)*, wo’. 

The results obtained in (2) and (3) can be summarised as follows. 
The total torque that must act on the particle, when it is in the imme- 
diate neighbourhood of the point A, comprises two equal components, 
one necessitated by the bodily motion of the particle toward the axis 
AC (this axis may be called the axzs of turning) and the other by the 
change in the direction of the plane in which the particle revolves, that 
is, by the change in the direction of the axis about which the particle 
revolves (this axis may be called the axds of rotation). Each component 
is equal to Zz ww’, where z is the moment of inertia of the particle about 
the axis of rotation. 

With reference to the pendulum, the lines AK and AL (Fig. 49) 
represent the positions of the axis of rotation at the beginning and end of 
the small interval of time 4, As the pendulum passes through the plane 
PQRS, it is rotating about AK, and it is therefore moving in a plane 
drawn through AB, perpendicular to the plane PQRS. At the instant 
when the pendulum passes through the plane UVWX it is rotating 
about AL, and it is therefore moving in a “plane drawn through AB’ 
perpendicular to the plane UV\WX. Hence AB represents the axis of 
turning when the pendulum passes through the plane PQRS, and AB’ 
represents the axis of turning when the pendulum passes through the 
plane UVWX ; that is, the axis of turning is not fixed, as the line AC 
(Fig. 50) was supposed to be, but it moves with the pendulum. Now 
the axis of rotation of the pendulum is continually changing in direction, 
and this change necessitates the application of the component torque 
discussed in (3) above. But ¢he particles, into which the pendulum may 
be supposed to be divided, do not move towards, or away from, the axis 
of turning, for this axis moves with the pendulum; therefore the com- 
ponent torque, discussed in (2) above, is not necessitated. Thus the 
torque required is equal to I’, the moment of inertia of the pendulum 
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about the axis AK (Fig. 49), multiplied by the product of the angular 
velocity of rotation about the axis AK (that is, 279/T), and the angular 
velocity with which the axis of rotation is turning about A (that 
is, 27/T). 


The gravitational torque is equal to the resultant of the 
gyrostatic and centripetal torques; thus, when the conditions 
are those represented in Fig. 46— 


PR ZTENG 270 
MvLé =i (F) 6 -- Iw T . 


If the sense of the conical motion is opposite to’ that of the 
rotation of the fly-wheel, the sign of the second term on the 
right-hand side must be changed ; hence, in general— 


21 


= 4 — % — 
MeL =I (F) ew. FZ. 
Let (2r/ I =p ; then— 


— Iw MeL 
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The interpretation of this equation is similar to that given 
on p. 126. The sign of the first term on the right-hand side must 
be positive when the conical motion and the rotation of the 
fly-wheel are identical in sense, and the negative sign is used 
when the conical motion and the rotation of the fly-wheel are 
opposite in sense. 


When w=0, the pendulum becomes a compound conical pendulum. 
Let MK? be the moment of inertia of the pendulum about an axis 
through its centre of gravity, and perpendicular to the axis of symmetry. 
Then I’=M(K?+L?) (p. 56) and 


P52 gh 
heey J ee 


which agrees with the result obtained for the ordinary compound 
pendulum on p. 98. 


The spinning top.—Let it be supposed that an ordinary 
peg-top is spinning with the tip of its peg in a conical hole 


° 
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(Fig. 51); in these circumstances the top becomes an inverted 
gyrostatic pendulum. If the axis of symmetry of the top is 
inclined to the vertical, its inclination 
will remain constant so long as the 
angular velocity of rotation of the 
top is constant ; the axis of symmetry 
will not remain stationary, but will 
describe a conical surface. 

In this case, as in the previous in- 
vestigation, the gravitational torque 
must be equal to the resultant of 
the centripetal and gyrostatic torques 
necessitated by the motion of the 
top. 

If M denotes the mass of the top, 
Fic. 5t.—Top spinning with the and L denotes the distance of its 
tip of its peg in a conical hole, centre of gravity from the tip of the 

peg, the gravitational torque is equal 
to MgLé. This torque tends to deflect the axis of the top 
away from the vertical; let it be agreed that torques tending 
to deflect the axis from the vertical shall be positive, while those 
tending to deflect it towards the vertical shall be negative. 

The centripetal torque is due to the forces which must pull 
the various particles of the top towards the vertical axis about 
which the conical motion is executed; this torque tends to 
deflect the axis towatds the vertical, and must therefore be 
negative. The value of the centripetal torque is found by a 
method precisely similar to that used on p. 131; it may be left 
-as an exercise to the student to make the necessary modi- 
fications in Fig. 49. Hence, it follows that the centripetal torque 


is equal to— 
ig Te 
(7 , 


where I’ denotes the moment of inertia of the top about an axis 
through the tip of the peg, and perpendicular to the axis of 
symmetry, and T is the period of the conical motion of the axis. 

The gravitational torque, which is positive, is equal to the 
resultant of the centripetal and gyrostatic torques; therefore 
since the centripetal torque is negative, it follows that when the 
motion of the top is steady, the gyrostatic torque must be positive. 
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Applying Lanchester’s rule (p. 70), it is found that the upper 
end of the axis of symmetry must travel round a circle in the 
sense in which the top rotates about its axis (Fig. 51). 

Let I denote the moment of inertia of the top about its axis 
of symmetry, while » denotes the angular velocity with which 
the top is rotating about that axis ; then, by a reasoning similar 
to that used on p. 125, it follows that the gyrostatic torque 
is equal to— 

2r 
Tw 7 8. 
Then 


5/2 Xe 20 
MgLo =~ 1'(27)0+T0. 7: 


Let MK? be equal to the moment of inertia of the top about 
an axis, perpendicular to the axis of symmetry, and passing 
through the centre of gravity of the top. Then, (p. 56)— 


Il = M(K2+L). 


Also, let MZ?=I, the moment of inertia of the top about its 
axis of symmetry. Then- 
MgLe = - M(K?+19)(77)@ + ME. wo... 8. 
Dividing through by M and 4@, re-arranging the terms, and 
writing # for 27/T, we obtain the equation— 


Ved) os el : 
2 eR og R243} 
gL 
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Now, the expression under the radical sign must be positive, 
for the steady motion of the top to be possible ; hence— 


age) 3 gL 
Bh 
2(K?+ L?) K?+L? 


4(K2+ L2)gL. a nhiels 


and therefore 


ama, 


If this condition is not complied with, the axis of symmetry 
will fall away from the vertical until the side of the top touches 
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the ground. It follows that the taller and more slender a top 
is, the greater will be the angular velocity necessary to make 
it spin steadily; for when the top is small and_ slender, 
(K2+L2)L will be large in comparison with 4‘, and therefore 
@ will be large. 

When the angular velocity of rotation is greater than the 
critical value given above, there are two possible values of 2, 
and therefore two possible values for the period T of the 
conical motion of the axis. If we imagine that a top is spun at 
a high speed, and released with its axis slightly inclined to the 
vertical, at first the axis will begin to fall away from the vertical, 
and the angular velocity # of the precessional motion will 
increase (p. 72) until it attains the smaller of the two values 
given by equation (1) above ; that is, the value of # obtained by 
prefixing the negative sign to the second term on the right-hand 
side of (1). If the velocity of rotation of the top remained 
constant, no further change would occur in the value of #; hence 
it appears that for the larger value of # (equation (1)) to be 
possible, an enhanced precessional motion would have to be 
imposed on the top by some external agency. | 

The smaller of the two values of # may be expressed in 


the form— 
oy ee > 4(K2+L2)eL)\) 
o= geecty M(t - ae) 


When the second term under the radical sign is small in 
comparison with unity, (that is, when @ is very large) we may 
expand the quantity under the radical sign by the aid of the 


binomial theorem, and neglect powers of the small quantity 
that are higher than unity. We then find that— 


vt Ss ade) 2( Kk? + L?)eL 
a(K2+L4)" Aw? 
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This result gives the angular velocity of the precessional 
motion when the top is spinning at a speed much in excess of 
the critical value necessary for steady motion. 


Top spinning on a flat horizontal surface. —In carrying out the above 
investigation, it was assumed that the top is spinning with the tip of its 


_vertical, but the tip of the peg cannot move 
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peg in a conical hole ; in these circumstances the top can spin freely 
about its axis, and the axis can execute a conical motion about the 


horizontally. When a top is spun on a flat 
horizontal surface it is generally found that the 
tip of the peg moves around a circle on the 
surface (Fig. 52) ; this is due partly to the fact 
that the peg does not end in a geometrical 
point, but in a small curved surface which 
approximates to a part of a sphere (Fig. 53). 
When the axis of the top is inclined to the 
vertical, the point of contact of the peg and 
the flat surface on which it rests is at some 
distance from the axis of rotation of the top; 
consequently the end of the peg rolls along 
the surface, as indicated in Figs. 52 and 53. 

If the top is spinning at a high speed, the 
rolling motion at the tip of the peg produces 
an acceleration in the precessional motion of — F1. 52.—Top spinning on 

: Se : a horizontal plane. 

the axis: and it, is easily seen that this 

acceleration of the precessional motion makes 

the axis approach the vertical until the top ‘‘goes to sleep.” When 
a top spins with its axis at a constant inclination to the vertical, 
the angular velocity of the precessional motion must have the value 
cbtained above. If the angular velocity of the precessional motion is 
retarded, the axis of the top falls away from the vertical: if the angular 
velocity of the precessional motion is stopped, 
the top falls freely, just as it would if it were 
not spinning (p. 72). On the other hand, if 
the angular velocity of the precessional motion 
is greater than that required for the. steady 
motion of the top, the axis of the top must 
approach the vertical. 

If there were no friction between the peg 
and the horizontal plane on which it rests, the 
rolling motion would not occur, but the tip of 
the peg would still move ina circle. In this 
case the plane could exert no horizontal force 
Fic. 53.—Peg of a top on the tip of the peg, and therefore the centre 

rolling on a plane. of gravity of the top could not describe a 

circular orbit, for there would be no agent 
to pull the centre of gravity towards the centre of the orbit. Thus 
the top would spin and precess with its centre of gravity in a fixed 
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position ; in this case the axis would remain at a constant inclination 
to the vertical, and the top would not ‘‘ go to sleep.” 


Disc rolling on a horizontal plane.—When a thin disc 
rolls, without slipping, on a horizontal plane, a point on the rim 
of the disc can suffer no horizontal displacement so long as it is 
in contact with the plane. At any instant, two neighbouring 
points on the rim of the disc will be in contact with the plane ; 
as the disc rolls through a small angle, one point will remain 
in contact with the plane, while the other will rise vertically 
from it ; simultaneously another point on the rim will descend 
vertically and come into contact with the plane. As a conse- 
quence, a disc can roll in a straight line only when its plane is 
vertical; when its plane is inclined to the vertical, the disc 
must roll in a curved path which will now be determined. 


Let a number or straight lines be drawn from the apex of a right 
circular cone to points on the circumference of its base (Fig. 54) ; these 
lines are called generating lines. When a 
cone lies with its side on a horizontal plane, 
two neighbouring generating lines are in 
contact with the plane; when the cone rolls 
through a small angle, without slipping, its 
apex must remain in a fixed position; one 
generating line must remain in contact with 
the plane, while the other rises from it, the 
Fic. 54.—Perspective view motion of each point on the moving genera- 

o right circular cone, ting line being in a vertical direction; simul- 

showing generating lines. . : 

taneously another generating line must descend 

and come into contact with the plane. The 
cone may be divided, in imagination, into an indefinitely large number 
of circular discs ; and when the cone rolls without slipping, each of its 
constituent discs must also roll without slipping ; ‘each generating line 
of the cone cuts the rim of a disc in a point, and it is obvious that the 
conditions already deduced for the rolling of a disc are complied with. 
Thus, when a disc, whose plane is inclined to the vertical, rolls without 
slipping, on a plane, the motion of the disc is the same as if it were 
the base of a cone which rolls with its curved surface in contact 
with the plane; the angle of the cone must be such that the inclination 
of its base to the plane is equal to that of the disc. 


Let a circular disc, of radius 7, roll on a horizontal plane ; at 
a given instant let the centre A of the disc be moving in a 
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perpendicular direction through the vertical plane PQRS (Fig. 55). 
The axis AC of the disc must lie in the plane PQRS ; let it 
cut the horizontal plane, on which the disc rolls, in the point C. 
Then the motion of the disc is the same as if it were the base 
of a right circular cone with apex at C. After a short interval 
of time /, let the centre of the disc be passing through B, a point 
in the vertical plane UVWX which cuts PQRS in the vertical 
line KL; then KL must pass through C, and BC will STD 
the new eau of the axis of the disc. 


Let AC=BC=/; then if w denotes the linear velocity of the centre 
of the disc, the arc AB is equal to vf, and the angle ACB, through 
which the axis of the 
disc has turned in the 
time ¢, is equal to (zv¢/Z) ; 
thus, the angular velocity 
with which the axis of 
the disc is turning about 
the point C is equal 
to (v//). Let the disc 
be inclined to, the 
vertical at a small angle 
6; then tan 6=@=(r//). 
The arc DE, described 
on the horizontal plane 
by the rim of the disc, 
is sensibly equal to AB ; 
and the angle DCE, at Fic. 55.—The rolling motion of a disc ona 
which the planes PQRS porcontee Diane: 
and UVWX_ intersect, 
is approximately equal to (zv¢//). Further, the angular velocity of 
rotation of the disc about the axis AC is equal to (u/7). 


Let m2 be the moment of inertia of the disc about the axis 
AC; then the disc is rotating about AC with an angular velocity 
equal to (v/r), and it is turning about the diameter, in which 
it is cut by the plane PQRS, with an angular velocity equal to 
(v/2) ; thus— 


“~! a 


2) 
Lee 
gyrostatic torque = oF 


This torque must act in an anti-clockwise sense about an axis 
perpendicular to the plane PQRS. 
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In the plane PQRS, draw CF perpendicular to AC; and in the 
plane UVWX, draw CG perpendicular to BC. As the centre of the 
disc passes through the plane PQRS, the moment of momentum of 
the disc about the axis CF, is equal to— 


ke a 
$e 2.\ cae 
m(¢ +2)? 


for the moment of inertia of the disc about a diamenter parallel to CF 
is equal, to (#zk?/2), and the moment of inertia about CF is equal to 
m\(k®/2)+Z\, (p. 56). Now & must be less than 7, the radius of the 
disc ; and therefore when @=(7//) is small, (47/2) must be negligibly 
small in comparison with 7 Thus, when @ is small, the moment of 
momentum of the disc about the axis CF, is equal to 7z/*(v/Z). 


Along the lines CF and CG, measure off distances CM and 
CN numerically equal to w2/*(v/Z); then in the time 4, the 
moment of momentum changes from CM to CN; therefore 
the change in the value of the moment of momentum is 
equal to MN (p. 61). The torque required to produce this 
change in the moment of momentum is equal to MN/¢; and 
since MN is perpendicular to the plane PQRS, and is directed 
from back to front of that plane, it follows that the torque must 
act in an anti-clockwise sense about an axis perpendicular to 
PQRS. 

To evaluate MN//, draw MP and NP perpendicular to the 
vertical line KL. Then PN=CN sin NCP=CN. 6, when 6 is 
small. The angle MPN is equal to the angle DCE, that 
is, to v//d. Thus, MN=PNx ZMPN=(CN. 6. v7#/J), and 
MN/#=CN.@. (v//). Then, remembering that 6=7/Z, it follows 
that— 

centripetal torque = mi : : ; ; = 710". e 

The only applied forces which exert a torque about the point 
C, are (1) the downward pull of gravity mg, exerted at the 
centre of the disc ; and (2) the equal force, acting vertically 
upwards at the point D on the rim of the disc. The resultant 
torque about C may be called the gravitational torque ; then— 


gravitational torque = mgré = mgr. (r//). 


This torque acts in an anti-clockwise sense, about an axis 
perpendicular to the plane PORS. 
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Since the applied torque must be equal to the resultant of the 
torques necessitated by the motion of the disc, it follows that— 


r vv + 
mgr —= mk? — — + mv". —. 
er) Pal, Z 


In this equation, v is the only unknown quantity ; and— 


V2 
v= ifoe[(E+1)} 
Thus, for a disc, inclined at a small angle to the vertical, to roll 
steadily along a horizontal plane, the velocity of the centre of the 
disc must have a definite value. When the disc is uniform, (£?/7*) 
=(1/2), and— 


v= /(2g7r/3). | 
For a uniform circular hoop, #2=7?, and— 
v= J/(gr/2). 


When the velocity of the disc has the critical value just determined, 
the disc will roll along the plane without any alteration in its inclination 
to the vertical ; in this case, the gravitational torque is just equal to 
the resultant of the centripetal and gyrostatic torques necessitated by 
the motion of the disc. When v is greater than the critical value, the 
disc can only roll with its plane vertical ; in this case the disc travels in 
a straight line, and each of the torques discussed above becomes equal 
to zero. When vz is less than the critical value, the gravitational torque 
is greater than the resultant of the centripetal and gyrostatic torques, 
and the inclination of the disc to the vertical increases continually, 
while the radius of the path described by the disc decreases, until the 
disc finally falls on the plane. The phenomena discussed can be 
observed by rolling a coin along a flat table ; when the speed of the 
coin is high, the plane of the coin remains vertical, and its path is a 
straight line ; when the speed falls below a certain value, the coin 
travels along a spiral of constantly increasing curvature, and its plane 
continually falls away from the vertical; finally the coin falls flat on 
the table. 
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QUESTIONS ON CHAPTER IV 


1. A gyrostatic pendulum comprises a thin rod, 100 cm. in length, 
weighing 500 gm. ; a wheel is attached to one end of the rod, so that 
it can rotate about the rod as axis, and the mass of the wheel is equal 
to 500 gm., which may be considered to be at a uniform distance of 10 
cm. from the axis of rotation. The end of the rod remote from the 
wheel is attached, by a universal joint, to a firm support. Calculate 
the period of a small conical oscillation of the pendulum, when the 
wheel is rotating about its axis at the rate of 600 rotations per 
minute. ‘ 

2. A uniform circular disc, of 10 cm. radius, is spun as a top about a 
thin rod which projects axially through the centre of the disc to a 
distance of 10 cm. on either side. Calculate the smallest angular 
velocity which must be imparted to the disc in order that it may spin 
steadily with its axis inclined at a small angle to the vertical. At what 
rate will the axis precess when the disc spins at the rate of 10 rotations 
per second? (Neglect the mass of the rod.) 

3. A wheel-barrow is to be wheeled round a curve; why is it 
advisable to tilt the barrow towards the concave side of the curve ? 

4. A bicycle of the old fashioned type, with a front wheel 6 ft. in 
diameter and a very small hind wheel, is to be ridden on a smooth 
horizontal road. What is the minimum speed at which this can 
be done, if the moment of inertia of the front wheel is equal to 
200 Ib. ft.”, the mass of the rider and bicycle being equal to 200 Ib., 
and the centre of gravity of the rider and bicycle being at a height of 
6 ft. from the ground ? 

5. A paddle steamer is steered round a curve; prove that the 
gyrostatic properties of the paddle wheels will cause the steamer to tilt 
towards the convex side of the curve. 

6. The speed of an engine can be prevented from fluctuating rapidly, 
by providing the engine with a massive fly-wheel. Why are such fly- 
wheels seldom provided for marine engines, although constant speed is 
as desirable in a marine as in a land engine? 

7. Would a ship be prevented from pitching or rolling, if a fly- 
wheel were fitted, in the ordinary manner, to an engine carried by the 
ship? Discuss the possibility of preventing the rolling of a ship by 
means of a fly-wheel supported in a suitable manner. 


CHAPTER V 
GENERAL THEORY OF OSCILLATIONS 


Reduction of observations.—Simple harmonic motion is the 
type of oscillatory motion which can be investigated mathe- 
matically with the greatest ease. In Chapter III, a number 
of problems, relating to oscillations, were solved by making 
certain assumptions in order to reduce the mechanical condi- 
tions to those appertaining to simple harmonic motion ; it now 
becomes necessary to determine the magnitude of the errors 
thereby introduced into the results obtained. In general, we 
shall find that observations must be multiplied by certain 
factors, in order to allow for the discrepancy between the actual 
conditions under which an experiment can be performed, and 
the ideal conditions assumed in the simplified mathematical 
investigations ; this process enables us to reduce observations 
made under experimental conditions to those corresponding to 
ideal conditions, and consequently is called the reduction of 
observations to ideal conditions. 

Reduction for finite arc of swing.—In investigating the 
motion of the pendulum, it was assumed that the arc of swing 
is small (p.95). Inthis case the restoring force called into play 
is approximately proportional to the displacement, and the 
smaller the arc the closer is the approximation ; therefore the 
results obtained are absolutely true for infinitely small arcs, 
but only approximately true for finite arcs of swing. We 
cannot observe infinitely small arcs of swing, and therefore we 
must reduce observations made on finite arcs, to the conditions 
corresponding to infinitely small arcs. 
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Let A, Fig. 56, be the position of equilibrium of the bob, and 
let C be the point to which the suspending filament is attached. 
Let B be the position of the bob at the extremity of an 
oscillation, the angle of oscillation ACB being equal toa. In 
the absence of friction the bob will swing symmetrically about 
A, and it is obvious that the period of a complete oscillation is 
four times as great as the time which elapses while the bob 


Fig. 56.—The motion of the bob of a simple pendulum. 


travels from B, where it is for an instant stationary, to A, where 
it acquires its maximum velocity. Hence, we must calculate 
the time which elapses while the bob travels from B to A. 

Let us first determine the velocity acquired by the bob when 
it arrives at D, a point intermediate between B and A. 


From B and D draw perpendiculars to CA, cutting that line in the 
points Eand F. Then if EF=4, the kinetic energy of the bob when 
at D is equal to the potential energy lost in travelling from B to D, 
that is, to gh; therefore, if the linear velocity of the bob has the 
value v, we have— 

4mv* = meh, 


7. VS N/2gh. 
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Let CB=Z. Then, if z ACD=8, 
h = 1(cos @—cosa) ; 


ON = ed) Ae 
and writing cos @ = I—2 sin’, and cosa = I —2sin?-, 
2 

we have— 


sagt} et) 
Ip 2 (sin? - sin’). 
2 2 


Produce AC to G, where it cuts the circle drawn with C as centre 
and CA as radius; and join B and DtoG. Then z AGB=a/z2, and 
ZAGD=8@/2. Join Band D to A; then each of the angles GBA and 
GDA is a right angle, and— 


AB = AGsin(AGB) = 2/sin® while AD = alsin’. 
Thus— 
aoe! = @\* se ONS aE 2 ) 
h= 5 { (zzsin ) = (2/sin 2) J = yy (AB)e- (AD). 


With A as centre, and AD as radius, describe the arc DH cutting AB 
in H (to avoid confusion, this and the remaining parts of the con- 
struction are drawn separately in Fig. 57). Then— 

jp = (AB? — (AH) = = (AB+ AH)(AB- AH) 


af 
= 57 (AB+AH)(HB). 


With A as centre, and AB as radius, describe the semicircle BKL, 
cutting BA (produced) in L. 


ee TTR 
: h =>, (HKY, 


From H draw HK perpendicu- | 
lar to BA. Then Gs 
(HK)?=(LH) x (HB) | Va 
=(LA+AH)x HB Picea t SAS 
=(AB+AH)(HB)— oN | My oss 
¢ \ Ty y . 


and 


v = Nogh = HK JE. 


‘ 
' 
1 
' 
1 
1 Ber mal 
a) 
\ 
‘ 
\ 


We have now obtained ants | 
a geometrical construction, L-- 
by means of which the Fic. 57.—Details to be added to Fig. 56. 


- 


exact velocity of the bob, 

at any point in its path, can be determined. Let D’ be the 

position of the bob a very short time after it passes through D ; 
L 
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then if DD’ is sufficiently small, the velocity of the bob will be 
uniform over the path DD’, and the time occupied in travelling 
from D to D’ can be found by dividing DD’ by the value of v 
obtained above. 


Find the points H’ and K’ corresponding to D’, by the construction 
previously employed in obtaining H and K. 70 a@ first approximation, 
DD/=HH’. Draw KM perpendicular to H’K’ ; then HH’=DD’=KM. 
Join K to A, and let 4 BAK=9. Then the approximate time which 
elapses while the bob travels from D to D’— 


ia Tes SOU l KM 
a ge HK W™ g’ AKsing’ 

and since 4 KK’M= z KAB=@, and KM/sin@=KKX’, we find that, 

to a first approximation, the bob travels from D to D’ in the time— 
wi KK’ 
eg AK" 
From A draw AN perpendicular to AB, cutting the semicircle BKL 
in N. Divide the quadrant 
NKB into 2 small elements, 
each equal in length to KK’; 
from the points of division drop 
perpendiculars on to AB, and 
(with A as centre) draw circular 
arcs, passing through the points 
of intersection of AB (Fig. 58) 
similar to the arcs HD and 
H’D’. We have divided the 
arc BDA into z elements, each 
of which corresponds to an ele- 
ML ment of the chord BA, just as 
aa DD’ (Fig. 57) corresponds to 
HH; and if we assume that 
each element of the arc BDA 
is equal to the corresponding element of the chord BHA, the time 
occupied by the bob in travelling over each of the 2 elements of the 


arc is equal to— 
: ft KK’ 
Ng) BK’ 


and therefore the time which elapses while the bob travels from B to A— 
i oe [i nxKK’ fi 


Fic. 58.—Details to be added to Fig. 56. 


v 
SIN AK  ¢° AK “eM aiat 
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since 7 x KK’ =the quadrant BKN. Consequently, the time occupied 
by a complete oscillation of the bob=2mN(Z/g), the result obtained by 
assuming that the oscillations of the bob are of the simple harmonic 
type (p. 95). 


To determine the exact time required for the bob to travel 
from B to A, we must take account of the fact that the elements 
into which the arc BDA has been divided are not exactly equal 
in length to the corresponding elements of the chord BHA. Let 
an element of the arc BDA be / times as long as the corres- 
ponding element of the chord BHA; then for .the various 
elements of BDA, the value of # will vary from unity at A to 
a value somewhat’ greater than unity at B; the time which 
elapses while the bob travels over an element— 


i _b. KK KK’ 
re a 
and the time which elapses while the bob travels from B to A— 


[= 2 KK’ x average value of p between A and B 
ae NV AK 


= oe . x average value of p between A and B. 


We must now de- ae 
termine the average eats Pia Mw meas te 
value of # for all ial [s 1h 
elements between A ye ony ae 
and B. a | ay ‘ 


Jom D to C, and / 
join D and D’ toG /f 
(Fig. 59; the lettering ! 
of the diagram agrees { Cc 
with that of Figs. 56, | 
57 and 58). Let DA \ 
cut D’G in the point 
P; then by making 
DD’ as small as we 
please, we can make 
DP as nearly equal to 
HH’ as we please. 
Also, GD is perpen- 
dicular to AD, and CD Fic. 59.—Details to be added to Fig. 56. 


L2 
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is perpendicular to DD’; hence 2D’/DP = zGDC = 96/2. Thus 
HH’=DP=DD’cos 6/2, and the ratio of the element DD’ of the arc 
BDA, to the corresponding element HH’ of the chord BA, is equal to 
1/cos(@/2). 

The average value of 1/cos (0/2) for all the elements of the arc BA 
can be found with various degrees of approximation. To the first degree 
of approximation the value is unity; we have already used this 
approximation. We may proceed as follows when the second degree 
of approximation is required ; that is, when a is so small that powers of 
sin (a/2) above the second may be neglected— 


I I 6 
— =. SO i Pe ole ie 
6 ( 1) Fa autor 
cos — I — sin?— 
2 2 
: I 
When @=0, sin@=o, and —— = 1, 
cos — 
2 
I : 
When =a; = 1+4sin? 2, 
) m2 
cos — 
2 


Taking the arithmetical mean of these values, we obtain a second 
; 6 6 Pe, 
approximation to the average value of 1/cos = between the limits @=o 
and @=a; namely, (1 +4 sin? *). Writing sin (a/2)=a/2, this becomes 

equal to {1+ (a”/16)}. 
Hence, if T, is the period of oscillation of a simple pendulum — 


when the angular amplitude is equal to a, while T, is the period 
of oscillation of the same pendulum when the arc of oscillation 


is infinitely small, 
a2 
T= Ts (: an =); 


the result originally obtained by Bernouilli. 
Ii, as is generally the case, we wish to determine T, from the 
observed value of T,, we have— 


T= 


2 
=, =1.(1-5 ith, © ee 
re a 
16 
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If, during the experimental determination of T, the amplitude 
varies from a, to ay, it is best to use the reduction factor— 


aA 
(1 = Ge 5 

By the use of the calculus, the reduction factor can be 
determined in the form of a series.1_ The simple reduction factor 
given in (1) above, is all that is requjred for experimental work, 
where the arc of oscillation a is always small. 

To obtain an idea of the value of the reduction factor in 
definite circumstances, let a=10°=0'174 radian. Then— 


az 


I-76 = 1 -0°0019. 
That is, the observed period of oscillation must be diminished 
by about o'2 per cent. in order to obtain the period for an 
infinitely small arc of oscillation. 

The same reduction factor must be applied to the period of 
oscillation of a magnet in a magnetic field. In the case of the 
bifilar suspension, a further correction would be required, owing 
to the fact that the ends of the suspending fibres attached to the 
oscillating body move on the surface of a cylinder, instead of in 
a plane (p. 107). 

Observations of torsional oscillations require no reduction 
factor, so long as the oscillations do not strain the wire beyond its 
limits of elasticity ; and if they do, a reduction factor, based on 
the elastic properties of the wire, is required. 

Correction for buoyancy and inertia of the air.—If a 
pendulum is swung in air, it loses part of its weight owing to the 
buoyancy of the air; this loss is equal to the weight of air 
displaced (p. 35). Hence, if 7 is the mass of air displaced by 
the pendulum, an upward force vg will act on the pendulum at a 
point occupying the position of the centre of gravity of the air 
displaced, that is, at the centre of figure of the pendulum. The 
centre of figure will not coincide with the centre of gravity, 
unless the pendulum is homogeneous throughout. 

When a body moves through a fluid, the fluid must flow away 
from it in front, and up to it behind. Hence the mass of the 


1 Gibson’s ‘“‘ Elementary Treatise on the Calculus” (Macmillan), pp. 402 and 
432. 
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body is only part of the total mass which is moving. If the 
uid is frictionless, no energy will be dissipated owing to its 
motion ; when the velocity of the body increases, extra energy 
is conferred on the fluid, and this energy is returned to the body 
as its velocity slows down. Hence the dynamical effect of the 
surrounding fluid is to increase the inertia of the body (p. 20). 


Sir G. Stokes has shown that a sphere moving through a fluid has 
an effective inertia equal to its own mass, J/ws half the mass of the 
fluid that would fill the space occupied by the sphere. Thus, a spherical 
bubble of air rising through water possesses considerable inertia, 
although the actual mass of the air in the bubble is small. Let the 
spherical bob of a pendulum be of brass (density = 8-0), and let it swing 
in air when the density of the latter is equal to 070012. Then if V 
is the volume of the bob, its inertia will be equal to— 


W 
8V+o0-'0012. sas V(8*0006). 
Thus the surrounding air increases the inertia of the brass sphere 
by about I part in 10,000. 
It is only in a few special cases that the increase of inertia due to the 
surrounding fluid can be calculated with accuracy. 


The corrections for buoyancy and inertia, to be applied to the 
reversible pendulum, were first investigated by Bessel ; these 
corrections will now be discussed. 


Let 7 be the mass of the pendulum, and m, the mass of air displaced 
by it. When the pendulum is in the erect position, let its centre of 
gravity be at a distance 4, and its centre of figure at a distance s,, from 
the supporting knife-edge. Then an angular displacement a calls into 
play a restoring torque equal to 


mgl, SiN @— 14g5, Sin a = o(u27, — M2454) sina ; 


and when a is small, this reduces to g({ml,—m15,)a, so that the 
restoring torque per unit twist =(w7Z, — 72,5). 

The air carried along with the pendulum increases its moment of 
inertia by a small amount, say z,; thus the total moment of inertia of 
the pendulum = {7(7,2+ 4) +2}. To determine the period of oscillation 
T, in the erect position, we have— 


J m(1,2 +) +7, 
T= m2( 1 1 
esr a (ml, —my5,)? 
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++ 22+ 224 
Gey NS We i 
m m t 
124244 
mL My Sy 
= (1 ate Fm tad OM OeS ) 
4, me ab; 
ay. L2+h  724+22 mS) a (1) 
4 4 ml = mel, 


Here, terms containing products of 7z,/#z and z,, and powers of 2/72 
higher than the first, have been neglected, since 72/72 and 7% are very 
small quantities. 

When the pendulum is swung in the inverted position, let its centre of 
gravity be at a distance /,, and its centre of figure at a distance sy, from 
the supporting knife-edge. Then if the air carried along by the 
pendulum increases the moment of inertia of the latter by z, the 
period of oscillation T. in the inverted position will be given by— 

BO Se Re ore Re ay Sy) | a 
(272 | th,” nil, 


(2) 


Multiply (1) through by 4, and (2) through by 4, and subtract 
(2) from (1); then we obtain— 


Boley ape ien sv wages (pas py Sey yi So 
eat — Tah) = OP HP + (OP) — (UP 


ML 


Each of the quantities (4?+ 4°)/Z, and (2,°+2°)/4, which are found in 
the second and third terms on the right-hand side of (3), is multiplied 
by the small quantity 72,/7z, which is of the order of magnitude 
1/10,000 (p. 150); hence the magnitudes of these quantities need not be 
known accurately. The periods of oscillation T, and Ty, are nearly 
equal, and the approximate value of the length A of the equivalent 
simple pendulum is equal to (4+4) (p. 101). Thus, to a first 
approximation — 

Se Be ee 
eal lag Tp 


Substituting a for (42+ £)/Z and (/,?+ 4")//, in the correctiag terms on 
the right-hand side of (3), we have— 


(27) 


g 
2 


(T,?/, — Tyg) = 4? - 0? + cir ($1 — 5g) + — 


152 GENERAL PHYSICS FOR STUDENTS CHAP. 


Dividing through by (4 — 4), we have— 
& TP - Tee 
(2m)? 4 - ty 


NtjK Sy—So 2, — 2 
2 ~h=- w—F) 


=ht+tht 


(4) 


The method used in manipulating the terms on the left-hand side of 
this equation was explained on p. 102. 


The position of the centre of figure can be determined geo- 
metrically with a sufficient degree of accuracy to give the value 
of (s;—5); and 72,/7 is merely the ratio of the density of the 
air to the average density of the pendulum. Hence, the value of 
the first correction term on the right can be found. The value 
of the second correction term on the right can be obtained by 
using another pendulum identical in shape and 
dimensions with the first, but of different mass ; in 
this case (z;—7z,) will have the same value for both 
pendulums, but the other quantities will be different, 
and we obtain two simultaneous equations from which 
the unknown quantity # can be eliminated and 
(z,—z,) determined. The gross value of the two 
correcting terms on the right can be obtained also 
by swinging a single pendulum, first in air, and then 
in a vacuum ; then subsequent experiments made in 
air can be corrected, remembering that the gross 
value of the two correcting terms will vary with the 
density of the air, and therefore with the temperature 
and the barometric pressure. 

Equation (4) above indicates that if the pendulum 
is made symmetrical in form about its middle point, 
the two correcting terms on the right of (4) are 
|D eliminated, since in that case s,=S9, andz,=z,. This 

U. principle was utilised by Repsold in constructing his 
eects pendulum (Fig. 60). The two knife-edges A and 
pendulum. B were placed at equal distances from the middle 

of the pendulum, and one of the cylindrical portions, 
D, was made solid, while the other, C, was hollow. 

Correction for curvature of knife-edges.—If the knife-edge 
on which a pendulum is supported were quite sharp (that is, if 
the two faces of the knife-edge met in a geometrical line), the 
pendulum would rotate about an axis coinciding with the 
knife-edge. Such ideal conditions are impossible of attainment, 
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and therefore a correction becomes necessary for the imperfect 
sharpness of the knife-edges. Laplace pointed out that, to a first 
approximation, theknife-edges might be supposed tobe cylindrical 
surfaces of finite radius ; later, Bessel showed how error, due to 
imperfect sharpness of the knife-edges, could be eliminated. 


Let AB (Fig. 61) represent the axis of the pendulum, and DEF 
the section of the cylindrical surface of the knife-edge, the radius of 
curvature 7, being exaggerated very much. 


As the pendulum oscillates, the cylinder K 
DEF rolls to and fro on the plane surface D\A / F 
which supports it. This will not affect : ws ee 
the moment of inertia to any appreciable & We 
extent, for the instantaneous centre of i 

rotation is the point E where the cylinder / 


rests on the plane, and the distance from ' 
C, the centre of gravity of the pendulum, 


to E, is not sensibly different from the / 
distance CA; this can be seen if we ‘ 
imagine a small circular arc, with-C as Ie 
centre and CA as radius, to be drawn / 


through Aj; it will pass approximately 
through C, since it is perpendicular to hs 
CA, and so is the small arc AE. Re ene hee hoi 
Draw a vertical line through E, and perfect sharpness of the knife- 
produce CA to cut this line in K. Then edges of a pendulum. 
K is the centre of curvature of the knife- 
edge ; as the pendulum oscillates, the point K moves to and fro along 
a horizontal line. The restoring torque called into play by a twist a is 
found by multiplying mg, the force of gravity acting at C, into its 
perpendicular distance from the point E, and this distance is equal to 
(4+7,)sin a=(4+7,)a when ais small. Hence, the restoring torque 
per unit twist=mo(4+7). Thus for the period of oscillation T, in 
the erect position, we have— 
oor SE ae ee ae) (5) 
(ar)? +n a(t is 4 
1 
Let T, be the period of oscillation in the inverted position, and let 
7%» be the radius of curvature of the knife-edge on which the pendulum 
is supported in this position. Then— 
aoe EA (eee seo gaa aaa) 
(2m)? ly 
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Multiplying (5) through by 4, and (6) through by /, and subtracting 
(6) from (5), we have— 


(om aT PL, — Teg) = A? - LP +A(72- 14), 
where A is written for (4,2 4-27)/Z, and (/,2+°)/7, in the correcting term 
(compare pp. 101 and 151). 
: g Ty4-Tre 
“(2nP 4-G 
Now interchange the knife-edges, without altering the values of 4 and 
2 If Tj’ and T./ are the new periods in the erect and inverted 
positions, we have— 
ESRSSE Ne pi mh pean bese acl 8 
(ony ry erent Cea + cell opel) 
On adding (7) and (8) together, the correcting terms involving 7, and 
7 disappear, and the effect of imperfect sharpness of the knife-edges is 
eliminated. 


=Athtapa7 Big io ap GR) 


Hence most modern pendulums for the determination of ¢ have 
been made with interchangeable knife-edges. The ponclliaty 
constructed for the United States Coast and eG aedeut Survey had 
agate planes attached to it, and these were in turn supported on 
a single ae edge, so that only a single knife-edge was used, 
and 77= 

Vibration of point of support.—If a force be applied to the 
point from which a pendulum is supported, some displacement 
will be produced, and, in general, the displacement will be pro- 
portional to the applied force, and will become equal to zero when 
the force ceases to act ; hence, in general, the support is capable 
of vibrating under the control of the elastic force called into 
play by its displacement. The period of vibration will be equal 
to 2rNM/f,, where M denotes the inertia of the matter which 
vibrates with the point of support, and /, is the restoring force 
called into play by unit linear displacement (compare pp. 20 
and 94). 

Let P (Fig. 62) be the position of the point of support when 
the simple pendulum PA hangs in its position of equilibrium. 
When the pendulum is displaced on either side of its position of 
equilibrium, so that the supporting filament makes an angle } 
with the vertical, the tension of the filament is equal to 
mg/cos # (p. 89), and the horizontal force acting on the point 
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of support is mg tan d, which is equal to zg when ¢ is small. 
If the pendulum were maintained in its displaced position, the 
point of support would be shifted under K 
the action of the tension of the filament, fy 
and its new position of equilibrium, P’, iid Nest 
would be such that the displacement ay 
PP’=megq/f,. Hence, when the pendu- 
lum oscillates about A, the position of 
equilibrium of the point of support shifts 
from P to P’, while the bob moves from 
A to A’. 

The actual motion of the point of 
support will depend on its period of 
vibration ; for, when its position of 
equilibrium is shifted, it will commence 
to move towards its new position of Bie eens ere 
equilibrium, but it will not reach this support, the natural 
position until a time equal to a quarter of ace bea ae: 
its period of vibration has elapsed. When the pendulum. 
the period of vibration of the support is 
small in comparison with the period of oscillation of the pendulum, 
the support will follow the motion of the pendulum; that is, the 
displacement of the point of support at each instant will be 
proportional to the force exerted on it by the pendulum. 
When the pendulum makes a small angle @ with the vertical, 
it exerts a horizontal force equal to mgd on the point of 
support ; and since a horizontal force 7, applied to the point 
of support produces unit displacement, the displacement pro- 
duced by the horizontal force mg is equal to mgp/f,. 


Produce AP and AP’ to meet in K; then if z AKA’=q@, the dis- 
placement of the point of support=PP’=(mg/f,) x z AKA’. Thus, 
since 2 AKA’=PP’/KP— pp 

ye es 
Ee 
*, KP=mg/f,=85 (say). 

But the pendulum now virtually swings about the point K ; and if Zis 
the length of the supporting filament, the period of oscillation T of the 
pendulum is given by the equation— 


= 27 \/ PaGPS 


a 
5° 
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Hence, when the natural period of vibration of the suppori is less 
than the natural period of oscillation of the pendulum, the period of 
oscillation of the pendulum is lengthened. 


Now let us suppose that the period of vibration of the point of support 
is greater than the period of oscillation of the pendulum. While the 
pendulum bob is to the left of its position of 
PPP equilibrium A, it pulls the point of support 
+ zy toward the left, and therefore the velocity of 
the point of support in that direction increases ; 
that is, while the pendulum bob moves from 
A to A’ and back to A (Fig. 63), the point of 
support moves with increasing velocity toward 
the left, its maximum velocity being acquired 
as the bob moves from left to right through the 
position A. But an oscillating body acquires 
its maximum velocity as it moves through its 
A 4 * position of equilibrium ; hence as the pendulum 
F bob swings from left to right through its 
IG. 63.—Pendulum Pas Banat : 
swinging fromanelastic position of equilibrium A, the point of 
support, the natural gypport moves from right to left through its 
period of the support Ean SE ee, 
being greater than that position of equilibrium P; 
of the pendulum. As the bob moves from A to A” the force 
exerted by it diminishes the velocity of the 
point of support, and as the bob reaches A” the point of support 
comes to rest at P’, a point to the left of P. As the bob moves 
back from A” to A, the pull of the filament on the point of support 
causes this to move with increasing velocity toward the right ; and as 
the bob moves from right to left through A, the point of support 
moves with its maximum velocity from left to right through P. 
Hence the pendulum now virtually oscillates about the point of inter- 
section K of A’P’ and A”P”; and if PK=6, the period of oscillation T 
of the pendulum is given by the equation— 


7-6 


Qo 
5 


Tea 2m) 


Hence, when the natural period of vibration of the support is greater 
than the natural period of oscillation of the pendulum, the period of 
oscillation of the pendulum is diminished. The pendulnm bob and 
the point of support both execute simple harmonic motions of 
equal periods, but their phases differ by z. 

Oscillations of a coupled system.—When two bodies are 
connected together in such a manner that the displacement of 
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one alters the position of equilibrium of the other, they may 
be said to be coupled, and to constitute a coupled system. 
Thus a pendulum and its support constitute a coupled system, 
if the support is not perfectly rigid. The oscillations of such a 
system will now be studied in detail. 

We must first determine the acceleration corresponding to 
the maximum value of a simple harmonic displacement. 


It has been proved (p.86) that a simple harmonic displacement may 
be represented by the equation— 
y =asin 6, 
where @ is the instantaneous phase-angle. The corresponding velocity 
is given by the equation— 
a a Sa) 
—iGet—9 COS|O, 
v T 
The maximum displacement corresponds to a phase-angle of 1/2 or 
37/2, and the velocity corresponding to either of these phase-angles is 
equal to zero. The acceleration is the rate of change of the velocity 


(p. 10). At a given instant, let the phase-angle be equal to (Z -5), 
where 8 is very small ; and after a time / let the phase-angle be equal to 
(Z +4). During the time / the phase-angle has increased by 6; 


since the phase-angle increases at a uniform rate of (27/T) per second, 
it follows that B=(27/’/T). Meanwhile, the velocity has increased 


from— 
(2) (< 2 ) = a (=) sine 
ON Jces | a= = T = 


(=) (2 BNes a (7) sin 8 
to a( =) cos(7 +5) = T a 


; , : 2r\ .. B 
and therefore the increase in the velocity = — 2a (=) sin > 
2 F : 
=- ax . B, since & is small. 
: Eeod ( 20 a) eh gens 
.°. Rate of increase of velocity = — aoe T a Tt): 


The. negative sign indicates that the acceleration is toward the 
origin. 

Thus the numerical value of the acceleration at the extremity of 
a simple harmonic oscillation is found by multiplying the linear 
amplitude by (27/T)*. (Compare p. 92.) 
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Let us now investigate the oscillations which can be performed by a 
simple pendulum and its support. Let the inertia of the support=M, 
while the restoring force called into play by unit displacement of the 
support=f,. Then the natural period of vibration of the support =T,= 
arn M/A. 

Let the bob of the simple pendulum have a mass 7, and let the 
distance, from the centre of gravity of the bob to the point at which the 
filament is attached to the support, be equal to 7% Then the natural 
period of oscillation of the pendulum=T, = 27 Nile. 

Let the positions of the pendulum bob and the point of support 
be represented A’ and P’ (Fig. 62), when the bob is at its position of 
maximum displacement ; and let the period of oscillation common to 
the pendulum and its support be denoted by T. Then if the pendulum 
makes an angle a with the vertical, and PK=6 as before, the linear 
amplitude of the vibration performed by the point of support = PP’=6a, 
and the acceleration of the point of support is in the direction from P’ to 


P, and is equal to— 
(2)3 
Gage 


The inertia of a moving body, multiplied by its acceleration, gives 
the resultant force acting on the body (p. 20), Now, the forces acting on 
the support are (1) the restoring force fda, acting in the direction P’P ; 
and (2) the horizontal component of the tension of the pendulum 
filament, equal to ga, acting in the direction PP’, Hence, equating 
the product of the mass and the acceleration of the support, to the 
resultant force acting on it, we have— 


2 
M (=) da = fda — mga, 


2a \ 
De M (27) 9 = f3-mg Ae eG ES): 


The linear amplitude of the oscillation executed by the pendulum 
bob = AA’ = (/+8)a. Hence, equating the product of the mass and 
the acceleration of the bob, to the horizontal component of the tension 
of the filament, we have— 


2mn\2 
m (2) (7+8)a = mga, 


a (2) ura =e. 2! 2 aS 


From (1j— 
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Substituting the value of 3 ( (2), we have— 


20 m2 
e Me ee) weeles 


=e |, 
ye @ af" 


In this equation, substitute Z/g = (T,/27)?, and /4/M = (2z/T,)? 
Then— 
m 
M | 


(F) Cee 
male) ic a) LG)+ Ge) +e (a) 


+ (F) (GZ) => 
Cancel 27, and substitute— 
= (IDs V2a5 SS patel a es 


Here, 7, 2,, and 7, are the frequencies (p. 84) corresponding to the 
periods T, T,, and T;, Then— 


m 
so Poe, Ss 2 25,2) 
n*—n (» +2 + we’? Jem eS Ch oo eee XB) 


Equation (3) is a biquadratic in 2, the frequency of the oscillations 
possible to the pendulum when coupled to the support ; it may also be 
looked upon as a quadratic equation in 7°. 

If a quadratic equation has two positive roots, say a and 4, it can be 
written in the form— 

(~-a)(x-6) = 03 
for this equation is satisfied by putting «=a, or x=é, and by no other 
values of x. Then— 
Ce (at b)e-abie= Ove ae “ence (42 (4) 

This is an equation of the same general form as (3), if 7? is treated as 
the unknown quantity. Hence, there will be two positive values of 727 
which will satisfy (3) ; let these values be 7, and 7%. Then 7,” and 
722 in (3) correspond to a and 4 in (4), and therefore — 


9 
QTE Eth tes 


INI iy Meier ape stalin hot le. ber ra. (5) 
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Negative values of 7, and 7, are excluded, as being irrelevant to the 
problem in hand. Also— 


a WE 
my? +g? = 1," + ne + Hemp rata erie! (2) 


Adding 272,72 to the left-hand side, and the equal value 2727, to the 
right-hand side of (6), we have— 
(12 + 2g)? = (2p + 125)? + aa 


M 


/ Mm, 
Petty Ay (p+ Ms) + x7 Mv - Sr iaecean 7p) 


Subtracting 272,75 from the left-hand side, and the equal value 272,72, 
from the right-hand side of (6), we have— 


My — 2a = A/ (pe) era a oe nO) 


Equations (7) and (8) suffice to determine the values of 7, and 7p, 
The other two roots of the biquadratic (3) are merely ( —72,) and ( — 79), 
and these negative values are discarded as being irrelevant to the 
problems in hand. 


2 
ee 


Now, we have found two values, 7, and 7, for the frequency 
of the oscillations executed by the coupled system. The 
meaning of this result is as follows. The pendulum drives the 
support, and they both oscillate with a frequency 7,, which is 
greater or less than the natural frequency of the pendulum, 
according as the natural frequency of the support is less or 
greater than that of the pendulum (p. 155). But the support also 
drives the pendulum, and they both oscillate with a frequency 
My, which is greater or less than the natural frequency of the 
support, according as the natural frequency of the pendulum is 
less or greater than that of the support. Hence 7, may be 
called the modified frequency of the pendulum, and 7, the 
modified frequency of the support. 

The following graphical method of determining 7, and 7, 
from (5) and (7) will make the nature of the solution clearer. 
Let AB (Fig. 64)=2,, the natural frequency of the pendulum. 
Produce AB to C, and make BC=~,, the natural frequency of 
the support. On AC as diameter, draw the circle ADC: 
and through B draw BD perpendicular to AB. From 
A draw AF perpendicular to AC, and equal to »/7/M x AB. 
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Join FC ; and with D as centre, and (FC/2) as radius, describe 

an arc cutting AC in a point (not marked in Fig. 64) which is 

used as centre in describing the circle A’DC’ through the point 

D ; then 2,=A’B, and 2,=BC’. 

ee (A’B) X (BC’) = = (BD)? = ABx BC, which satisfies (s). 
so 


AC’ = FC = n/ (acy + 2 (ABY, P+ 5 (AB), 


which satisfies (7). In Fig. 64, AB=z, is greater than BC=”, ; 
that is, the natural frequency of the pendulum is greater than 
that of the point of 
support. Accordingly, 
A’B, the modified fre- 
quency of the pendulum, 
is greater than AB, its 
natural frequency ; and 
BC’, the modified fre- 
quency of the support, is 
less than BC, its natural 
frequency. 

It remains only to 
determine the ampii- 
tudes of the oscillations 
simultaneously exe- Fic. 64.—Graphical method of determining the 
cuted by the pendulum. oscillation frequencies of a coupled system. 
Let the oscillations be 
started by pulling the pendulum aside through a distance A 
from its position of equilibrium, and then releasing it ; at the 
moment of release, both oscillations of the pendulum must be 
at their positions of maximum displacement. 


Fy. 


Therefore, if a, and a are the respective amptitudes of the oscillations 
of the pendulum, performed with frequencies 7, and 7, we have— 


feta <> Gc et  eeens), 


Let A’ be the initial displacement of the point of support; at the 
instant when the pendulum is released, the restoring force, fA’, called 
into play by the displacement A’ of the support, is in equilibrium with 
the horizontal component of the tension of the filament, mgp, where ¢ is 

M 
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the small inclination of the filament to the vertical. Then ¢=(A-A’)/Z, 
and — 


fe (Arf se eal muah lorie 5 G5) 
if Z 

Since the frequency. is equal to the reciprocal of the period of oscil- 
lation, the acceleration corresponding to the maximum displacement 
a, of the oscillation of frequency 7, is equal to (277,)?a,; the corre- 
sponding acceleration for the oscillation of frequency 7=(2m79)?ap. 
The mass of the pendulum bob, multiplied by the sum of these 
accelerations, gives the horizontal force acting on the bob at the instant 
when it is released.  Thus— 


mg 
m\(2072,)?a, + (27729)"ay = ae (A- IN) LORI ai d 
Z me 
Ts 
from (10) ; 

*. (2172,)?a, + (27719)?ay = Az : fr SAS. satay 

Z f nig Us ame £ 

ae? ey 


‘ M 
Substitute g// = (zmz,)*, and — = 1/(2m7,), and we obtain— 
1 
(arti) a aah Dy 


(2m72)?a, +(2772)?a, = A 5 
ee Mt (4) 
M \z, 


Also, as already proved— 
a@+a,=A. 


Solving these simultaneous equations for a, and a,, we obtain— 


{(2mm)? — (2ny)ha, = ae on (t is re . (12) 
“2 
{(onm)® — (2n7g)%.ay = Af (2mm)? - ZR) (43) 
My c= 
| a ME =) J 
Experimental study of the oscillations of a coupled 
system.—A very simple experiment will suffice to illustrate the 


results obtained in the foregoing investigation. A boxwood 
metre scale AB, Fig. 65, is clamped in a vice, in a vertical 
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position. The upper end of :thescale is weighted with two 
circular half-kilogram weights, W, in the manner shown in 


detail to the right. A cork C, that 
fits into the cylindrical hole in the 
middle of the weights, is slotted so 
as to fit on the end of the scale; 
two wooden wedges clamp the 
weights to the scale. A pin, P, fixed 
in the cork, supports a simple 
pendulum consisting of a small 
mass, M, hung from a piece of 
cotton. The weighted metre scale 
forms an elastic support, which 
can be adjusted to vibrate in any 
desired period by varying the point 
at which it is clamped in the vice. 


EXxpT,. 15.—For the simple pendulum, 
use a ten gram weight, supported by a 
piece of cotton a metre in length. 
Support it on a firm retort stand, and 
adjust the weighted metre scale so that 
its period of vibration is equal to the 
period of the pendulum. Mang the 
pendulum from the pin P, pull it aside, 
and then release it. 

The character of the oscillations 
of the coupled system can be derived 


with ease from the foregoing investigation 


Fic. 65.—Experimental arrange- 
ment for the study of the oscil- 
lations of a coupled system. 


Assuming that the inertia of 


the support is sensibly equal to the mass of the two half-kilogram weights, 


we have #/M=1/100. 


Let n be the natural frequency of oscillation 


common to the pendulum and its support ; then in equations (7) and (8), 


p- 160, 7,=7,=N. 


Solving these equations for 7, and 7, we find 


= 200272, 


oo 


that— 
+My = J 2n)? + 
[ee ; 
2 - My = \ Read O'17. 
a, = Toon 
Ny = 0'95n. 
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Substituting these values in equations (12) and (13), p. 162, we find 
that— 


— (o" 2 
a Tere 95! _ 9-09 
a I O’ll 
2 (1°05)? - arises 


Hence, the pendulum executes two simple harmonic oscillations 
simultaneously, the frequency of the quicker oscillation being 
about 5 per cent. greater, and that of the slower oscillation being 
about 5 per cent. less, than the natural frequency of the 
pendulum. The amplitudes of the two oscillations are nearly 
equal, the quicker oscillation having an amplitude slightly 
smaller than that of the slower oscillation. 

On pulling the simple pendulum aside and releasing it, the 
two oscillations executed by it start in the same phase. But the 
phase of the slower gradually falls behind that of the quicker 
oscillation, and when five oscillations have been completed the 
difference of phase amounts to 7 ; that is, the displacement due 
to the slower oscillation is in the opposite direction to that due 
to the quicker oscillation, and as the two amplitudes are nearly 
equal, the pendulum practically comes to rest. 

Let us now turn our attention to the support. On releasing 
the pendulum, the displacement of the support is small. The two 
oscillations executed by the support start in opposite phases : 
the slower oscillation of the pendulum drags the support after it 
in the manner indicated by Fig. 62, p. 155, and therefore the 
slower oscillations of the pendulum and support are in the same 
phase; but the quicker oscillations of the pendulum and support 
are performed in the manner indicated in Fig. 63, p. 156, and 
therefore they are in opposite phases. Hence, when the oscil- 
lations of the pendulum neutralise each other, and the pen- 
dulum comes to rest, the oscillations of the support just come 
into phase, and the oscillatory displacement of the support 
acquires its maximum value. 

In the next stage, the slower oscillation of the pendulum 
continues to lag more and more behind its quicker oscillation, 
until their phase difference amounts to 27, when the pendulum 
again acquires its maximum arc of swing ; simultaneously, the 


support comes to rest, its two oscillations being once more in 
opposite phases. 


v COUPLED SYSTEM 165 


Hence the two oscillations of the pendulum cause it to come to 
rest periodically ; this phenomenon, which is essentially similar to 
that known as dea¢s in connection with experiments on sound, 
can be easily observed by the aid of the device depicted in 
Fig. 65. In the absence of friction there would be no loss of 
energy : when the pendulum comes to rest, its energy has been 
communicated to the support ; and when the pendulum acquires 
its: maximum energy, the support is stationary. 


Let us assume that the two oscillations, executed simultaneously by 
the pendulum, are equal in amplitude, that is, let a, =a,=a. Then the 
displacement of the pendulum, at a time / after the commencement of 
the experiment, is given by the equation— 


y=asin2n 2,¢+ asin 2rn¢ 


Z 21, + 22. Ny, -1 . Ny +n 
= af sin (ex sit + 20 ey + sin (20, 2 


= 2a sin (er” ait, ) cos (2r™ ma) 
= {22 cos(2n at) sin (2 tas ) ay (ra) 


Equation (14) may be interpreted as representing an oscillation of 
frequency (72, + 72)/2, the aac being variable and equal to 


—No 
2a cos yan lies. FA =t 


24 — “)\ 


1, —1n. T 7 o7 
When 2 ee OY 3 5 &e., 
2 2 APP 
2 I 
that is, when ¢ = oo See ihe &C,, 


2(72; — 129)’ 2(721 — 7g)? 2(221 — 2g) 


the amplitude becomes equal to zero. When the oscillation frequencies 
of the pendulum and its support are equal (that is, 7,=7,=n) the 
value of (7, — 7g) is equal to n/(m/M) from equation (8), p. 160. In 
the experiment at present under discussion, (7z/M)= 1/100, and therefore 
2;—% =n/10. Also, in this case (7,+ 2) is very nearly equal to 2n. 
Therefore, the displacement of the pendulum, at the time ¢, may be 
represented to a close approximation by the equation— 


n ; 
7 = { 22 cos( 2m 2,)} sin 2rn/é, 
20 
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Consequently, the amplitude waxes and wanes, passing through 
a complete cycle while the pendulum executes 20 oscillations ; 
thus the pendulum comes to rest periodically at intervals equal 
to ten times its period of oscillation. The; oscillations executed 
are represented graphically in Fig. 66. The dotted wave 
curve represents the variable amplitude ; the actual oscillations 
of the pendulum are represented by the full line curve’ An 
attentive examination of the diagram reveals the fact that at 
every “beat” the pendulum loses half an oscillation ; this loss 
can. easily be observed, using the apparatus described above. 
Were it not for this loss of half an oscillation at each beat, the 
oscillations of the pendulum would be indistinguishable from a 


Fic. 66.—Graph of the oscillations executed by a member of a coupled system. 


simple harmonic motion of which the amplitude periodically 
waxes and wanes, 

Oscillations of an ordinary pendulum.—The results 
deduced from the foregoing investigation, so far as they refer 
to the conditions under which, in general, the oscillations of 
a pendulum are observed, may be summarised briefly as 
follows :— 

1. The pendulum will simultaneously execute two simple harmonic 
motions of different frequencies. In general, the natural frequency 
of the support will be much greater than the natural frequency 
of the pendulum : thus, the quicker oscillation of the pendulum 
will have a frequency somewhat greater than the natural 
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frequency of the support, and the slower oscillation will have a 
frequency less than the natural frequency of the pendulum. 
This can be proved readily by the aid of Fig. 64. 

. 2. The smaller the ratio (7z/M), the more nearly do the oscil- 
lation frequencies of the pendulum agree with the natural 
frequencies of the pendulum and the support. This, also, can be 
proved by the aid of Fig. 64. 

3. The amplitude of the oscillation of greater frequency will be 
small in comparison with the amplitude of the oscillation of smaller 
frequency; in other words, the oscillation. which is executed with 
a frequency approximately equal to the natural frequency of the 
pendulum will have a much larger amplitude than that which is 
executed with a frequency approximately equal to the natural 
frequency of the support. 


In equations (12) and (13), let 7z/M be very small; that is, let the 
mass of the pendulum bob be very small in comparison with the inertia 
of the support. Further, let 7,, the frequency of vibration of the 
support, be very great in comparison with 7p, the frequency of the 


pendulum. Then— 
Eat). 
M \z, 


will be negligibly small in comparison with unity. 

Let a, be the amplitude of the oscillation executed with the frequency 
m,, agreeing approximately with the natural frequency 7, of the pendu- 
lum ; and let a, be the amplitude of the oscillation executed with the 
much greater frequency 72, agreeing approximately with the natural 
frequency 7; of the support. Then from (12) and (13) (p. 162)— 


n, is slightly smaller than 7, so that the denominator of the fraction 
on the right-hand side is a very small negative quantity. Also, 7» is 
very much greater than 7,, so that the numerator of the fraction is a 
very large negative quantity. Hence a/a, is a very large positive 
quantity. 

We conclude, therefore, that the inertia and the frequency 
of vibration of the support of a pendulum should both be 
as great as possible; in other words, the support should be 
massive and rigidly constructed. In these circumstances, the 
quicker oscillation executed by the pendulum will have an 
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amplitude which is negligibly small, and the slower oscillation 
will be executed in a period only slightly longer than the true 
period of the pendulum. 
Compound pendulum with elastic support.—Having deter- 
mined the conditions which must be complied with by the 
support of a pendulum, in order 
| that the oscillations of the 
pendulum may be _ interfered 
with as little as possible, it now 
becomes necessary to determine 
the correction that must be 
applied to the experimental 
results obtained, in order that 
the effects produced by the 
yielding of the support may 
be eliminated. 


Let Fig. 67 represent a body 

mg oscillating about the point P. The 

J oscillating body obviously exerts a 

Fic. 67.—Compound pendulum swung _- Variable force on the support at P ; 

from an elastic support. this force is equal and opposite to 

that which the support exerts on the 

body. Let us determine the value of the force exerted on the body at 

the instant when it is at the extremity of an oscillation of angular 
amplitude a. 

Let G be the centre of gravity of the body, and let the line PG be 
called the axis. If mm is the mass of the body, the force of gravity, 
acting vertically downwards at G, is equal to mg ; and the components of 
this force, perpendicular and parallel to the axis, are respectively equal 
to mgsin a and mgcos a, where a is the inclination of the axis to the 
vertical. Since a is small, the force perpendicular to the axis has the 
approximate value #ga and that parallel to the axis has the approximate 
value mg. The centrifugal force acting on the support at P is small, 
since it is proportional to the square of the angular velocity of the body, 
and the angular velocity is small. 

The support must exert on the body a force equalto — mg, in the 
direction of the axis GP produced. This, however, is not the only force 
exerted on the body ; for as the body oscillates to and fro, its motion may 
be resolved into a rotation about the centre of gravity G, and a linear 
motion of the centre of gravity (compare p. 55). When the body is at 
the extremity of an oscillation, its position being that represented in 
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= 


Fig. 67, it has just ceased to rotate about G in an anticlockwise sense, 
and is just about to commence to rotate about G in a clockwise sense ; 
hence a torque must act in a clockwise sense about G. Let F be the 
force exerted by the support on the body at P, in a direction perpen- 
dicular to the axis ; then if PG=J, the force F produces a torque F/ about 
G, and this is-equal to the rate at which the moment of momentum 
about G is increasing (p. 61). But the moment of momentum 
_is equal to the moment of inertia 42 about G, multiplied by the 
angular velocity ; and the rate of increase of the moment of momentum 
is equal to #* multiplied by the angular acceleration, and, at the end 
of an oscillation of angular amplitude a, the angular acceleration is 
equal to (27/T)?a (p. 157). Hence— 


77 = m}ty (2%) 
Fl = mia (=). 


At G apply two opposite forces, perpendicular to the axis, each 
numerically equal to F. The force F acting at P, and the equal 
but opposite force (— F) acting at G, merely change the angular velocity 
about G without affecting the linear acceleration of G(p. 40). The 
linear acceleration of G is due to the resultant of mga, acting from right 
to left, and the force F acting from left to right; that is, to (#ga—-F). 
Hence, since the linear acceleration of G is equal to the angular 
acceleration multiplied by 7, we have— 


2 
mga-F = mla( = ) 5 


2) "= mga — ¥ 
oe Ears 


niga — F 
ml’ 
.. F(2+#) = &. mga, 

je 


and Fl = mk? . 


von be cP eo 


Now, the resultant horizontal force exerted on the body by the support 
is equal to the resultant of the horizontal components of mg (the force 
parallel to the axis) and of F (the. force perpendicular to the axis). 
Hence the resultant force R exerted on the support by the body is given 


by the equation— 
R = mgsina-F cosa 
=mga—F, 


since @ 1s small 
( +é 
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If A is the length of the equivalent simple pendulum— 
Z 
A= Pe (p- Iol). 
Hence R= mga . 


We can now use this result to determine the correction which 
must be applied to observations made with a _ reversible 
pendulum, in order to eliminate error 
a) due to the yielding of the support 
| Let P (Fig. 68) be the position of the 
point of support when the pendulum 
hangs vertically. downwards ; and let P 
be the position of the point of support 
when the pendulum is at the extremity 
of an oscillation of angular amplitude a. 
Let the axis GP’ of the pendulum, when 
produced, cut the vertical through P’ in 
the point K; then K is the stationary 
point on the axis of the pendulum, and 
| mg the oscillations are executed as if the point 
K on the axis were fixed. Let PK=6,. 


Fic. 68.—Reversible pen- 
dulum swung from an 


elastic support. If unit force applied to the support pro- 
duces a displacement d, the displacement PP’ 
produced by the horizontal force R is equal to Ra, and therefore— 


PP’ = mgda 4, 


where 4 is the distance from P to the centre of gravity G of the 


pendulum in its ‘‘erect” position (p. 103)... 
/ 


Then a = — and therefore— 
1 


if 
iy SS er mga ~ 


When the pendulum is swulen2 the ‘‘inverted”’ position, the stationary 
point on the axis will be at a distance 5, above P, where— 


Z, 
5, = mga. 


If the periods of oscillation in the ‘‘erect” and ‘‘ inverted” 
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positions are not exactly equal, the values of A, in the formule for 5, and 
8,, will differ slightly ; but it is unnecessary to determine 6, and 6, with 
a very great percentage accuracy, since both of these quantities are 
small, and are finally added, as corrections, to much larger quantities. 
Hence in both cases we may write A=/, + 4. 


Let Ly = ht) =4(1 Paley (1472) 
7 x 
be See i(1 +e) 


In determining the potential energy of the pendulum at the extremity 
of a swing (p. 97), we must remember that the-centre of gravity moves 
in an arc of a circle of radius L, or Ly; also L, and L, must be sub- 
stituted for 7, and /, in the expressions for the moment of inertia of the 
pendulum in its erect and inverted positions. Hence, finally, we 
obtain the following formulee for the periods T, and Ty in the erect and 


inverted position— 
i capentlea neo 


& (2m)? = om ’ 
T? . L+H 
© (an? Fide 


- Dealing with these equations in the manner explained on p. 102, we 
obtain— 
Ane a oe ected 


eis Ay 4Ls) # a(ly=2,) 
In the first term on the right-hand side of this equation— 


 Sios (4 + ’ )( 1+ 98) 


= 444,42, 


since A= 4, + 4, to a first approximation. Now, d@ is the displace- 
ment of the point of support due to the application of a horizontal force 
of unit value ; hence #zgd@ is the displacement produced by a horizontal 
force equal to the weight of the pendulum. To determine this, the 
pendulum may be hung from one end of a cord which passes over a 
pulley, the other end of the cord being attached to the support so as to 
pull this in a horizontal direction ; the resulting displacement of the 
point of support can be measured with a microscope. 

In evaluating the term (T,?—T,”)/2(L,-—L,), which will. be very 
small, since T, and T, are nearly equal, we may write L;-L,=4-4, 
these quantities being measured in the manner explained on p. 103. 
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Damped oscillations.—In the foregoing investigations, it has 
been assumed that oscillations are performed under the action 
of an attracting force directed towards the position of 
equilibrium of the oscillating body. In this case there is no 
progressive diminution in the amplitude of the oscillations ; 
consequently such oscillations, when once started, would persist 
for ever. This, of course, is at variance with experience ; any 
oscillating body, if left to itself, comes to rest in a longer or 
shorter interval of time, since frictional forces—that is, forces 
which always tend to diminish the velocity of motion—cannot 
be eliminated entirely. Oscillations which progressively dimin- 
ish in amplitude are said to be damped. 

When a body moves through air at a velocity which does not 
exceed a few feet per second, it is acted on by a frictional 
opposing force which is proportional to the velocity. The air 
is pushed away from the body in front and flows up to the body 
behind (p. 149), with the result that contiguous layers of air 
move with different velocities ; the air being viscous (p. 2) or 
endowed with a property which opposes the relative motion of 
its parts, energy is dissipated in the form of heat, and therefore 
the body is acted upon by a force which opposes its motion. 
Even if a body oscillates in a vacuum, frictional forces are 
generally called into play ; thus if the body executes torsional 
oscillations about a wire to which it is attached, the twisting 
and untwisting of the wire produce relative motions in its parts, 
and the viscosity of the material of which the wire is composed 
causes a continual dissipation of energy. 

It is obvious that the effect of a force, which always 
opposes the motion of an oscillating body, is to cause the 
amplitude to diminish progressively. As the body moves from 
its position of equilibrium to the extremity of a swing, some 
energy is dissipated, and therefore the potential energy possessed 
by the body at the extremity of the swing is less than the 
kinetic energy possessed by it as it passed through its position 
of equilibrium (compare p. 94). Thus, a very small frictional 
force will cause the amplitude to diminish ata perceptible rate. On 
the other hand, a small frictional force produces but a small altera- 
tion in the period of oscillation. As the body moves from its 
position of equilibrium to the end of a swing, its motion is 
opposed, not only by the central force proportional to the dis- 


Vv DAMPED OSCILLATIONS 173 


placement, but also by the frictional force ; hence it reaches its 
turning point (that is, the position at which it is stationary for an 
instant) in a smaller time than would have been required had the 
frictional force been absent. As the body returns from the 
extremity of a swing to its position of equilibrium, its motion is 
accelerated by the central force and retarded by the frictional 
force ; hence the time occupied in this portion of the oscillation 
is longer than it would have been had the frictional force been 
absent. Thus, in going from, and returning to its position of 
equilibrium, the time required for the outward journey is 
diminished, and that required for the return journey is in- 
creased ; hence, since the diminution and increase are both 
small, the net result will be a very small alteration in the time 
required for each half oscillation. 

The properties of oscillations, controlled by a force propor- 
tional to the displacement from a fixed point, have been de- 
duced from the revolution of a body under the action of a central 
force proportional to the distances from the fixed point (p. 92). 
It follows that the properties of oscillations damped by a fric- 
tional force proportional to the velocity can be deduced from 
the revolution of a body about a fixed point, under the joint 
action of a central force proportional to the displacement from 
that point, and an opposing force proportional to the velocity. 
The characteristics of such revolutions have been explained 
previously (pp. 74 to 82) ; we can now apply the results obtained 
to the study of damped oscillations. 

Let a body P (Fig. 69) revolve about the fixed point O under the 
action of a central force directed toward O and equal to 4.x OP; 
together with an opposing force proportional to the velocity, and equal 
to « when the velocity has unit value; then the body will traverse an 
equiangular spiral ABCDE, with a uniform angular velocity w given by 
the equation— 


= fi 
w = sina Sh ’ 
where 7 is the mass of the body ; u is the angle of the spiral, and is 


given by the equation— re 


fm 

Let the motion of the body be resolved parallel and perpendicular to 
the axis JOH ; then the motion parallel to JOH is controlled only by 
the forces parallel to JOH. The component of the central force 


= K 
cosa = 5 Ny 
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Ki x OP, resolved parallel to JOH, is equal to /, x OQ, whee Q is the 
projection of P on JOH; this is a force proportional to the displacement 
OQ of the point Q from O. © Let the velocity of the body P be equal to 
v, and let the direction of this velocity make an angle @ with JOH. 
Then the opposing force acting on the body is equal to xv, and the 
component of this force, resolved parallel to JOH, is equal to xv cos @, and 
v cos @ is the velocity of the point Q. Hence the motion of the body 
parallel to. JOH is controlled by a force directed toward O, and equal to 
Ji x OQ, together with an opposing force equal to (« x velocity of Q)... 


Hence if P moves along the equiangular spiral ABCDE with 
-a uniform angular velocity w, the motion of its projection Q will 
determine the oscillations performed by a body, controlled by a force 


Fic. 69.—Graphical representation of damped oscillations, 


directed toward O and equal to /,x0Q, and opposed by a 
frictional force proportional to the velocity. The curve to the 
right of Fig. 69 shows the displacement at each instant during 
the course of these oscillations. It is evident that the amplitude 
continually decreases as the time increases. It was proved on 
p. 79, that when x is small, the angular velocity with which P 
revolves about O is practically the same as if the frictional force 
were absent ; and since a complete revolution of P corresponds 
toa complete damped oscillation, it follows that the period of os- 
cillation is scarcely affected by the frictional force when x is small. 

Correction of period of oscillation for damping.—A 
pendulum, when suitably constructed and mounted, will continue 
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to oscillate for a very long time, with the consequence that the 
period of oscillation can be determined with very great accuracy; 
Although the damping of the oscillation produces a very small 
effect on the period of oscillation, this effect may yet exceed the 
unavoidable experimental error in determining the period. It 
therefore becomes necessary to determine the correction due to: 
damping ; that is, to determine, from the observed period T,, 
the period T’ that would have been observed if damping had 
been absent. 

The angular velocity of P (Fig. 69) in its spiral path, is 
obviously equal to 27/T, where T is the period of one revolution. 
Hence— 

m 
dna 27 i: 
A et 


sin a 


where T’ is the period of revolution under the action of the 
central force alone. Then, if T represents the observed period 
of the damped oscillation, T’ will represent the period of the 
same oscillations if damping were removed, and — 


vee—arls sini 


Thus, the correction coefficient for damping is equal to sina, 
where a is the angle of the spiral. 

The value of a must be determined by observing the rate at 
which the amplitude decreases. The extremity of a linear 
oscillation will be reached as P passes through a point R on the 
spiral, such that the tangent to the spiral at R is perpendicular to 
OH (Fig. 69). Since the tangent makes a constant angle a with 
the radius vector OR (p. 75), it follows that the projection of 
R on OH is equal to OR sin a. 

The next extremity of a swing 07 the same side of O will be the 
projection on OH of the point R” of the spiral ; R” lies on the 
line OR, since the angle of the spiral is constant. The amplitude 
of this oscillation is equal to OR” sin a. The time which 
elapses between the instants when P passes though R and R” is 
obviously equal to T, since the radius vector turns through an 
angle equal to 27 in this time. - 

Now, let OR=%, while OR”=7,. Then if a is the amplitude: 
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when P passes through R, and a, is the amplitude when P passes 
through R’, we have— 

a  %Sina_ 1% 

a. wsine A 


a and a, are two consecutive amplitudes on the same side of 
the point of equilibrium O. Let a, be the amplitude after x 
complete oscillations, and let 7, be the corresponding length of 
the radius vector of the spiral. Then — 


From equation (7), p. 82, we see that the radius vector % 
measured at the end of any interval of time 4, is related to the 
radius vector 7“) at the beginning of that interval, according to 


the equation— 
a Se 
i iayes OS 
To determine *,, notice that this radius vector is measured 2 
complete periods, each equal to T, later than 7. Thus ¢=m”T, 


and— 


«nT 
a La ae 
20 eT re 27 
n Tr 
KT 


= 2°30 (logy) a — logy) an). 
E220) 


. — = — (log, a, —log,, ay). 
2m n (1089 % Si0 An) 


K a «sin a 
Now, from p. 79, cosa = — = ( so fey 
2 fm 2m \sina he 
necsinicg Ly 
2m ° 2n’ 
s I KT) 
. cota = -— js =z ) 
27 2m 
_ L236 
pa ae ee (10g49 @ — logy an). 


This suffices to determine the angle a of the spiral, and the 
correction coefficient for damping is equal to sin a. 
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Problem.—/i one of Captain Kater’s experiments, the arc of swing 
decreased from 41° to 1°18° 7m 500 seconds. Determine the correction . 
coefficient of the period of oscillation, for damping. 

Here @,/an=1°41/1'18. 

The number 7 of swings is not given, but we know that n=2, where 
T is the observed time of swing. 


I ZO le 
Then cota = ——s . ess: . (0°1492 —0'0719) 
= 0°000056T, 
I 


nie ——— 
1 +cot2a 


=1-4cot?at... 


S(O ie) 


The period of oscillation was about 2 seconds, so that the correction 
coefficient was equal to 1-6x10~%. This coefficient was so nearly 
equal to unity that the error incurred in neglecting the:difference was 
exceeded by the unavoidable errors of observation. 


The quantity 2s (logyo @— logy) 2) is called the logarithmic 


decrement. It is equal to the logarithm of the ratio of the 
amplitudes of two consecutive swings on the same side of the 
position of equilibrium. Notice that the logarithm of the ampli- 
tude decreases proportionately with the time, and therefore— 


I GN Ao 
5 log. (<) = log. (~). 


Some authors use the term logarithmic decrement to denote 
the logarithm of the ratio of two consecutive amplitudes on 
opposite sides of the zero ; obviously, this value will be half of 
that obtained according to the above definition. 

The results obtained above apply, not only to pendulum 
oscillations, but to oscillations of all kinds. 


Problem.—A suspended-cotl galvanometer has an observed period 
of five seconds. When the suspended system ws set oscillating, the spot 
of light on the scale moves from its position of equilibrium through 150 
scale divisions ; the next displacement of the spot of light on the same 
side of its position of equilibrium zs equal to 100 scale divisions. 
Determine the period of oscillation of the suspended system, corrected for 
damping. 

N 
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Assume that the scale is so far from the mirror attached to the 
suspended system, that the deflections of the spot of light are proportional 
to the angular displacements of the suspended system. 

Here 2=1, and a)/a,=150/100; then— 


Sota Se de tT? 
gta Pi 2 5 


2°30 
= —. x 0'1761 = 0°06, 
6:28 7 455 
tos eS 2 
i = 7 > = 1-3 cot?4 = 1-0°002. 
Say UNI La cae 3 


Therefore the period of an undamped oscillation = 5(1 — 0°002) 
= 4°99 sec. 
Even in this case, where the damping is considerable, the period is 
only increased by two-tenths of I per cent. 


The ballistic galvanometer.—In certain circumstances it is 
necessary to determine the value of a quantity of electricity, 
suddenly discharged through a galvanometer, in terms of the 
“throw” of the needle (that is, the angle through which the 
needle swings from its position of equilibrium). Observations 
of the kind are called ballistic, and a galvanometer which 
can be used in making such observations is called a 
ballistic galvanometer. In general, instruments of this character 
are provided with a mirror which is attached to the moving 
system; a beam of light, reflected from the mirror, is 
focussed on a horizontal scale, on which it forms a bright spot. 
When the moving system turns through an angle 6, the beam 
of light turns through twice this angle, or 26. The distance 
through which the spot of light moves over the scale, divided by 
the distance of the scale from the mirror, gives tan26. In 
general, 26 is so small that tan 26 may be taken as equal to the 
circular measure of 20, and hence @ is found readily. In order 
that the displacement of the spot of light may be observed 
accurately, it is necessary that the period of oscillation of the 
suspended system shall be long ; it generally lies between 5 sec. 
and 20 sec. ‘ 

Ballistic galvanometers are of two types. In suspended 
magnet instruments, the moving system consists of a magnet 
hung by a torsionless fibre, and controlled by the earth’s 
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horizontal magnetic field or the field of a fixed magnet ; the 
current is sent through a fixed coil-of which the axis is perpen- 
dicular to the direction of the magnet in its position of equi- 
librium. In suspended coil instruments, the current is sent 
through a coil which is hung between the poles of a fixed 
magnet, the plane of the coil being parallel to the field of the 
magnet ; the controlling force acting on the coil is due, either 
to a thin metal strip from which the coil is hung, or to a bifilar 
suspension consisting of two thin metal strips. In any case, the 
period of oscillation T of the suspended system is given by. the 
equation— 
SOF 5 we 
Un 

where I is the moment of inertia of the suspended system about 
the axis of rotation, and 1, is the restoring torque called into 
play by unit angular displacement or twist. In order to make 
the period of oscillation sufficiently long, the moment of inertia 
of the suspended system may be made large, or the torque per 
unit twist may be made small; a small torque per unit 
twist will ensure a large deflection for very small currents. 

When a steady electrical current is transmitted through a 
galvanometer of this type, the deflection, if this is small, is 
practically proportional to the current. Fhus the steady 
deflection @, and the current C which produces it, are connected 


by the equation— 
~=GC, 


where G is a constant, depending on the construction and 
adjustment of the instrument. It is clear that G represents the 
steady angular deflection that would be produced by, unit 
current. 

In a ballistic experiment, a quantity of electricity Q is trans- 
mitted through the galvanometer; during the transmission the 
current rises from zero to its maximum value, and then sinks to 
zero; it is essential that the transmission shall be completed 
before the suspended system has moved appreciably from its position 
of equilibrium. The*current exerts a torque on the suspended 
system, and this swings away from its position of equilibrium, its 
maximum angular deflection being (say) 6. If the suspended 
system were undamped, it would continue to oscillate through 

N 2 


180 GENERAL PHYSICS FOR STUDENTS CHAP. 


an angle @ on either side of its position of equilibrium ; thus @ 
denotes the angular amplitude of the oscillations executed by 
the suspended systein. The effect of damping will be explained 
later ; for the present, let us assume that the oscillations of 
the suspended system are undamped. 


At the instant when the electrical discharge is completed, the 
suspended system has acquired an angular velocity equal to (276/T) ; 
for it is moving from its position of equilibrium with an angular velocity 
equal to that which it will possess at each subsequent passage through 
the same position. Let the discharge be completed in a time 7; then 
the moment of momentum acquired during the time ¢ is equal to 
Iw=I x (276/T) (p. 61), and this is equal to the product of the average 
torque and the time ¢ during which it has acted. Now a steady current 
C would produce a steady angular deflection equal to GC, and it must 
therefore produce a torque equal to 7,GC, since 7, denotes the torque 
per unit twist. Hence, the torque acting on the suspended system is 
proportional to the current, and therefore the average torque during the 
discharge must have been proportional to the average current Q/Z 
Thus, the average torque acting during the time ¢ = 7,G(Q/¢), and this 
value, multiplied by the time Z, gives the moment of momentum acquired 
by the moving system. 


ia ap 
\2 
alee) ey aeblal kets 
G \2r 


The constant G can be obtained by sending a steady current of known 
value through the instrument, and observing the steady deflection 


produced. Q can then be obtained in terms of T and @, both of which 
can be observed. 


Correction of ballistic observations for damping.—The 
value of @ used in the preceding investigation, is the angular 
amplitude of the oscillations that would have been generated in 
the suspended system if there had been no damping. The 
damping of a ballistic galvanometer should be small, but some 
damping is certain to occur; thus the observed amplitude will 
be somewhat smaller than it would have been in the absence of 
damping. The method of determining the undamped angular 
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deflection 6, from observations of the slightly damped oscillations 
actually produced, must now be explained. 

The effect of damping on linear oscillations has been 
investigated already. In passing from linear oscillations to 
angular oscillations, the restoring force per unit displacement, f,, 
must be replaced by the restoring torque per unit twist, 7, ; and 
the mass of the body, #z, must be replaced by I, the moment of 
inertia about the axis of rotation. Similarly, x, the opposing 
frictional force per unit linear velocity, must be replaced by the 
opposing frictional torque per unit angular velocity ; the latter 
may still be denoted by «. If the amplitude 6 of an un- 
damped angular oscillation is represented by the radius of the 
circle AHJ (Fig. 69, p. 174) and a point moves round AHJ with 
uniform velocity in the time T, the projection of this point on 
JOH will give the instantaneous value of the angular displace- 
ment. When damping is present, the tracing-point must move 
along the equiangular spiral ABCDE with uniform angular 
velocity ; it has been proved already that the angular velocity is 
scarcely affected by the damping. 

Now, the angle of the spiral will be small when the damping 
is small; and in this case, if we suppose the tracing-point to 
start from A at the instant when the discharge is completed, the 
first turning-point will occur practically at B, and OB is the 
amplitude of the first of the damped oscillations. The next 
amplitude will be practically equal to OD, and so on. 


Now, as proved on p. 81— 
OAS Ob ee OC 
OB 1OCe: OD! 
een OG) Ob xaODs 


OB ma OR, stem OB 


Let OB=6,, the observed amplitude of the first angular 
oscillation of the suspended system ; and let OD =6,, the next 
observed amplitude on the opposite side of the zero. Then 
the amplitude 2=OH=OA that would have been observed if 
damping had been absent, is given by the equation— 


6 
6= 6, WY, ae 
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If a, and a, denote the displacements of the spot of light 
corresponding to the angular oscillations 4, and 4, and a is the 
displacement that would have been observed in the absence of 


damping, we have— 
2) 
ICs o 
u a 


2 
The results obtained on p. 176 show that @,/a, is a constant 
ratio so long as the damping remains constant ; therefore, in 
order to determine a, the value of a, must be multiplied by a 
factor which can be calculated once for all, and used so long 
as there is no alteration in the conditions under which the 
galvanometer is used. 

Many text-books of physics give a more complicated correction 
for damping, depending on the calculation of the logarithmic 
decrement. The method explained above gives the undamped ampli- 
tude with an accuracy as great as that with which the damped ampli- 
tude can be observed; any further refinements are obviously 
unnecessary. 

When the damping is very small, a further simplification may 
be made. 


Let a,=a,—5, so that 68 is the difference between the amplitudes 
of the first two oscillations on opposite sides of the zero. Then — 


@=4 (Paks yee =a(1+04 )=e tis 
oN a-5 ‘(1 ont Sah iy Sema bss 
ay 


This result will be correct to within less than one per cent., if 3/a, is 
not greater than o'r. Consequently, this correction is sufficiently 
accurate for ordinary experimental work. 


To determine the zero position, from observations made 
on an oscillating system.—It frequently happens that much 
time can be saved by determining the position of equilibrium of 
an oscillating system without waiting for the system to come to 
rest. The approximation obtained at the end of the last section 
shows that if the amplitude decreases by 8 in half a period, 
then it will decrease by 6/2 in a quarter period ; and we may 
conclude that in a whole period it will decrease by 28. Hence 
two consecutive oscillations on the same side of the zero will 
differ in amplitude by 28, and the point midway between the 
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extremities of these oscillations will differ from the extremity 
of the first oscillation by 6. Also the intermediate oscillation on 
the opposite side of the zero will have an amplitude less than 
that of the first oscillation by 6. Hence the following rule, which 
is extremely useful in determining the position of equilibrium 
of the pointer of a balance, and in other similar cases. 

Let a, 4, c, be three consecutive turning-points, a and ¢ being 
on one side, and 4 on the other side of the position of equilibrium. 
It is best to measure a, 4, and from one endiof the scale; by this 
means negative values areavoided. Thenthe position of equilibrium 
is midway between (a+c)/2 and 4, and its value is therefore 
(a@-+c¢+26)/4. 

Aperiodic and dead-beat motion.—The angle a of the 
equiangular spiral, from which a_ series of damped 
oscillations may be derived, is determined by the equation 


{p. 79)— 


we I 
cosa = = XY im 

Now if (x/2)= /(f,7), we shall have a=o, and the spiral will 
make zero angle with the radius. In this case, if the spiral com- 
mences at B (Fig. 69, p. 174), it will coincide with the radius BO, 
and the tracing-point will never pass beyond O. Consequently, 
the body will move directly up to its position of equilibrium 
andremain there. This kind of motion is called dead-beat ; it is 
brought to considerable perfection in many well-designed 


ammeters and voltmeters. If« is greater than 2/1/( fim), the 
motion toward the position of equilibrium will be of the same 
character, but it will be much slower ; in this case the motion is 
said to be aperiodic. 

Methods of varying the damping of a galvanometer.—The 
damping of a galvanometer may bé zmcreased in several ways 
according to the construction of the instrument. 


1. (2) In a suspended-magnet galvanometer, the moving system may 
be enclosed in a small chamber, the clearance allowed being just enough 
to permit of the required motion of the system. In this case, the friction 
between the walls of the chamber, and the air which is set in motion by 
the moving system, is considerable. 

(4) Vanes attached to the moving system may be immersed in oil of 
suitable viscosity. 

(c) The moving magnet may be placed very close to a disc of copper. 
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As the magnet moves, its lines of force cut the copper and produee 
induced currents in it; the energy dissipated as heat by these currents 
is derived from the moving system, and consequently this soon comes to 
rest. 


2. In a suspended-coil galvanometer, the damping may be increased 
by joining the terminals of the instrument by a wire of low resistance 5 
or by winding the coil on. a copper frame, round which the currents 
induced by cutting lines of force can flow. 

The damping of a galvanometer may be decreased by increasing the 
moment of inertia of the suspended system. If a and a, are two 
consecutive amplitudes on the same side of the zero, then— 

“ —oge x (compare p. 176). 

If the moment of inertia, I, of the suspended system is quadrupled, T 
will be doubled ; and therefore if « remains constant, log (a)/a,) will be 
halved. Thus if the original values of a and a, were 120 and 100, 
quadrupling the moment of inertia of the suspended system would change 
a and a, to 120 and 110, or. practically halve the damping. At the 
same time, the sensitiveness of the instrument would be halved ; 
for (p. 180)— 


i% 
QF ae 


and therefore for a given value of Q, the value of the product T@ is 
constant; and quadrupling the moment of inertia doubles T, and 
therefore halves @. 


Forced oscillations.—The oscillations of a body or a system 
of bodies, which is set in motion and then left to itself, have 
been considered in the previous investigations. Such oscillations 
are said to be free. Attention must now be directed to the case 
where a body, capable of oscillation, is acted upon by an 
external force which varies periodically. In this case the body 
is constrained to oscillate in a period equal to that of the 
periodic force, and the resulting oscillations are said to be 
forced. 

The general nature of forced oscillations may be studied by 
the aid of Fig. 70 ; this diagram represents a pendulum attached 
to a point of support which itself executes a s.h.m. On starting, 
the motion of the pendulum is apparently irregular, due to the 
simultaneous execution of free and forced oscillations. But after 
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a time the free oscillations die down, and the pendulum executes 
a s.h.m. in.a period equal to that of the point of support. 

Let A’A be the actual length /, of the simple pendulum. Then 
if T, is the period of its free oscillation, T,=27(/,/¢)). Let 
T be the period of the s.h.m. executed by the point of support. 
A pendulum of length 7 would complete an oscillation in T 
seconds, if T=2z(//g)}. Thus, the pendulum must oscillate as if 
it were supported from a point O, by means of a fibre of length Z. 
Consequently, if T>T,, we must have 7>4, and the point O will 
be on the side of A’ remote from A. In this case the phases of 
the point of support and the pendulum bob will be equal. As 
the point of support moves from A’ to B’, the pendulum bob 
moves from A to B (I, Fig. 70). If T<T,, we must have /</, 


III IV 


Fic. 70.—The characteristics of forced oscillations. 


and the point O lies between A’ and A. _ In this case the phases 
of the point of support and the pendulum bob differ by 7. As 
the point of support moves from A’ to B’ (III, Fig. 70), the 
pendulum bob moves from A to B ; at any instant the point of 
support and the pendulum bob will be moving in opposite 
directions. 

With a given amplitude of the point of support, it is obvious 
that the arc AB described by the pendulum bob will increase as 
the point O approaches A’. When O is situated at A’, /=4, 
and the period of oscillation of the point of support is equal to 
the free period of the pendulum. In this case an infinitesimal 
periodic displacement of the point of support will produce an 
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indefinitely great amplitude of swing in the pendulum bob (II, 
Fig. 70). This is an instance of the sympathetic communication 
of oscillations. It will be remembered that an ordinary swing 
can be caused to oscillate over a considerable arc by small 
impulses, each of which is applied so as to increase the velocity 
of the swing as it passes through its position of equilibrium. 
Lastly, when T is excessively small in comparison with T,, 
Z will be very small in comparison with 4, and the point O will 
coincide approximately with A. The pendulum bob will then 
be unable to move appreciably during the time required for the 
point of support to complete a vibration. Consequently, in this 
case, the pendulum bob will remain stationary (IV, Fig. 70). 


Let a and a be the amplitudes of the oscillations respectively exe- 
cuted by the pendulum bob «and the point of support (Fig. 70, I.) 
Draw BD perpendicular to A’A. Then DB=a and A’B’=a. From 
the similar triangles BDO and B’A’O, we have— 


DE LVAD ies 


60. On rad: 
roth 
-4 
Also ‘oes Yael ay 
a= O73 — “a fo ot eer Ee) 


When T>T), a has the same sign as a. As T approaches the value 
T,, the value of a increases, and becomes equal to infinity when T=T,. 
When T<T,, a and a have opposite signs, indicating a difference of 7 
in the phases of the corresponding vibrations. Finally, when T=0, a=o. 

From B’ draw B’E perpendicular to A’B’, cuiting DB in E. Then 
EB=(a-a). As the point of support is displaced from A’ to B’, the 
position of equilibrium of the pendulum bob is displaced from A to E ; 
we may term A and E its positions of absolute and relative equilibriunt. 
Similarly, we may term EB, or (a—a), the relative displacement of the 
pendulum bob. From reasoning similar to that employed on p. 90, 
it follows that the restoring force acting on the pendulum bob when at 
B is proportional to EB, or (a2—a). If/, is equal to the restoring force 
called into play by unit displacement of the pendulum bob when the 
point of support is fixed at A’, then A(a-a) will be equal to the re- 
storing force when the bob is at B and the point of support is displaced 
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to B’. Let F=f(a-a). When F i8 positive, it will act from B 
toward D. The tension of the suspending filament will exert a reaction 
equal to F on the point of support ; when F is positive, this reaction 
will tend to increase the displacement of the latter. 
From the similar triangles BEB’ and B’A’O, we have— 
Ey Ba Sy aig one 0 
187133 7 Oe Lota are 
A ist 
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Consequently — 


9 


T.¢ 
F=f(e-4)=ftmyza eo ye ean’ IES, (2) 


The reaction due to the pendulum increases from zero to F as the 
pendulum bob moves from A:to B. It tends to increase or decrease 
the displacement of the point of support, according as T is greater or 
less than T;. As the value of T approximates to T), the value of F 
approaches + «. The work W, performed by the pendulum bob on 
the point of support, during the displacement of the latter from A’ to B’, 
is equal to the average value of the reaction (z.e. F/2) multiplied by the 
distance A’B’, Thus— : 

ieee 


ciate dt. ade ee 


If T>T,, part of the kinetic energy possessed by the pendulum 
bob when it passes through its position of equilibrium, A, is afterwards 
used up, during the displacement from A to B, in producing an increased 
displacement of the point of support. When T<T), the point of 
support does work on the pendulum, the energy of the latter being 
greater at the extremity of an oscillation than when passing through the 
point A. 

Equations (1), (2), and (3) comprise no magnitudes relating merely 
toa pendulum. They will apply equally well to any body attracted 
toward a point with a force proportional to the displacement, the point 
itself being constrained to execute a s.h.m. 


Resultant of two mutually perpendicular s.h.m.’s which 
agree in period and phase.—Let a tracing-point move 
with uniform velocity around the circle ABCD (Fig. 71), 
and let its instantaneous position be projected on the axis 
X’OX, thus defining a s.h.m. in that axis. Further, let 
a second tracing-point move around another circle EFGH, its 
instantaneous positions being projected on the axis YOY’, thus 
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defining a s.h.m. inthat axis. If the two tracing-points complete 
their circular paths in equal times, the periods of the s.h.m.’s will 
be equal ; and if one tracing-point passes through A at the instant 
when the other passes through D, the phases of the s.h.m.’s will 
be equal. Divide each circle into sixteen equal parts, and 
number these as in the diagram. When the tracing-points are 
at A and D, the resultant of the two displacements is equal to 
OK, where K is the intersection of perpendiculars to OX and 
OY drawn through the points A and E respectively. When the 


Fic. 71.—Graphical method of determining the resultant of two mutually 
perpendicular s.h.m.’s which agree in period and phase. : 


tracing-points pass through the points numbered 1 on the two 
circles, the resultant of the two displacements is equal to OL, 
where L is the intersection of perpendiculars to OX and OY 
drawn through the points numbered 1 on the circles. 
Proceeding in this manner, the resultant of the two s.h.m.’s is 
found to be a s.h.m. of amplitude equal to OK, executed in the 
straight line KOM, inclined to the axis XOX’ at an angle of 
which the tangent is equal to (AK/EK) or (OE/OA). 
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The same result can be obtained analytically. Let the s.h.m. 
parallel to XOX satisfy the equation— 


2nt 


the period T being the same for both. Then at any instant the 
resultant displacement is equal to— 


N47 = Va? +a? . cos 


which is the equation to a s.h.m., of period=T, and amplitude 


= Na+ az, executed in a straight line inclined to XOX’ at an angle of 
which the tangent is equal to y/x=a,/a,. 


Consequently, to change the direction in which a s.h.m. is 
executed, we must compound it with another s.h.m. in a 
perpendicular direction, the two s.h.m.’s agreeing in period and 
phase. 

Foucault's pendulum.—If we wish to set a simple pendulum 
oscillating in its own free period, by moving the point of attach- 
ment of the supporting filament, the point of attachment must 
be caused to execute a s.h.m. agreeing in period with the 
pendulum (p. 185). A uniform motion of the point of 
support corresponds to a s.h.m. of infinitely great period, and 
such a motion would not set the pendulum oscillating in its free 
period (p. 186). | Hence, we conclude that a uniform motion of 
the point of support cannot alter the plane in which a pendulum 
swings. For, in order to alter the plane of oscillation, we must 
produce another oscillation in the free period of the pendulum, 
and ina direction perpendicular to that in which the pendulum 
is oscillating ; anda uniform motion of the point of support cannot 
. do this. 

Now, when a simple pendulum is set swinging, its point 
of support moves with the earth ; but the motion is uniform, and 
therefore the pendulum continues to swing in a plane parallel to 
that in which its oscillations were started. 

By reasoning similar to that used on p. 67, it can be proved 
that at a point on the earth in latitude @, a horizontal N and S 
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line is rotating with an angular velocity » sin 6, where is the 
angular velocity of the earth about its axis. Hence, any 
horizontal line in latitude 6 rotates with an angular velocity 
w sin 6, 

If we set a simple pendulum oscillating above any horizontal 
line on the earth, the line rotates with an angular velocity w sin @, 
but the directions in which the oscillations of the pendulum are 
performed remains unchanged. Hence, the line on the earth 
rotates beneath the pendulum, and to an observer who considers 
the line to be stationary in space, the direction of the oscillations 
of the pendulum appears to rotate with an angular velocity 
» sin 6. This phenomenon was observed by Foucault ; it 
furnishes a direct proof of the rotation of the earth, which would 
be at our disposal even if we had no means of determining it by 
observing the apparent motion of the stars, 


Expr. 16.—Hang a simple pendulum from a horizontal arm attached 
to a retort stand, and observe that the plane of oscillation of the pendu- 


lum remains unchanged if the retort stand is rotated uniformly about a 
vertical axis. 3 


QUESTIONS ON CHAPTER V 


1. A watch is placed, face upwards, on a scale pan which is hung 
from a vertical wire ; how would you expect the time indicated by the 
watch to be affected, (a) if the period of torsional oscillation of the 
watch and scale pan, about the wire as axis, is greater than the period 
of the balance wheel of the watch ; and (4), if the period of the torsional 
oscillations is less than that of the balance wheel? What would 
happen if the period of the torsional oscillations were equal to that of 
the balance wheel ? 

2. The bob of a pendulum is observed to swing to a distance of 5 cm. 
on either side of its position of equilibrium, and 5 minutes afterwards 
the amplitude of swing has diminished to 3cm. What time must elapse 
before the amplitude has diminished to I mm. ? 

3- A pendulum consists of a spherical bob of lead, weighing five 
kilograms, hung from a long thin wire; the period of oscillation of the 
pendulum is equal to 5 seconds. When the bob is at rest, a bullet 
weighing 5 gm. is fired into it, along a horizontal line passing through 
the centre of the bob, and the pendulum is thereby set in oscillation 
over an arc of 5°. Calculate the velocity of the bullet. 


Culeh ise AIBA Wek 
GRAVITATION 


Constancy of weight of matter.—If a piece of tinfoil be 
weighed, first when it is spread out flat, and afterwards when it 
is rolled tightly into a ball, it will be found that the weight is 
the same in both cases. Hence we conclude that the weight 
of a given quantity of matter at a given place is independent of 
the way in which the matter is distributed, and we may infer 
that the downward pull exerted on each particle is the same, 
whether the particle is isolated or is surrounded by other 
particles. 

Landolt has carried out some very delicate tests in order to 
determine whether a chemical reaction affects the weight of 
matter. The principle on which his experiments were designed 
can be understood from the following description of an ideal 
arrangement. Let the limbs of an inverted U-tube be filled, 
one with a solution of ferrous sulphate, and the other witha 
solution of silver sulphate, the extremities of the limbs being 
sealed. Let the tube be cleaned and dried externally, and then 
let it be weighed carefully, first before the solutions have been 
allowed to mix, and subsequently after the solutions have been 
mixed by shaking the U-tube. When the solutions mix, 
metallic silver is deposited, and ferric sulphate is formed. Since 
the tube is sealed, none of the matter can escape; and any 
change of weight which could not be accounted for as due to 
moisture deposited on, or evaporated from, the outside of the 
glass, or to achange of temperature! of the U-tube, or te sume 


1 When a body, warmer than the surrounding air, is weighed on an ordinary 
balance, the convection currents of air rising from the warm body impinge on the 
balance arm above, and so produce an apparent loss of weight in the body. 


gt 
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similar cause, would indicate that the chemical reaction pro- 
duced a change in the weight of the reacting substances. 
Landolt observed that the weight of the vessel and its contents 
was not exactly the same, before and after the reaction ; but his 
latest researches have shown that the differences observed were 
due to the deposition of moisture, and to a slight rise in tempera- 
ture due to the reaction, and when allowance was made for 
these sources of error, the weight of the reacting substances 
was found to be unchanged by the reaction. 

Hence we conclude that the downward pull of gravity on each 
atom of a substance is independent of the presence or absence of 
neighbouring atoms, and the resultant pull is the sum of the pulls 
exerted on all the atoms. This gives the most conclusive proof 
of the law that the attraction of gravity is proportional to the 
mass of the attracted body. (Compare p. 21.) 

Gravitational attraction.—The earth itself is merely a large 
aggregate of matter. Since the earth attracts every particle of a 
material body, we may infer that a material body attracts every 
particle of the earth. Further, we may infer that any two 
material bodies attract each other ; and if the distance between 
the bodies is constant, and very large in comparison with the 
dimensions of either, the attraction will be doubled if we double 
the mass of one body, and quadrupled if we double the masses 
of both. In general, if #z, and mm, are the masses of two small 
bodies, separated by a constant distance d, then the force f 
exerted by one on the other varies as 772,723, or f o 1,7, 

In order to explain the motions of the planets around the 
sun, Newton assumed that the force exerted by one body on 
another varies inversely as the square of the distance between 
them. Combining this with the result obtained above, we have 

fear 
or f=G a 
where G is a constant called the Newtonian constant of gravita- 
tion, The value of G is equal to the force exerted by one unit 
mass, on another unit mass placed at unit distance, provided 
that each mass of matter is so small that any particle of one is 
equidistant from a// particles of the other. ‘ 
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Newton’s law of gravitation cannot be verified directly, since 
it applies to the attraction between bodies which are very small 
in comparison with the distance separating them ; hence, labora- 
tory experiments, intended to test this law, would have to be 
performed with such small bodies that the forces called into 
play would be unmeasurable. When experiments are _per- 
formed with bodies of finite dimensions, each particle of one 
body must be assumed to attract every particle of the other, 
according to the Jaw given above ; then, by employing suitable 
mathematical devices, the total attraction exerted by one body 
on the other can be calculated, and the result compared with 
that obtained experimentally. Some of the mathematical 
devices referred to will now be explained. 


POTENTIAL 


Gravitational potential—Let a body of unit mass (its 
dimensions being so small that the Newtonian law applies 
directly) be placed at a distance d, from a particle of mass 72 ; 
then the force / exerted on the unit mass is equal to G(z x 1)/d,?. 
Now let the unit mass be moved in a straight line away from 
the particle, until the distance between the two is equal to 
d,; then if @ is only slightly greater than @, the average force 
exerted on the unit mass, as it moves over the distance (ad, - @,), 
will be sensibly equal to G7z/d,d,, since this value is less than 
Gm/d2, the force exerted at the first point, and greater than 
Gwi/d,2, the force exerted at the second point. The work done 
during the displacement of the unit mass is called the difference 
of potential between the points. This will be equal to— 


WL I 


I 
A (a, — dq) = Gm (G ae +). 


Now suppose that we start with the unit mass at a distance @, from a 
mass #72, and move it away from # through points at distances d@, @3, a, 
: . d,. The work done in the displacement from @, to d,, and that 
from d@, to a, and from dy to ad, &c., can be written down directly. 
The difference of potential between the starting and stopping ‘points 
is equal to the total work done during the displacement, and this is 
found by adding the following quantities :— 


G 


oO 
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; Teg t 
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I 
Gm be = a, 


I I 
Gm ( - ) 
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I I 
Gm ( —-—). 
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Adding these quantities together, we find that their sum is equal to— 


If d, is infinitely great in comparison with d,, we may neglect 1/d,. 
Hence, the work done in moving unit mass from a point at a distance 
d,, to another point at an infinite distance from a mass 7, is equal to 
Guld,. 

In moving the unit mass away from the attracting particle, work 
must be performed by an external agent ; but if the unit mass moves 
towards the attracting particle, work is performed on the external agent. 
In the first case, the work performed has a positive sign, in the second 
case, it has a negative sign; but if the path over which the unit mass is 
carried is the same in both cases, the numerical value of the work is the 
same in both cases. Hence, if unit mass is carried from an infinite 
distance to a point at a distance d@, from an attracting particle of mass 
m, the work done is equal to (—Gwm/d,); this quantity is called 
the gravitational potential at the given point. Thus, the gravita- 
tional potential at a given point is equal to the work done in 
bringing unit mass to the point from an infinite distance. 

Thus, at each point in the neighbourhood of an attracting mass 
the gravitational potential will have a definite negative value; at an 
infinite distance the potential will be equal to zero. 

All points at a uniform distance 7 from a single attracting particle, and 
therefore lying on an imaginary sphere concentric with that particle, 
will be at a uniform potential (—Gvyz/r) ; for in moving unit mass from 
one point to another on the sphere, the motion will be at right- 
angles to the force acting towards the attracting particle at the centre ; 
therefore no work is done, and there will be no difference of potential 
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between points on the spherical surface. In general, a surface which 
passes through all points possessing a certain definite potential, is called 
an equipotential surface. 


If the distances, measured from a given point to attracting particles 
of Masses 7/2,, 77Zy, 723, M714, &C., bE 71, 7a) Hs) 74, &C., then the potential 
at the given point is equal to— 

sles 2 +4 2) 


Lee ™ 
For, the forces exerted by = various attracting particles are in- 


dependent one of another, and therefore the work done in moving unit 
mass from infinity to the given point is equal to the sum— 


work done by attracting force due to m1,, + work done by attracting 
Jorce due to tty, + work done by attracting force due to 
M3, + &e. 


If the potentials at two neighbouring points A and B are 
known, the force per unit mass, acting along the direction AB, 
can be calculated. For, let V, be the potential at A, while V, is 
the potential at B. If _/is the force per unit mass acting along 
the line AB, then fx AB=work ‘done in moving unit mass from 
A to B, and this is equal to the difference of potential between 
A and B. 


-, {x AB = V,- 
V.-V, 
and ye Te 


If V, is algebraically greater than Vj, the force acts from B to 
A ; if V, is algebraically less than V,, the force acts from A to B. 
The resultant force per unit mass at any point, will be perpen- 
dicular to the equipotential surface passing through that point ; 
and the direction of the resultant force will be towards the 
neighbouring equipotential surface of lower potential. 

The potential at any point in the neighbourhood of a 
number of attracting masses can be obtained, in many cases, 
without much trouble, since it is merely the sum of a number of 
terms each of whichis a scalar (or undirected) quantity (p. 7); 
and when the potentials at two neighbouring points are known, 
the force acting from one of these points to the other can be 
calculated. If we attempted to calculate the force directly, we 
should have to find the sum of the component forces due to the 

02 
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various attracting masses, resolved in the given direction; and 
this is a much more difficult task than that of calculating the 
potential. In short, a potential, being an undirected quantity, 
is determined more easily than a force, which cannot be known 
without a specification of both magnitude and direction. 


Potential at a point outside a thin uniform spherical shell.—Let 
ABDE (Fig. 72) be the section of a uniform spherical shell of radius 
r, by a plane passing through the centre C. Let it be required to 
determine the potential at an external point P, due to the gravitational 
attraction of the shell. 

Let the straight line joining P to C cut the shell in the points A and 
D. Divide the shell into narrow annular strips by means of planes 


EK 


Fic. 72.—Calculation of the potential at a point outside a uniform spherical shell. 


perpendicular to ACD, and let FH be the section of one of these 
strips. Join F to C, and F and H to P; and from F drop the 
perpendicular FK ontoCA. Then, if the width FH of the strip is very 
small, the area of the strip will be equal to 27 x FK x FH. 

Let m be the total mass of the shell, while 72, is its mass per unit 
area, Then =477°72,. The mass of the strip, of which FH is the 
section,' will be equal to mm, x 27x FK x FH, and since the whole mass 
of.the strip is at an approximately uniform distance PF from P, the 
potential at P due to the strip will be equal to— 


2mm, x FK x FH 


—G. PF Se PS Sha GS 
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From C draw CL perpendicular to PF produced; and with P as 
centre, and PF as radius, describe the circular arc FM cutting PH in 
M. Then FHM approximates to a triangle with a right angle at M. 
Also 4 FHM= <FCL;; for, if we suppose that FH is fixed rigidly at 
right-angles to CF, and that CF is rotated about C until it lies over 
CL, then FH will become parallel to PL; and by making FH small 
enough, we can make PH asnearly parallel to PL as we please. Thus, 
the triangles FHM and FCL are both right-angled triangles with the 
angles FHM and FCL equal ; hence these triangles are similar, and— 


PIS ea iC r r 
HM cL cL °° TH=HMG- 
Further, since the triangles FPK and CPL are similar, é 
CUM FK 
CP — PE erue CE J CP PF’ 
HM x7 x PF 
ane pee CK. 


Therefore in (1) 
BiG E a) HK EM x7 x PE 


PRs) s45 CPR 
ig 
= cp: HM 


Let CP=R; thus R denotes the distance from P to the centre of the 
shell. Also let HM=6. Then, substituting in (1), the potential at P 
due to the annular strip of which FM is the section, is found to be 
equal to 


} -2anm,G.= Pop Re 130) Oe Op eee) 


R° 

Now, to determine the potential at P due to the whole of the shell, we 
must find an expression similar to (2) for each of the annular strips into 
which the shell has been divided, and then add all of these expressions 
together. The quantity 27,G7/R is constant for all these strips, and 
5 represents MH, which is the increase in the distance from P, due to 
crossing from one edge of the strip to the other. Hence the sum of the 
values of 6 for the various strips will be equal to the increase in the 
distance from P due to crossing all the strips, that is, due to passing 
around the semicircle ABD from A to D, and this is equal to 
DP-AP=DA=2” 
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Hence, the potential, V, at P, due to the whole of the spherical shell, is 
given by the equation — “5 
2 r ge aR A 
V = -27m,G R= G aa SS G re 
and this is the value of the potential at P if the whole mass w of the 
shell were concentrated at its‘centre C. 


Thus, at any point outside a uniform spherical shell, the potential 
has the same value as if the whole of the mass were concentrated at 
the centre of the shell. 

From this we conclude that at any point outside a uniform 
spherical shell, the force per unit mass has the same value as if the 
mass of the shell were concentrated at its centre. 

Potential at a point outside a solid sphere. If a sphere 
can be divided, in imagination, into spherical shells each of 
which is uniform throughout, then the potential due to each 
shell has the same value as if the whole mass of the shell were 
concentrated at its centre, and the potential of the solid sphere 
is equal to the sum of the potentials of the shells. Hence we 
arrive at the following important law :— 

Let the density of a solid sphere be uniform at a constant distance 
from the centre, although it may vary in any manner as the distance 
from the centre increases or decreases; then, the potential at any 
external point, and therefore the force per unit mass at any external 
point, will have the same value as if the whole mass of the sphere 
were concentrated at its centre. 

As we shall find later, experiments on gravitation are per- 
formed generally by observing the attraction exerted by one 
sphere on another, since the whole mass of each sphere can be 
considered to be concentrated at its centre, and therefore the 
Newtonian equation (p. 192) can be applied without difficulty. 
If we were justified in assuming the earth to be a sphere, its 
density varying only with the distance from the centre, then the 
force exerted on unit mass at any external point would have the 
same value as if the whole mass of the earth were concentrated 
at its centre. It is often convenient to make the above assump- 
tions, although they are only approximately true. 

Force per unit mass inside a uniform spherical shell. 
Let P (Fig. 73) be a point inside a spherical shell of which 
ABD is a section through the centre C ; it is required to deter- 
mine the resultant force exerted on unit mass placed at P. 
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From E and F, any two neighbouring points in AB, draw 
the straight lines EPG and FPH, cutting the shell, on the side 
of P remote from E and 
F, in the points G and 
H. Let the circle ABD 
rotate through a small 
angle @ about the dia- 
meter ACD; then if 
P= 4,, "while “PG=a,; 
and 4 FPA=6, the small 
arc FE will sweep out an 
element of area equal to 
FE x (d, sin 6)p, and GH 
will sweep out an element 
of area equal to GH 
x (d, sin 6)p. Also, the 
angle PFE is approxi- 
mately equal to the angle _ 10,73.» prove that the. gravitational at 
PGH. (These angles can to zero at all internal points. 
be made as nearly equal 
as we please by making the angle FPE small enough.) Hence, 
since the angles FPE and GPH are equal, the triangles PFE 
and PGH are similar, and— 


GH __ FE 
PG), LPR 
GH PG_& 
Si Doan ie 


If the mass per unit area of the shell is equal to #,, the mass 
of the element swept out by FE is equal to 7, x FE x (d, sin @)q, 
and the force exerted by this element on unit mass at P is 


equal to— 
m,(a, sin 0)p x FE 


a,” : 
and the force exerted on unit mass at P by the element swept 
out by GH is equal to— 
m(d sin 0)p x GH 
dy? 


The elements swept out by FE and GH exert oppositely 
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directed forces on unit mass at P; hence the resultant force 
due to the two elements is equal to— 


m(d,sin@)px FE _ m(d,sin 0)p x GH 


ae ae 
_ 7 i(@,sin 0) m(d, sin n6)o ay 
de x FE — a ke ew at FE 
= mre (2°528 - oxen’) =0 
a, 


Thus, the elements swept out by FE and GH exert equal and 
opposite forces on unit mass at P; and the whole of the 
spherical shell can be divided into pairs of elements similar to 
the pair swept out by FE and GH, and each pair exerts zero 
force on unit mass at P. Hence, the resultant force exerted by 
the whole shell on unit mass at P is equal to zero. 

Since there is no resultant force acting on unit mass when 
placed inside the shell, no work is done when unit mass is 
moved from one point to another inside the shell ; hence, all 
points within the shell are at the same potential as a point on the 
surface of the shell. 


Now let us suppose that a very narrow straight tunnel is bored from 
the surface to the centre of a uniform sphere ; and let it be required to 
determine the force exerted by the sphere on unit mass placed at various 
positions in the tunnel, and at external points in the same straight 
line. Let K be the radius of the sphere. At the centre of the sphere 
the force per unit mass is equal to zero: the whole sphere can be 
divided into uniform spherical shells, each of which exerts zero force at 
the centre. Ata distance x from the centre, no force is exerted by the 
shells with radii which exceed 7, so that the force per unit mass is 
equal to the attractions of the shells with radii equal to and less than 7; 
that is, to— 
4a73 

Be 

Hence, in proceeding from the centre to the surface of the sphere, the 
force per unit mass is proportional to the distance from the centre. 

At an external point at a distance D from the centre of the sphere the 
force per unit mass is equal to— 


= $Grr. 


R3 
4nG D2 


The variation in the force for points in the tunnel, and at external 
points in the same straight line, is exhibited graphically in Fig. 74. 
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THE MASS OF THE EARTH. 


Airy’s determination of the mass of the earth.—The 
results obtained above were utilised by Airy in an attempt to 
determine the mass of the earth by means of a pendulum. It 
has been explained (p. 21) that the gravitational force acting on 
unit mass at any place, is equal to the acceleration of a body 
falling freely at that place, and the value common to these 
quantities is denoted by g. Further, it has been explained how 
the value of g may be determined with accuracy by the aid of a 
reversible pendulum (p. 102). Let the value of g be determined 
at the bottom of a deep mine shaft ; if the point at which the 
determination is made is at a distance R from the centre of the 


Fic. 74.—Graph showing the gravitational force at various distances from the 
centre of a uniform solid sphere. 


earth (which may be considered to be roughly spherical ‘in 
shape), and if M is the mass of the sphere of which R is the 
radius, then the value g, of the force per unit mass is given 


by the equation— 
_M 
et G R 


Now let the value gy of the force per unit mass be determined 
at the surface of the earth, ata height 4 above the point at 
which the value g, was determined. Let it be assumed that the 
matter, comprised in the shell lying between the spherical 
surface of radius R and the surface of the earth, is of uniform 
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a ee eee 


density and of mass #. Then the value of gp is given by the 
equation— 


: ah Zz 
E27 (R+2)? 
. & _Mt+m ( R (2) 
ra a = M . R +h . . . 


After several abortive attempts, the values of g, and g, were 
determined by Airy at the top and bottom of the Harton coal 
pit, near Sunderland, in 1854. The depth % of the pit was 
measured, and R-was known from astronomical and geodetic 
surveys. Airy assumed that the mean density of the shell of thick- 
ness / was 2°5, and hence calculated the value of 7z. Then M re- 
mained the only unknown quantity in (2), and this was evaluated. 
Knowing the dimensions, and therefore the volume of the earth, 
the mean density of the earth was calculated ; Airy found this to 
be equal to 65. Methods such as this are untrustworthy, since 
the assumption that the shell of thickness /is uniform in density 
is untrue ; part of the shell consists of water of density about 1, 
and the rest of rocks, &c., of density about 2°5. If the shell is of 
variable density, the assumption which underlies the whole 
method is inadmissible. Hence, only a rough estimate of the 
mass and density of the earth can be obtained by such 
experiments. 

Comparison of the mass of the earth with the mass of a 
mountain.—If a plumb bob is hung near the side of a mountain, 
a horizontal force due to the attraction of the mountain will pull 
the bob towards one side, and the attraction due to the remainder 
of the earth will pull it vertically downwards. The supporting 
filament will lie along the resultant of these two forces, and if 


the filament is inclined at an angle 6 to the vertical, we shall 
have— 


ip 
@=-, 
tan F 


where f is the horizontal force due to the attraction of the 
mountain, and F is the vertical force due to the attraction of the 
remainder of the earth. If the disposition of mass in the moun- 
tain were known with accuracy, its attraction on the plumb bob 
could be calculated. Let us suppose that the calculated attraction 
of the mountain is equivalent to that of a mass m at a distance 
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d ; then, if M is the mass of the remainder of the earth, the centre 
of the earth being at a distance R from the plumb bob, we shall 
have— 

ML 
ho R? 


tan @ = = =—_ =>. 
an M @ 


7 S153! 


In experiments of this kind, the chief difficulty is to determine 
the distribution of mass in the mountain ; for obvious reasons, 
this distribution cannot be inferred with any high degree of 
accuracy. 

The first comparison between the mass of the earth and that 
of a mountain was made by Bouguer in 1740. The mountain 
_ chosen was Chimborazo, in the Andes. Bouguer encountered 

-serious trouble from snow and wind storms; the cold was 
intense, and the levelling screws of the instruments could not 
be turned until they were heated by fire. In spite of these 
difficulties Bouguer obtained a series of observations, which led 
to the conclusion that the earth as a whole is about twelve times 
as dense as the mountain. As might be expected, the result 
is not very accurate ; but it sufficed to prove that the earth is 
not merely a shell, empty as some had contended, or full of 
water as others had maintained. 

In 1774 Maskelyne performed a similar experiment on the 
sides of Schiehallion, a mountain in Perthshire. A telescope, 
pivoted about an east and west axis near to the object glass end, 
and called a zenith sector, was used. A graduated arc was 
attached to the telescope near to its eye-piece end, and over 
thisa plumb line hung. The telescope was mounted first on the 
southern slopes of the mountain, and was pointed to a star near 
to the zenith at the instant when it crossed the meridian. Then 
the graduation of the arc over which the plumb line hung was 
observed. Next, the telescope was removed to the northern slopes 
of the mountain, and a similar observation was made of the 
same star as it crossed the meridian once more. The stars 
are so far away from the earth that rays from one of them 
reached the two observing stations in sensibly parallel direc- 
tions ; hence, the axis of the telescope had the same direction 
during the two experiments, but the plumb bob was pulled to 
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the north in the first, and to the south in the second experiment, 
by the attraction of the mountain (Fig. 75). Hence, the 
difference between the two readings of the graduated arc where 
it was crossed by the plumb line, gave the value of 26. The 
mountain was surveyed carefully, and the final result obtained 
was that the earth is 4°5 times as dense as water. A more 
accurate survey of the mountain, 
made thirty years later, led to 
the value 5 for the mean density 
of the earth. 


THE NEWTONIAN CONSTANT 
OF GRAVITATION. 


If we can measure the force f 
exerted by a sphere of mass 772,, 
: : aoe another sphere of mass 72, 
BS he ek ee the distance between the centres 
with the mass of a mountain. of the spheres being equal to 
ad, the Newtonian constant of 

gravitation, G, can be calculated from the equation— 


My, Mey 


t Bag 8 Spee 


Apparatus to effect these measurements was designed and 
made by the Rev. John Michell toward the close of the 
eighteenth century. Michell died before he had had an oppor- 
tunity of effecting any measurements, but his apparatus was 
given to Henry Cavendish, who carried out the experiment in 
1797-8 on lines closely resembling those laid down by Michell. 

The Cavendish experiment.—Two lead balls, A and B 
(Fig. 76), each 2 inches in diameter, were suspended by short 
wires from the ends of a thin deal rod 6 ft. long. In order to 
strengthen the rod without unduly increasing its mass, its ends 
were tied by a wire to a short strut, fixed at right angles to the 
rod at its middle point. The rod was suspended in a horizontal 
position from a vertical wire attached to the upper extremity 
of the strut. Two large lead balls, C and D, each 8 inches 
in diameter, were placed on opposite sides of the rod with their 
centres in the same horizontal plane as the centres of A and B, 


* 
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while the line joining the centres of A and C, and that joining 
the centres of B and D, were equal in length, both being 
perpendicular to the vertical plane in which the rod lay. Thus 
the pull exerted by C on A, and that exerted by D on B, both 
tended to twist the rod in one direction about the wire as axis. 
_A_ horizontal ‘scale, divided into twentieths of an inch, was 
placed near one end 
‘of tiem rod and: sat 
right angles to its 
length; the end of 
the rod carried a 
vernier which moved 
over the scale without 
touching it, and thus 
any change in the 
angular position of 
the rod could be 
measured. The ap- 
paratus was protected 
from air currents by 
a case (not shown in 
Fig. 76) and was set 
up in a closed room; the scale and vernier were read from 
outside the room by the aid of a telescope. 

An observation was made with the attracting balls in the posi- 
tions C and D shown in Fig. 76. They were then moved to 
C’ and D’, points in the straight lines CA and DB produced, 
such that CA=AC’, and DB=BD’. The attractions now 
exerted on A and B tended to rotate the rod about the wire 
as axis, in a direction opposite to that of the rotation produced 
in the first experiment. The angle through which the rod 
turned between the two experiments gave twice the angle 6 
through which it was rotated from its position of equilibrium in 
either experiment. It was found to be best not to attempt 
to bring the rod to rest when an observation was made, but 
to ohserve three consecutive turning points during its oscillations, 
and from these to infer the position of rest in the manner 
explained on p. 183. 

Let M denote the mass of either of the attracting balls, while 
denotes the mass of either of the attracted balls. If @ denotes the 


Fic. 76.—The Cavendish experiment. 
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distance between A and C, or that between D and B, then the force 
F exerted on either A or B is given by the equation— 
Mm 
fix G “qe 

Let 7 be the distance between the centre of the attracted balls 
A and B; then, since the force acting on A was equal and oppositely 
directed to that acting on B, and both forces were perpendicular to the 
line joining the centres of A and B, it follows that the suspended system 
was acted on by a torque equal to— 

Mm 
WL HEY, Ze 

Let +, be the torque which would produce unit angular deflection of 
the suspended system ; then since the rod was twisted through an angle 
@ by the attractions exerted on the balls at its ends, the torque acting on 
it must have been equal to 7,6; thus— 

Mm 
GZ rae = 7,0. 
The torque 7, necessary to twist the rod through unit angle was deter- 
mined in the manner explained on p. 112, Hence, finally— 
_ 70d? 
~ Mal 

From twenty-nine results obtained by Cavendish, the mean 

value of G is found to be given by the equation 
G ="6'562 105%: 

The meaning of the result is, that if two spherical gram 
weights were placed with their centres one centimetre apart, each 
would exert on the other an attractive force equal to 6°56 x 10-8 
of a dyne. 

A knowledge of the value of G enables us to determine the 
mean density of the earth. For, at the surface of the earth the 
force per unit mass is equal to 981 dynes per gram. Let 7 be 
the radius of the earth, in centimetres, and let p be the mean 
density of the earth in grams per c.c. Then the mass M of the 
earth is given by the equation 


M = $mp7°, 
and f 
" 
981 = G MA! = tapGr, 
3x 981 
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Cavendish’s value of G leads to the value 5°448 for the mean 
density of the earth. 

Later experiments made with the torsion balance.—A 
piece of apparatus resembling that used by Cavendish is called 
a torsion balance, because the torque due to the forces to be 
measured is balanced against the restoring torque called into 
play by the torsion or twist of the suspending wire. Cavendish’s 
experiment has been repeated, with various improvements, by 
Reich in Germany (1837), by Baily in England (1841), by 
Cornu and Baille in France (1870), by Boys in England (1895), 
by Braun and by E6tvos in Germany (1896). Of these repe- 
titions, that due to Boys presents the greatest number of points 
of interest, and gave the result which is probably most nearly 
correct. 


Most torsion balance experiments have been rendered inaccurate by 
the imperfect elasticity of the wire. When a wire is twisted, the angle 
of twist is not exactly proportional to 
the applied torque, and a ‘‘ permanent 
set”’ is also acquired by the wire: that 
is, when the applied torque is removed 
the wire does not untwist completely. 
Prof. Boys found that if fused quartz 
(rock crystal) be drawn out into fila- 
ments, these are perfectly elastic and 
free from the defects just mentioned. 
Also they can be made very small in 
diameter, so as to exert a very small 
restoring torque when twisted; and 
they are very strong (stronger than a 
steel wire of the same diameter would 
be). Using a quartz fibre suspension, 
Prof. Boys was able to reduce the size 
of the apparatus, and thus to keep it 
at a more uniform temperature and to 
minimise the disturbance due to air 
currents. 


Fic. 77.—Boys's apparatus for de- 
. , termining the Newtonian con- 
The design of Boys’s torsion stant of gravitation. 


balance will be understood on 
reference to Fig. 77, which represents the apparatus at first 
experimented with. The two attracted balls, #z, and 7,, were of 
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gold, and were each about o'2 inch in diameter. They were 
hung by quartz fibres from the ends of a small mirror N, o’9 inch 
in length ; the mirror was itself suspended by a torsion fibre of 
quartz, about 17 inches long. The attracting masses were lead 
balls M, and M,, each about 4°5 inches in diameter. In order to 
minimise the attraction of M, for m,, and of M, for m,, the 
balls M, and #, were supported with their centres in a 
horizontal plane which was six inches above the plane in which 
the centres of the balls mz, and M, lay. The attracting balls 
M, and M, were suspended from a lid L which could be rotated 
into a position such that the greatest possible torque was exerted 
on the moving system. The deflections produced were measured 
by observing the reflection of a scale, graduated in fiftieths of 
‘an inch, in the mirror N, by the aid of a telescope. The period 
of oscillation of the suspended system was a little over three 
minutes. The results obtained were— 


G=6°6576 x 1078 
p=5°5270. 


Determinations of G by the aid of the ordinary 
balance have been made by von Jolly in 1878, by Poynting 
in 1893, and by Richarz and Krigar-Menzel in 1898. In 
Poynting’s experiment two spheres of lead, each weighing about 
50 lb., were hung, one from each end of the beam of a balance. 
These were counterpoised, and then a lead ball weighing about 
350 lb. was brought, first under one of the suspended spheres, 
and then under the other, with the result that the beam was 
deflected first in one, and then in the opposite direction. The 
deflection @ having been observed in each case, a centigram 
rider was moved about an inch along the beam, and the 
deflection @ produced by this was observed. Let M and mm 
denote the masses of the attracting and attracted balls, placed 
with their centres at a distance @ apart ; and let us suppose that 
the centigram rider was removed from a point at a distance 4 
to another at a distance /, from the axis of rotation of the beam. 
Then if the length of the beam of the balance=2/. 


es ee? 
oo1xe(-l) ¢ 
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Poynting’s results are— 


G = 6°6984 x 1078 
P = 5°4934. 


Richarz and Krigar-Menzel.used a balance which had two 
scale pans, one a little more than two metres above the other, 
hung from each end of the beam. A parallelepiped of lead, 
2 metres high and 2°1 metres square, was built up in such a 
position that the lower scale pans of the balance were below it, 
and the upper pans above it. An experiment was carried out 
by placing a kilogram weight in the upper left-hand pan, and 
another equal weight in the lower right-hand pan; the attrac- 
tion of the lead parallelepiped pulled the first weight down and. 
the second one up, and so depressed the left-hand end of the 
beam, producing a deflection of the pointer, which was observed. 
The weight was then transferred from the upper to the lower 
left-hand pan, and the other weight was transferred from 
the lower to the upper right-hand pan, when an equal and 
opposite deflection of the beam was produced. This deflection 
was compared with that produced by moving a rider of known 
mass through a definite distance along the beam. Next, the 
lead parallelepiped was removed, and a similar series of observa- 
tions were made in its absence, It was found that the weight of 
a kilogram is increased by more than half a milligram, merely 
by lowering it towards the earth through two metres. 

The values obtained by Richarz and Krigar-Menzel are— 


G=6'685 X 10-8 
Py 5595 


PROPERTIES OF GRAVITATION. 


The ‘‘inverse square law.”—The determinations of G, by 
independent experimenters working under different conditions, 
afford a means of testing the inverse square law experimentally. 
In determining the value of G, all experimenters have assumed 
the inverse square law, and the concordance between their results 
affords a very satisfactory proof of the truth of that law. The fol- 
lowing table gives the approximate masses of the attracting and 
attracted bodies, together with the distance separating them and 
the value of G obtained, in a number of the most accurate 

Pp 
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experiments. The values of d are only approximate, but they 
suffice to indicate the range of distances over which gravita- 
tional attraction has been measured. 


| 
Name of Attracted Attracting Mean dis- G 
experimenter mass 7t mass M tance @ 
Boys... «. | 3 grams (about) 7,400 grams | 6°5 cm. 6°6576 X 10-8 
Braun ... an 54 grams 9,150 grams ro cm. 6°6578 x 1078 
Cavendish ... 520 grams 155,000 grams 22 cm. 67562 X 1078 
Poynting ... | 21,000 grams 153,000 grams | 30 cm. 6°6984 X 1078 
Richarz and 685 X 1078 
ee Monel 1,000 grams 88,000,000 grams roo cm, 6°685 X 10 


Thus, laboratory experiments confirm the truth of the inverse 
square law for distances lying between 6 cm. and Ioo cm. 

Measurements of the gravitational attraction exerted by the 
earth, at points near its surface, afford some additional con- 
firmation. For instance, von Jolly found that the diminution in 
the value of g, per unit increase in the height above the surface 
of the earth, is equal to about 2°96 x 107° dyne per gram per cm. ; 
the calculated value of the same quantity would be 3°08 x 107° 
dyne per gram per cm. if the whole mass of the earth were 
concentrated at its centre. For the attraction of the earth to be 
exactly the same as if its mass were concentrated at its centre, 
the density of the earth should be uniform at a constant distance 
from its centre (p. 198), and we know that this is not the case 
in the outer crust of the earth, and we have no reason to 
suppose that it is so in the interior of the earth. 


Variations in the density of the earth would have little or no effect on 
its gravitational attraction at very distant points. Thus, at the moon, the 
gravitational attraction due to the earth should be (1/60°3)? times the 
value of g at the surface of the earth, since the radius of the moon’s orbit 
‘is practically 60°3. times the radius of the earth. The orbit of the 
moon is nearly circular ; and for a body to revolve in a circular orbit, it 
must be acted upon by a force directed toward the centre of the circle, 
and equal to vw? for each unit of mass of the body, where w is the angular 
velocity of the body and ~ the radius of its circular orbit (p. 74). Now 
a revolution of the moon occupies 27°32 days, or 2°360 x 10° seconds ; 


and the radius of the moon’s orbit is 240 thousand miles, or 3°86 x 10 ° 
cm. Hence, for the moon— 


a : 27 2 
rut = 3°86 x 10! x (aa = 0'273 cm./(sec.)?, 
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and the mean value of gnear to the surface of the earth = 980 cm /(sec.)”, 
so that— 
Pa Sey ap OTs 2 
Geue (one 0°269 cm./(sec.)”. 
These results agree as well as might be expected when we remember 
that the force of gravity at the surface of the earth is not exactly the 


same as if the mass of the earth were concentrated at its centre. 


The motions of the planets are exactly in accordance with the 
inverse square law. Hence, finally, we have satisfactory evidence 
as to the truth of the inverse square law for distances varying 
between 2°78 x 10° miles (the radius of the orbit of Neptune) and 
about 2 inches (the distance between the attracting masses in 
Boys’s experiment). 

Gravitational attraction is independent of the medium in which 
the attracting bodies are placed, and is unaffected by interposing 
matter of any kind between them. 

Gravitational attraction is propagated with a velocity so great 
that it may be considered to be infinite. To understand this 
statement, let it be supposed that a body A is attracted by 
another body B. While the bodies are stationary, an equal 
attraction is exerted on B by A. If A suddenly moves towards 
B, the attraction on A increases ; but if gravitational force were 
propagated with a finite velocity, an increased attraction would 
not be felt at once by B._ If such an action as this occurred, it 
would affect the motions of the planets, and no effects, which 
could be explained as due to this cause, have been observed. 

Variations of terrestrial gravitation.—The relative values 
of g at various points on the earth’s surface may be determined 
by swinging an invariable pendulum (that is, a compound 
pendulum provided with only one supporting knife edge) 
successively at the given stations. Kater and Sabine carried 
out numerous experiments with an invariable pendulum beating 
seconds ; later, von Sterneck used an invariable pendulum 
which beat half seconds. The dimensions of a half seconds 
pendulum need be only one-quarter those of a seconds pendulum ; 
hence the former is only about ten inches in length, and it may 
be enclosed in a case which can be exhausted, so that the 
correction for the effects of the surrounding atmosphere (p. 152) 
can be determined with accuracy. 

It has been found that, owing to the approximately spheroidal 

P2 
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shape of the earth, gravity varies with the latitude. If # is the 
latitude at any station at the sea level, the latest experiments 
have shown that the value of g at that station will be given by 
the equation— 

£ = 978'00 (1 +.0°005310 sin? #) cm. /(sec. ). 

At a station above the sea level two extra corrections must be 
applied. In the first place, neglecting the attraction of the 
ground above sea level, g may be assumed to vary inversely as 
the square of the distance from the centre of the earth ; in the 
second place, the attraction due to the ground above the sea 
level may be allowed for. Values of ¢ obtained experimentally 
at various heights above the sea level do not agree very well 
with those calculated according to the above rule. It appears 
probable that mountain ranges, and high grounds generally, are 
parts of huge masses of matter which are less dense than that 
generally found in the interior of the earth, and may be compared 
with icebergs floating partly submerged in the denser sea 
water. Hence, we may regard the total mass of matter between 
any station and the centre of the earth as being independent of 
the height above sea level. 


ATTEMPTS TO EXPLAIN GRAVITATION. 


A number of hypotheses as to the cause of gravitational 
attraction have been advanced by various philosophers and 
men of science : of these hypotheses, two will now be discussed. 
Ofcourse, if we are content to rest satisfied with action at a 
distance as the cause of phenomena, no hypothesis is needed to 
explain gravitation. But it may be argued, with justice, that 
Newton’s law of gravitation describes the phenomena pro- 
duced by gravitation, without giving us any idea how one body 
attracts another. To explain gravitation, we are obliged to 
suppose that the force exerted by one body on another is due to 
some kind of connecting mechanism; the simplest kind of 
mechanism would be a medium, such as the ether, which pro: 
duces the apparent attraction of bodies by pushing them 
towards each other with a force which varies inversely as the 
square of the distance separating them. 

Le Sage’s hypothesis.—Le Sage supposed that space is 
traversed by innumerable small particles endowed’ with inertia, 
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which are moving in various directions with great velocities. 

When these particles strike against matter they are brought to 
rest. A single body would experience no resultant force due to 
the stoppage of the particles which strike against it ; for the 
change of momentum on one side of the body would be equal 
to that on the opposite side. But two bodies would be urged 
towards each other, for the space between them would be 
poorer in moving particles than the remainder of the surround- 
ing space, and therefore the impacts of particles moving in such 
directions that their stoppage tends to force the bodies towards 
each other would exceed those of particles the stoppage of 
which would tend to force the bodies apart. It should be noticed 
that the particles must be brought to rest by striking against the 
bodies ; if they merely rebounded from the bodies, we should 
have the same conditions as in a gas, according to the kinetic 
theory,! and in this case no apparent attraction is produced. 
But if these particles are brought to rest when they strike 
against a body, their energy must be communicated to the body 
in the form of heat ; and Maxwell calculated that the energy 

communicated toa body in this manner would render it red 
hot in the course of a few seconds. Hence, Le Sage’s hypothesis 
must be abandoned. 

Osborne Reynoids’s hypothesis.—Dilatancy.—Prof. Os- 
borne Reynolds has proposed an explanation of gravitation in 
terms of an interesting property of granular media, which he 
discovered. This is a statical hypothesis: that is, it does not 
depend essentially on motion 
of the surrounding medium. 

If spherical bodies are piled 
in such a manner that each 
fits as far as possible into the 
spaces between its neighbours, 
their arrangement will resemble 
that depicted in Fig. 78 ; such 
an arrangement is called or- 
mal piling. If the bodies are Fic. 78.—Close, or normal piling. 
displaced from their positions, 
in normal piling, the empty spaces between them will be 
increased in size, and the volume occupied by the aggregate 


1 Heat for Advanced Students, by E. Edser (Macmillan), pp. 286-292. 
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will increase (Fig. 79). Hence, if we suppose a space to be 
filled with spheres in normal piling, any external forces which 
act on the aggregate, and 
produce a change in the 
relative positions of the spheres, - 
will increase the volume of the 
aggregate. In other.words, a 
granular medium has the pro- 
perty of expanding when it is 
compressed laterally : this pro- 
perty is called dilatancy. 


Fic. 79.—Loose, or cubical piling. Expt. 17. — Obtain an indiarubber 
balloon, such as is made to be inflated 
and used as a toy by children. Pour boiling water on sand which has 
been sifted ; by this means a mixture of sand and water, free from air, 
is obtained. Introduce the sand into the balloon by the aid of a funnel ; 
the sand may be washed into the balloon by means of water, superfluous 
water being expelled occasionally. When the balloon is full of the wet 
sand, fix a piece of glass tube into its mouth, and pour water in until it 
stands at some height in the tube. On squeezing the sides of the balloon, 
water is not expelled as might have been expected, but is sucked into 
the balloon ; thus showing that the overall volume of the sand increases 
under lateral pressure. 

Expt. 18.—Having filled a balloon with wet sand as in the previous 
experiment, close its mouth with a ligature of cotton, taking care 
that there is a small superfluity of water, but no air, above the sand. 
Carefully knead the mass until it assumes a shape like that of a tea-cake. 
On removing the hands, it will be found that the indiarubber contracts, 
displacing the sand particles until the superfluous water is sucked into 
their interstices ; but as soon as the superfluous water has disappeared, 
no further displacement of the sand grains can occur without a vacuum 
being formed ; hence the arrangement becomes quite rigid, and, when 
it is stood on its edge, can support half a hundredweight. 

The explanations of the following phenomena will suggest themselves 
readily. 

The sand on the sea-shore, left wet by the ebbing tide, becomes firm 
and apparently dry under the pressure of a foot ; but when the foot is 
removed, the sand is found to be surcharged with water. Similarly, 
cement and mortar become hard under the pressure of the trowel, and 
regain fluidity when the trowel is removed. 

If a measuring vessel is filled with wheat or rice, pressure applied to 
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the grain will cause it to overflow; subsequent shaking will cause the 
grain to sink down, until about a tenth part of the vessel is left 
empty. . 


According to Prof. Osborne Reynolds, the ether may be con- 
sidered to be a granular medium to which a uniform pressure is 
applied at the confines of the universe. Let it be supposed 
that many, comparatively large spheres are embedded in 
this medium. If the piling of the medium were originally 
normal, and subsequently the spheres: expanded slightly, a 
displacement of the grains near each sphere would be pro- 
duced, and each sphere would be surrounded by a space in 
which the piling is comparatively loose. This loosely-piled 
space is the seat of potential energy, since the expansion, which 
accompanied the change from normal to loose piling, took place 
against the external pressure applied to the medium. Thus, any 
two of the spheres will 
appear to attract each & e OES 
other; for a system 
always tends to as- 
sume such a condi- 
tion that its potential 
energy is a minimum, 
and when two spheres 
are very near to each ‘ , 
other the volume of Pe ewe pee nee fe 
the loosely-piled space 
surrounding both is smaller than the volumes of the corres- 
ponding spaces surrounding the spheres when they are far 
apart. (Fig. 80.) Prof. Osborne Reynolds has found that the 
attraction would vary inversely as the square of the distance 
which separates the spheres. 


QUESTIONS ON CHAPTER VI 


1. A, B, and C are the angles of an equilateral triangle, the length of 
a side of which is equal to 7. A mass m is placed at B, and an equal 
mass is placed at C; determine the resultant gravitational attraction 
exerted at the point A. 

2. A very small spherical body revolves in a circle just outside the 
surface of a-large sphere of: density p, the plane of the circle passing 
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through the centre of the sphere. Determine the period of a revolution, 
if the centripetal force acting on the revolving body is due to the gravi- 
tational attraction exerted upon it by the sphere. 

3. A narrow straight tunnel is bored from the surface to the centre of 
a sphere of radius 7 and density p. Determine the work done in 
carrying a small mass of matter, 7, from the centre to the surface of the 
sphere. 

4. Determine the force exerted by the sun on unit mass of the earth, 
by the method indicated in question 10, p. 45; hence, assuming the 
value of G, in the c.g.s. system, to be equal to 6°66 x 107%, calculate 
the mass of the sun. 

s. Assuming the mean radius of the earth to be equal to 6°37 x 10° 
metres, and that ¢=980 dynes per gram, while G=66'6 x 107° in c.g.s. 
units ; calculate the mass of the earth, on the assumption that it is a 
sphere consisting of concentric shells, each shell being of uniform 
density. 

6. Assuming the orbits of the earth and the moon to be approximately 
circular, calculate the relative masses of the earth and the sun; given, 
that the moon completes 13 revolutions in a year, and that the distance 
from the sun to the earth is 390 times as great as the distance from the 
earth to the moon. 

7. A sphere of platinum, of radius 10 cm., and density 21°5 gm. per 
c.c., is placed so that it is just immersed in water, on the surface of the 
earth. Prove that the water will be heaped up over the sphere, and 
determine the radius of curvature of the water just above the sphere. 

8. Let 7 denote the radius of a uniform solid sphere, while g denotes 
the gravitational attraction exerted on a gram of matter placed just 
outside the surface of the sphere. Prove that the gravitational 
attraction diminishes at the rate of 29/7 per centimetre displacement 
normal to the surface of the sphere. 

9. Von Jolly found that, when a mass of 5 kilograms is displaced 
through 21 metres normal to the surface of the earth, its weight is 
diminished by an amount equal to the weight of 31°7 milligrams 
(p. 210). From this result, calculate the diminution of gravitational 
attraction on a gram, due to a displacement of I cm. normal to the 
surface of the earth; and compare the value obtained with that 
calculated theoretically, if g=980 dynes per gram, and r=6°37 x 108 
metres. 

10. A point is chosen near to a uniform plane lamina of small 
thickness; and when the lamina is viewed from this point, it 
apparently extends to infinity on all sides. Calculate the gravitational 
attraction exerted by the lamina on a gram of matter placed at the chosen 
point, if the mass per unit area of the lamina is equal to m. 


- iow 


CHAPTER VII 
ELASTICITY 


Stress and strain.—The shape of a solid can be altered 
only by the application of a suitable system of forces. If the 
modified shape is retained by the solid only so long as the forces 
act, and the original shape is regained when they cease to act, 
the solid is said to possess shape elasticity; if the modified 
shape is retained after the forces cease to act, the solid is said 
to be plastic. Fluids, including liquids and gases, possess no 
definite shape, and therefore cannot possess shape elasticity. 
The volume of matter, whether this matter be solid or fluid, 
can be altered by the application of suitable forces, and in most 
cases the original volume is regained when the forces cease to 
act ; hence, all matter possesses volume elasticity. 

Any alteration produced in the shape or volume of matter is 
called a strain. The forces which must be applied in order to 
produce the strain are called stresses. These forces are always 
distributed over surfaces, and the stresses are measured in 
units of force per unit area. The study of the elastic properties 
of matter resolves itself into an examination of the relation 
between various types of strain and the stresses which produce 
them. é; 


A body is homogeneous if all of its particles possess similar proper- 
ties. A body is isotropic if its properties in any one direction are the 
same as in all other directions. Fluids are generally both homogeneous 
and isotropic, but it is difficult to find a solid which complies with these 
conditions. Fibrous substances (such as wood) will not be isotropic ; 
metals are crystalline in structure, and they will not be isotropic 
if the crystals are arranged regularly. The following investigations 
of the elastic properties of matter are carried out on the assumption 
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that the matter is both homogeneous and isotropic ; since solids seldom 
comply exactly with these conditions, the results obtained will be only 
approximately true, although in many cases the approximation is 
fairly close. 


Compressive and linear strains.—Let a volume V of 
matter be compressed so that the diminution of volume is 
equal to v; if the compression is uniform (that is, if all 
elements of volume which were originally equal are equally 
diminished), the diminution of volume per unit volume is 
equal to v/V: this is the quantitative expression for the 
compressive strain. If the strain is not uniform, we can 
determine its value at any point by finding the diminution of 
volume v experienced by a small element of volume V’ 
immediately surrounding the point, and then calculating the 
value of v’/V’. A linear strain is defined as the change of length 
per unit length in any line. Thus, if the original length of the 
line was L, and the change of length is equal to Z, the linear 
strain is equal to Z/L. If a positive sign is prefixed to a 
diminution of length or volume, then a negative sign must be 
prefixed to an increase of length or volume, and w7ce versdé. 

It can be proved easily that a small uniform compressive strain, 
equal to 6 per unit volume, is equivalent to linear strains equal to 
(6/3) per unit length, in any three mutually perpendicular directions. 
For, let a unit cube suffer a diminution of volume equal to 6, 
and, as a consequence, let each edge of the cube be diminished 
in length by +. Then the final volume of the cube is equal 
to (1-+)%, and the diminution of volume, 6, is given by the 
equation— 

S=1-—(1—-x)8 = 34 - 327+ 2°. 


When the strain is very small, +? and x? will be negligibly small 
in comparison with x; therefore =3r, and x=8/3. In the 
following investigations it will be assumed that all strains dealt 
with are so small that their squares and higher powers may 
be neglected in comparison with the strains themselves. 
Compressive stress.—A cube of matter can be compressed 
uniformly by applying equal and uniform pressures to the faces 
of the cube. In this case, the cube as a whole will be in 
equilibrium under the action of the forces applied to its faces ; 
for, if the pressure is equal to /,, the force acting normally on one 
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of the faces of area a is equal to fa, and an equal force will 
act in the opposite direction on the opposite face of the cube. 

It will now be proved that if the faces of a cube are subjected 
to a uniform pressure /;, then a pressure /, will act across any 
plane within the cube. 


Let the plane cut the edges of the cube which terminate in O 
(Fig. 81) in the points A, B, and C. The cube as a whole is in equi- 
librium under the action of forces, each equal 
to 7, per unit area, applied normally to its | ae 
faces. The part OABC of the cube cut off by 
the plane ABC must be in equilibrium under 
the action of the forces exerted on the faces 
OAC, OBC, OAB, and ABC. Through OA 


draw an imaginary plane AOD perpendicular Lo ee 


A 


to BC, and cutting that line in D; then AD o ra 
and OD are both perpendicular to BC, since 

cob ‘ 3 ; Fic. 81.—Internal stress due 
they lie in a plane which is perpendicular to to a uniform external pres- 


BC. Thus AD and OD are the altitudes of Stes 
the triangles ABC and OBC, which possess 
the common base BC. Let z ADO=@; then the normal to the plane 
ABC will be inciined to AO, the normal to OBC, at an angle @; for 
if ABC were rotated about BC until AD coincided with OD, the 
normal to ABC would become parallel to OA, while the normal and 
the line AD would both have been turned through the same angle 8. 
Let x be the pressure exerted normally on ABC ; then since the area 
ABC=}3. BC. AD, the total force acting normally to ABC is equal to 
4.BC.AD. 4, and the component of this force, resolved parallel to 
AO, is equal to $. BC. AD. «cos @. The total force acting normally 
to OBC is equal to}. BC. OD... In order that the portion AOBC 
of the cube may be in equilibrium— 


4 BC. AD.«cos@=4 BC. OD.A, 
and since AD cos @ = OD, it follows that— 
omy in 


Thus, the matter on either side of the plane ABC is subjected to a 
compressive stress 7, by the matter on the opposite side of the plane. 

If we imagine a spherical surface to be described within the cube, 
a uniform compressive stress f, will act over its surface. For a spherical 
surface may be imagined to consist of an infinite number of small plane 
elements of area, and each of these elements will be acted upon by a 


compressive stress equal to /, per unit area. 
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Bulk modulus of elasticity.—The compressive stresses 
applied to the surfaces of a cube will produce a certain strain ; 


Fic. 82.—Appa- 
ratus for the 
determination 
of Young’s mo- 
dulus. 


if we measure the strains corresponding to a 
series of stresses, we can plot a curve which 
exhibits the relation between the stresses and the 
strains they produce. A very small element of 
this curve differs but inappreciably from 
a straight line. The curve must start at the 
origin, for zero stress produces zero strain ; and 
the first part of the curve may be considered 
to be straight, and therefore the ratio of the 
stress to the strain for this part of the curve 
must have a constant value. The ratio of the 
stress to the resulting strain is called the 
modulus of elasticity, provided the strain is so 
small that the ratio is constant. Thus the bulk 
modulus of elasticity, denoted by 4, is given by 
the equation— 

__ compressive stress 

~~ compressive strain™ 


The strain is measured by the ratio of the diminution 
of volume to the original volume, and therefore it has 
no dimensions ; in other words, its value is independent 
of the unit in terms of which the volumes are 
measured. Thus, £ is expressed as a certain number 
of units of force per unit area; preferably, as so many 
dynes per sq. cm. The dimensions of £ are— 
ML . M 


2) = 
Tae he 


The compressive strain produced by a stress /, 
is equal to f{/£; the corresponding linear strain 
is one-third of the compressive strain (p. 218), 
that is, it is equal to 4/32. 

Young’s modulus.—Let a cylinder, or a prism, 
be subjected to equal and opposite stresses 
applied to its ends, zfs sides meanwhile being 
Sree from stress; then the ratio of the stress 
applied to either end, to the consequent elonga- 
tion per unit length, is called Young’s modulus, 
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Experiment shows that for metals such as steel, brass, etc., the 
ratio 1s constant so long as the elongation does not exceed 
ovoo! of the original length of the cylinder or prism. 


Young’s modulus will be expressed as a certain number of units of 
force per unit area. Its dimensions take the same form as those of the 
bulk modulus. 


ExpT. 19.—To determine the value of Young’s modulus for the 
material of which a wire is composed. 


When a wire is stretched by equal and opposite forces applied 
to its ends, the stress is equal to the force applied to an end 
divided by the area of the wire. The strain is equal to the elongation 
divided by the original length of the wire. Since the elongation is 
necessarily very small, special precautions are necessary in order that it 
may be measured accurately. 

Two precisely similar wires of the material to be tested are threaded 
through holes A and B (Fig. 82) in a brass plate, and the wires are 
then soldered to the plate. The plate may be supported from a beam in 
the ceiling of the laboratory by means of a slotted hole C, which can 
be slipped over the head of a strong screw. 

The lower ends of the wires are attached to rods which terminate in 
plates, on which circular slotted weights can be supported. One wire 
carries a scale, graduated in half-millimetres, at a height of about 
four feet from the floor; a vernier, reading to a tenth of a scale 
division, is attached to the other wire. The wire to which the scale is 
attached carries a constant load, sufficient to keep it straight ; the load 
on the other wire must be varied during an experiment, If the varying 
load produces any displacement of the point of support of the wires, 
this will entail no relative motion of the scale and vernier, since the 
upper ends of both wires are fastened together. Any expansion due to 
a change of temperature will also affect both wires equally. Hence, the 
strain produced by a known addition to the load can be measured with 
accuracy. 

Enter your observations in a table such as the following. The original 
load of the wire to be tested is denoted by X; the load must be 
sufficient to straighten the wire without stretching it very much. 

The load may be increased by half a kilogram at a time, but the total 
increase of load must not be sufficient to stretch the wire beyond the 
point at which it becomes permanently elongated to an appreciable 
extent. 
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Load. Vernier readings. Mean. | Elongation. 
xX a 

X41 b 

X+2 c 

X+4+3 ad 

X+4 é 

X+ 5 1 ode a f-@ 

X+ 6 ob £ g-$ 

X+ 7 h h-c 

X+ 8 k k-ad 

X+ 9 4 | l-e 


The vernier readings are recorded, first as the load is increased from 
X to X+9, and then as the load is once more decreased to X. The 
mean of the two readings corresponding to each load is entered 
in the fourth column; let these means be equal to a, 6, c, d, &c. 
Now (6-a), (c-4), (d-c)...(¢2-) are the extensions due to the 
addition of one of the weights ; but if we attempt to obtain the mean 
extension by adding (6-a), (c—6)...(Z—2), we obtain (Z—a)/9, so 
that only the first and last observations are utilised. Zo avotd wasting 
the observations 6, c, d...k, we must use no observation more than 
once. Thus if we obtain the mean of (f-a), (g—6)... (/-e), this will 
give the mean extension due to the addition of five of the weights, avd 
all the observations will be utilised in obtaining this mean. If each 
weight is half a kilogram, we obtain the mean extension due to 
2°5 kilo.; converting the kilograms into dynes, and dividing by the 
sectional area of the wire, we obtain the stress which produces the 
observed elongation. To obtain the strain, the mean elongation must 
be divided by the original length of the wire. 


If a longitudinal stress equal to ~, produces a longitudinal 
strain equal to e per unit length, then Young’s modulus E 
is given by the equation— 


ees 
é 
ova 

é= Ee: 


Poisson's ratio— When an elongation is produced by longi- 
tudinal stresses, a change is produced in the lateral dimensions 
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of the strained substance. Thus, when a wire is stretched, its 
diameter diminishes ; and when the longitudinal strain is small, 
the lateral strain is proportional to it. The ratio of the lateral 
strain to the longitudinal strain is called Poisson’s ratio. Thus, 
if the original length and diameter of a wire are denoted by L 
and D, while the increase in length due to a given longitudinal 
stress is denoted by /, and the diminution of diameter by d, then 
Poisson’s ratio o is given by the equation— 


a 


FINI 


Methods of determining Poisson’s ratio will be described 
later. 

Elastic properties of matter.—If the load carried by a wire 
is increased progressively, and the elongation corresponding 
to each load is ob- 
served, the relation 
between the loads 
and the consequent 
elongations can be 
exhibited in the form 
of a curve such as 
OABC, Fig. 83. From 
O to A the curve is ap- 
proximately — straight, 
that is, the elongation 
is proportional to the 

fo) 
load. But at A the — Fic, 83,—Graph exhibiting the relation be- 
elongation commences tween load, stress, and strain. 
to increase more 
quickly than the load ; A is called the yield point, and after A 
has been passed the elastic limits of the wire have been exceeded. 
Near B the curve becomes practically horizontal, thus indicating 
that the wire continues to elongate without any increase of load. 
To prevent the wire from being broken the load must be 
diminished ; thus the curve slopes downwards from B to C. 

As the elongation of the wire increases, its sectional area 
diminishes ; hence, the curve OABC does not represent the 


Load or Stress 


Strain 
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relation between the stress (load per unit area) and the 
elongation. If we divide each load by the corresponding 
sectional area of the wire, and plot the results against the 
elongations, we obtain a curve such as OAB’C’, which represents 
the relation between the stress and the elongation. It will be 
observed that the elasticity of the wire breaks down at A, and 
is recovered near B’; between B’ and C’ the elongation is 
approximately proportional to the stress, and the ratio of the 
stress to the strain may even have a greater value than between 
O and A. If the load is diminished progressively after reaching 
C’, the curve C’B’AO is not re-traversed, but the elongation 
diminishes along C’S. At S all stress has been removed, but 
the wire has not returned to its original length ; a permanent 
elongation OS has been produced. ‘Thus, if a wire is strained 
beyond its elastic limits, the yield point is raised, and a permanent 
elongation (called a permanent set) is produced. ‘These properties 
are very noticeable in connection with copper wire ; a piece of 
annealed copper wire is practically plastic ; but after it has been 
stretched it becomes highly elastic. Thus “hard drawn” copper 
wire (that is, copper wire that has been drawn forcibly through 
a hole smaller in diameter than the wire) yields under a stress 
of about 4x 10? dynes per sq. cm., while pianoforte steel wire 
yields under a stress of 24x10 dynes per sq. cm. The 
value of Young’s modulus for steel wire is about 2 x 10! dynes 
per sq. cm.: for hard drawn copper wire it is about 1°2 x 10! 
dynes per sq. cm.; while for annealed copper wire it is about 
1‘ox 10” dynes per sq.cm. Hammering or rolling a metal 
produces a similar extension of the elastic limit. 

If a polished section of a metal is etched with dilute nitric 
acid, and then examined under a microscope, its appearance 
suggests that the metal is made up of numerous aggregates of 
crystals. If the metal has been strained so as to produce 
a permanent set, it is observed that relative motions have been 
produced amongst the crystals; the motion occurs along 
definite planes of cleavage, and the effect of overstraining, 
rolling, or hammering the metal is to distribute the planes 
of cleavage indifferently in all directions, thus decreasing the 
tendency to yield in any particular direction. If the metal is 
heated and then allowed to cool slowly, it is said to have been 
annealed ; microscopic examination now shows that the crystals 
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have coalesced into large aggregates, with cleavage planes 
distributed in definite directions ; hence the metal has again 
become Soft or plastic. 

Impurities may increase or decrease the elasticity of a 
metal. The impurity forms a sort of cement which unites the 
crystal aggregates ; if this cement is plastic, the elastic limits 
will be diminished, while if the cement is more rigid than the 
metal, the elastic limit will be extended. Thus Roberts-Austen 
found that the addition of 2 per cent. of potassium to gold 
diminished the strength in the ratio 1:12. When carbon is 
added to molten iron, a carbide Fe,C is formed ; if there is not 
much of this carbide present, it acts as a hard cement which 
unites the crystal aggregates of the iron, and thus the steel 
formed by the union is much more elastic than the pure iron. 

Substances which are elastic at ordinary temperatures become 
plastic when the temperature is raised sufficiently. The carbon 
filament of an electric glow lamp is highly elastic at ordinary 
temperatures, as may be inferred from its continuous quivering ; 
but when the filament is heated by an electric current, so as to 
glow, it becomes almost plastic, and can be distorted by placing 
a pole of a magnet near the lamp. When lead, which is plastic 
at ordinary temperatures, is cooled in liquid air, it becomes 
elastic, and rings like steel when struck. Generally speaking, 
the value of Young’s modulus is diminished by a rise of 
temperature ; but it has been found that by alloying nickel with 
steel, a substance can be produced for which Young’s modulus 
remain constant, or even increases with the temperature. These 
nickel steel alloys have proved most valuable in connection with 
the hair springs of watches and chronometers. 

Shearing strain.—When a substance is strained in such a 
manner that all planes parallel to a certain datum plane remain 
undistorted and unaltered in dimensions, while they are displaced 
tangentially, relatively to each other, the substance is said to be 
sheared. When the shear is uniform, the relative displacement 
of any two planes is directly proportional to the perpendicular 
distance between them. Let a number of rectangular sheets of 
cardboard be piled so as to form a rectangular parallelepiped 
(Fig. 84) ; then if these sheets are displaced so that all faces of 
the resulting solid remain plane, the result is a uniform shear of 
the rectangular parallelepiped. 

Q 
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Let ABCF (Fig. 85) represent a solid cube, and let this suffer 
a uniform shear, so that it is distorted into the solid A’B’CF. 


Fic. 84.—Shearing strain, 


Every point originally in the 
plane ABCD remains in that 
plane; any plane parallel 
to ABCD is called the 
plane of the shear. The 
value of the shear is measured 
by the angle A’DA; when 
the shear is small, the circular 


measure of the angle will be equal to its tangent, and the shear @ 


is equal to AA’/AD. 


An important property of a sheared solid may be understood 


by examining a square piece of 
wire gauze of about one-tenth inch 
mesh, before and after it has been 
sheared (Fig. 86.) It will be ob- 
served that each mesh, which was 
square in the unsheared gauze, is 
distorted by the shear into a 
parallelogram with equal sides. 
Further, the diagonals of each 
mesh are altered in length. Each 
diagonal, originally parallel to the 
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line joining the opposite corners D and B of the square, is 
lengthened ; and each diagonal, originally parallel to AC, is 


/ 


Fic. 86.—Wire gauze before and after shearinz. 


shortened. Hence, all lines originally parallel to BD are 
lengthened, and all lines parallel to AC are shortened, 
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Join DB and DB’ (Fig, 87), and with D as centre and DB as radius, 
describe the circular arc BG cutting DB’ in G. Then GB’ is the 
elongation of the line DB, produced by the shear. If the shear is 
infinitesimal, the angle BB’G differs from 45° by an infinitesimal 
amount, and the arc BG differs infinitesimally from a straight line 
perpendicular to GB’. Hence, BB’G is an isosceles triangle with a 
right angle at G, and GB’=BB’/N2, Further, DB=CB V2. Hence, 
the elongation per unit length of DB is equal to— 

GB’/DB=(BB’/N2)+(CBN2)=(BB’/2CB) = 6/2, 
since the shear @ is measured by BB’/CB=AA’/DA. The student 
should find no difficulty in proving that the diminution of length per 
unit length of CA isalso equal to 6/2. Finally, 
from Fig. 86 we see that all lines originally 
parallel to DB are equally elongated by 6/2 
per unit length, and all lines originally 
parallel to CA are equally diminished by 
0/2 per unit length. Thus, a shear @ is 
equivalent to a linear extension 6/2 per unit 
length combined with a linear compression 
6/2 per unit length, in directions which BIChYS, ari Tireasretanaaried- 
mutually perpendicular, while either is in- duced by a shear. 
clined at an angle of 45° to the direction of the 
shearing displacement. Hence we can produce a uniform shear by 
superposing a uniform elongation at right angles to an equal uniform 
linear compression, This will be made clear by reference to Fig. 88. 
The angle BDG (Fig. 87), through which the 


——- diagonal BD is rotated by the shear, is equal to— 
Pp | BG/DB=(BB’/\/2) + (CB’ V2) =BB’/2CB=¢/2. 
The diagonal CA is rotated through an equal angle 
in the same direction, so that the lines CA’ and DB’ 
are at right angles. 


NES ot Shearing stresses.—If a substance can be 
g 

shear, produced 7 
by an elongation sheared only by the application of finite forces, 
low and if the shearing strain disappears when 
pression ina per- the forces that produced it cease to act, the 
pendicular direc- i : B erin 
tion. substance is said to possess shear elasticity, or 

rigidity. 
Let the cube depicted in Fig. 89 possess shear elasticity, 
and let it be required to determine the system of forces that 
Q2 
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will produce a uniform shear, the front face A and the back 
face B being parallel to the plane of the shear. The forces 
applied must be in equilibrium 
among themselves ; that is, they 
must have no tendency to set the 
cube in motion, either linear or 
rotational. Let a tangential force 
J act on the face E in the direction 
of the arrow; and let an equal 
force act tangentially on the face 
F, in the opposite direction. 
The forces must be distributed 
over the surfaces E and F, so 

Fic, 89.—Shearing stresses. that if @is the area of a face of 

the cube, then //a is the force per 
unit area. These forces obviously tend to produce a shear such 
as is depicted in Fig. 85, and they have” no terfdency to 
communicate linear motion to the cube. On the other hand, 
they constitute a torque, which tends to set the cube in 
rotation ; and to produce equilibrium, an equal and opposite 
torque must be applied. Therefore, let forces, each numerically 
equal to f, act tangentially on the faces C and D in the 
directions of the arrows ; the forces acting on the faces E and 
F, C, and D, leave the cube in equilibrium, and are sufficient 
to produce the required shear. 

Let the force per unit area acting tangentially on either of the 
faces E, F, C, or D, be denoted by f, so that 4, =//a ; and let the 
shearing strain produced be equal to 6. Then if’ the shear is 
small, /,/@ will be a constant for the substance (p. 220), and this 
constant is called the coefficient of shear elasticity, or the simple 


rigidity, of the substance. If we denote this constant by 7, 
we have— 


nat, 
6 


The shearing strain has no dimensions, since it is the ratio of one 
length to another (p. 226). Hence the’ dimensions of z are.equal to 
those of a force divided by an area, or— 


Daey See 


ie LT 
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The value of the simple rigidity is expressed in units of force per 
unit area; preferably, as so many dynes per square centimetre. 


Let an imaginary plane be drawn between, and parallel to, the 
faces E and F. The part of the cube above the imaginary 
plane must be in equilibrium under the action of the forces 
applied to its surfaces, and thus its lower surface must be acted 
upon by a tangential force equal and opposite to the force 
acting on the face E. For similar reasons, the upper surface of 
the lower part of the cube must be acted upon by a tangential 
force equal and opposite to the force applied to the face F. 
Similar reasoning applies to the forces acting on any plane 
parallel to the faces C and D. These equal and opposite 
tangential forces, acting on oppo- 
site sides of any plane parallel to 
E or to C, are characteristic of a 
sheared solid. 

Let an imaginary plane be drawn 
so as to cut both the faces E 
and C (Fig. 90) at an angle 
of 45°. The prismatic portion of 
the cube cut off by this plane 
must be in equilibrium under the 
action of the forces applied to 
its faces. If the areas of the fic. 90.—Tensile stress due to 
mutually perpendicular faces are Se eure: 
each equal to 4, the tangen- 
tial forces acting on these faces are each equal to 4,4, where /, 
is the tangential shearing stress (force per unit area). The 
resultant of these forces is equal to 4d V2, and its direction is 
perpendicular to the slant face of the prism. Hence, the slant 
face of the prism must be acted upon by a normal force equal 


to fia V2. The area of the slant face is equal to 6%/2, and 
therefore the normal force per unit area acting on the slant 
face is equal to fj. Of course, the direction of the normal force 
acting on the slant face is opposite to the direction of the 
resultant of the tangential forces ; hence, the material of the cube 
is subjected to a tensile or elongating stress /, perpendicular to any 
plane which cuts both the faces E and D at an angle of 45°. It can 
be proved, in a similar manner, that a pressure, or compressive stress, 
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7, acts perpendicular to any plane which cuts both the faces E and D 
at an angle of 45°. ; 
Now consider the cube depicted in Fig. 91. Let opposite 
tensile stresses, each equal to f, per unit area, act on the 
faces K and L; and let pres- 
sures, each equal to f, per unit 
area, act on the faces M and 
N. Let an imaginary plane cut 
both the faces K and M at an 
angle. of 45°. Then,. for the 
prismatic portion cut off by the 
plane to be in equilibrium, the 
resultant of the forces acting on 
its mutually perpendicular faces 
must be equal and opposite to 
Fic. gt.—Mutually perpendicular the force acting on the slant 
compressive and tensile stresses. face. If the area of each of 
the mutually perpendicular faces 
is equal to c, the force acting normally to each of these 
faces is équal to fc; the resultant of these forces is equal 


to f,c2, and the direction of this resultant makes an angle of 
45° with either of the perpendicular faces 
(Fig. 92). Hence, the slant face must be 
acted upon by a tangential, or shearing, 
force equal to fien2; and since the area of 
the slant face is equal to cV2, the shearing 
stress on the slant face is equal to /.. 

Now let a substance be subjected to a 
pressure f, in any direction, and an equal 


tensile stress 4, in a perpendicular direction. yy. pa Shearing 


As a result, the substance is subjected to a __ stress; due to mu- 
tually perpendicu- 


shearing stress in a direction inclined at an Jar compressive 
angle of 45° to both the pressure and the 2nd tensile stres- 
tension. If the simple rigidity of the 


substance is equal to 7, the corresponding shearing strain 6 is 
equal to /,/7 (p. 87). Reference to Fig. 88 will show that the 
shear @ is equivalent to an elongation 6/2=/,/27 per unit length 
parallel to the tension, and a linear compression equal to 
6/2=/,/2m per unit length parallel to the pressure. 
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Relation between elastic constants.—Definitions have 
now been given of four elastic constants—the bulk modulus £, 
Young’s modulus E, Poisson’s ratio a, and the simple rigidity x. 
These constants are not all independent one of another ; it will 
be proved that the four constants are connected by two equa- 
tions, and therefore when two of the constants are known the 
other two can be determined by calculation. 

In the following argument, it must be borne in mind that the 
stresses acting on a body determine the strains produced. 
Since the strain is either an expansion or a contraction per unit 
volume, an elongation or a shortening per unit length, or a 
shear, we can express the strains without reference to the actual 
dimensions of the body. 

leet the rectangular parallelepiped depicted in Fig. 93 be 
subjected to a tensile stress of 4, dynes per unit area, parallel 
to its length, its side faces being free from stress. Asa 
consequence, a linear elongation will be produced in the 
‘direction of the stress, the value of the strain being 4/E cm. 
per cm. length of the parallelepiped: let this be called the 
longitudinal strain. 

The dimensions of the parallelepiped perpendicular to the 
length will be diminished, the strain being equal to o times the 
longitudinal strain (p. 223), that is, to of/E. Let this be called 
the lateral strain. 

Let us now resolve the longitudinal tensile stress f, 
into three superposed tensile stresses, each equal to /,/3. 
The strains produced will not be affected by this procedure. 
Also, let each side face be subjected to two opposite 
normal stresses, each equal to /4/3; these stresses will not 
produce any strain, and thus the original strains remain un- 
changed. Now, we can group the stresses applied to the 
parallelepiped in any way we please, and the resultant strains 
must be identical with those produced by the tensile stresses 
applied to the end faces. 

Each side face is subjected to a tensile stress /4/3 ; 
grouping these stresses with the component tensile stresses 
J;/3 applied to the end faces, we obtain a uniform dilatational 
stress /;/3, which produces a uniform expansion equal to 4/34 c.c. 
per c.c. (p.220) ; this is equivalent to a linear elcngation equal 
to f,/9# cm. per cm. in all directions (p. 218). The result 
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is a longitudinal expansion equal to 7/92 cm. per cm., and a 
lateral expansion equal to 4/9% cm. per cm. 

The tensile stress 7,/3 acting on the faces A and B (Fig. 93), 
together with the compressive stresses 7/3 acting on the faces 
C and D, are equivalent to a_ shearing 
stress 7,/3 parallel to the face E, and 
making an angle of 45° with the length 
of the parallelepiped. The resulting shear 
J,/3” is inclined at an angle of 45° to the 
length of the parallelepiped, and is equi- 
valent to a longitudinal extension of /,/6z 
cm. per cm., together with a lateral com- 
pression of /,/67 cm. per cm. perpendicular 
to the side faces C and D. (Compare with 
Fig. 88.) 

The remaining tensile stress 7{/3 acting 
on the end faces A and B, together with 
the compressive, stress 4/3 acting on the 
side faces E and F, produce a longitudinal 
extension equal to /,/67 cm. per cm., to- 
gether with a lateral compression of 7/6 
cm. per cm. perpendicular to the side faces 
E and F. 

Hence the total longitudinal extension is 


Fic. 93.—Rectangu- equal to— 
lar parallelepiped 
subjected to tensile nh , Whi fi 2 
stresses. ok ye Ga et 6n’ 


and since this can also be expressed, in terms of Young’s 
modulus E, as f,/E, we have— 


fee 
Oe mar, 

I I I 

E of | an ar eae rare obo) 


The lateral compression perpendicular to the face C is equal to 
that perpendicular to the face E, and is equal to— 


digpvids 
62 9k 
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Since this can also be expressed, in terms of Young’s modulus 
E and Poisson’s ratio a, as of,/E, we have— 


Armin 1S aba 
1B Gd GV? 
ale eee 
Hee GEC ear Peek nae (2) 


Adding (1) and (2), we obtain the useful equation— 


Bot 9 
gin ea te eer ae a) 
Eliminating E between (1) and (2), we obtain the equation— 
“apse 
* 6h + 2n° 
PAU Se eRe) Bou 6 6 a (@) 


Now, # and 7 are essentially positive quantities ; a negative 
value of #, for instance, would mean that a uniform compressive 
stress produced an expansion instead of a contraction in volume. 

If o has a positive value, the right hand side of (4) is essen- 
tially positive, and for the'left hand side to be positive (1-20) 
must be positive. Hence the value of o must be less than 1/2. 

If o has a negative value, the left hand side of (4) is essen- 
tially positive, and for the right hand side to be positive, 
(1+¢) must be greater than zero. Hence, the value of o cannot 
be less than (—1). Thus, the value of o must lie between (- 1) 


and (+1/2). 


Poisson devised an hypothesis of the molecular structure of elastic 
substances, according to which o« must be equal to 0°25 for all elastic 
solids. The following table gives values of the elastic constants 
for a number of substances, and it will be observed that o is in 
some cases greater, and in other cases less, than 0°25. Those who 
uphold Poisson’s theory maintain that the discrepancies in the value of 
« are due either to crystalline structure or to want of homogeneity in 
the material tested. The most conclusive evidence on this point is 
obtained from the results of experiments on ‘‘quartz fibres.” These 
fibres are made by rapidly lengthening a small bead of fused quartz ; 
as fused quartz does not contract with cooling, and as the fibres are 
devoid of any trace of crystalline structure, while chemically the fibres 
are composed of pure SiO, the conditions demanded by Poisson’s 
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theory are complied with. According to Threlfall and Boys, for 
quartz fibres— 


Young’s modulus E=5°1785 x 10" dynes per sq. cm. 


Bulk modulus £= 1435 x 101! ” ” ” 
Simple rigidity n= 2°8815 x 1oll ” ” ” 
Then from (3), (p. 233)— 
LE Le 
RES = an 69650 9 e 
+6) = =O 102; 


We must therefore conclude that there is no experimental evidence 
in favour of Poisson’s hypothesis. 


TABLE OF ELASTIC CONSTANTS. 


n k E o 
Aluminium .  .| 2°38—3°36 x 1oll _— 7°4 Xr1o0l] o'13 
Brass . . . «| 3°44—4'03 ,, |10'2—10°85Xroll) g*48—10'75 ,, |0.226—0.469 
Coppers, os) arse esis 455 oS ATO +5 10°3 —12°8 ,, |o'25 —o°35 
ASIASS' 9 poy c; oa te|iue 2A as 3°4— 4°2 4, 54— 78 ,, |o°20 —o'26 
Phosphor Bronze B°6 Ts — eRe ey 0°36 
Platinum . . .| 6% —7"4 ,, — . 150 —17°0 4, 0°16 
Silver Gogo  cl2s°s—2.0 — I Jo —7-5 0°37 
Steel . . . .|:7:7 0°84, |14'7—I9'0 5, | 18'0 —29'°0 ,, !o°25 —0'33 


Torsion of a right circular cylinder.—A right circular 
cylinder may be built up from circular discs of card placed face 
to face, with their centres in a straight 


line perpendicular to all the discs. If, 
Ge now, the discs are displaced so that their 
centres remain in the same straight line 


as before, while each disc is twisted 

through a small constant angle relatively 

to the disc immediately beneath it, then 

the cylinder has been subjected to a 

Fic. been of uniform torsion. The relative twist of 

twisted cylinder. any two discs is proportional to the 

perpendicular distance between them ; 

and the twist per unit length of the cylinder is equal to the 
relative twist of its ends divided by its length. 

Let us now suppose that a solid elastic cylinder is subjected 
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to a uniform torsion. Let Fig. 94 represent a short element of 
the cylinder, cut off by two planes perpendicular to the axis; then 
two radial straight lines AB and CD, which originally lay in the 
vertical plane CAB passing through the axis CA of the 
cylinder, are twisted relatively to each other through an angle 
6 (say). The twist per unit length of the cylinder is equal to 
(@+CA). Each of the plane faces remains undistorted, 
but the material between these faces has suffered a shearing 
strain, and the value of 

the shear is directly pro- | 

portional to the distance 
from the axis. 


Let Fig. 95 represent a 
ring, cut from a short ele- 
ment of a solid cylinder by 
two cylindrical surfaces co- 
axial with the cylinder. 
Let two planes passing 
through the axis be drawn 
before the cylinder is 
twisted; if the angle be- Fic. 95.—Ring cut from an element of a twisted 
tween these planes is very cylinder. 
small, they will cut off 
from the ring a portion which approximates to a rectangular paral- 
lelepiped. When the cylinder is twisted, the parallelepiped is sheared 
as shown in Fig. 95. Let the radii of the two cylindrical surfaces be 
nearly equal, their mean value being denoted by r; then if the distance 
between the upper and lower flat faces of the ring is d@, and the twist 
per unit length of the cylinder is , a radius in the upper face is twisted 
through an angle ¢d relatively to the lower face, and therefore the 
shearing strain of the parallelepiped is equal to— 

(r¢d)+d=rpo. 

In order to produce this shear, the upper and lower faces of the 
parallelepiped must be subjected to tangential forces (+/), (—/), acting 
in the direction of the arrows (Fig. 95). The slant faces of the paral- 
lelepiped must also be subjected to tangential forces (p. 228), but these 
are applied by the contiguous portions of the ring, and therefore need 
not be considered in connection with the equilibrium of the ring as a 
whole. Let either of the flat faces of the ring have an area equal to a3 
and let the ring be divided into equal N parallelepipeds, each of which 
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is similar to the parallelepiped represented in Fig 95; then the upper 
face of each parallelepiped will have an area a/N, the tangential 
stress applied to it will be equal to f+(a/N)=N//a, and the rigidity 
n of the material will be given by the equation— 


StVESS 


r= r 
strain rp 


a nar 
=: vate. 


Now, if we select similar parallelepipeds situated at opposite sides 
of the ring, the forces acting on their upper faces will be equal in 
magnitude but opposite in directions ; hence, the forces acting on the 
upper faces of all the parallelepipeds into which the ring has been 
divided will not tend to produce any linear motion of the ring. On 
the other hand, all the forces will exert torques acting in a uniform 
direction about the axis, the value of each torque being equal to— 


and since there are N similar parallelepipeds comprised in the ring, the 
total torque due to the forces applied to the upper surface of the ring is 
equal to— 
N/r = zar’9. 
If the radii of the concentric cylindrical ‘surfaces of the ring are 7g 
and 7, where 74> 7a, the area @ is given by the equation— 


2 
a= W142 - 7a?) 5 
and, when 7% and 7g are very nearly equal— 
2 


- 2 
pu etre 


(compare p. 48). 
Hence, the torque about the axis, due to the forces applied to the 
upper face of the ring, is equal to— 
Dies 
pa ry? — 12) ee = MOT nytt) © 6 (1) 
2 2 
An equal but oppositely directed torque must be applied to the lower 
face of the ring. 

Now, let the short element of the cylinder be divided into concentric 
rings by cylindrical surfaces of radii 7,, 74, 7) 73..-++ 7m The torque 
applied to the upper face of any one of these rings can be found’ by 
substituting in equation (1) above ; and since all the torques act in the 
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same direction about the axis, the total torque applied to the upper face 
of the element is equal to— 
non 


ah tite tre = Tie ttneveisy ern sgieitnaa) (%n* = %n—y*)t 


non 
- ete (%n* F ro')s 
2 


If the cylinder is solid, x,=0, while ~,=7, the external radius of the 
cylinder ; then the torque 7 that must be applied to the upper face of 
the cylinder is given by the equation— 

he mpm 


a ee Ee LOR a ae (2) 


2 


An equal torque, acting about the axis in an opposite direction, must 
be applied to the lower face of the element of the cylinder. 

The whole of the cylinder may be considered to be divided into 
short elements similar to that which has been examined, and the torque 
applied to the upper face of any element is equal in magnitude, but 
oppositely directed, to that applied to the lower face of the element 
immediately above it ; hence the torques, applied to opposite sides of 
a section which separates two elements, are equal and opposite, and 
therefore produce equilibrium. The only external forces which need 
be applied are comprised in the equal and opposite torques which must 
act respectively on the upper and lower faces of the cylinder, and the 
numerical value of each of these torques is given by equation (2) above. 


If 6 is the twist of one end of the cylinder relatively to the 
other end, and Z is the length of the cylinder, then @ = 6/7, and 
7270 074 


T= ; 


2/ 


hence, the torque per unit twist, 7, is given by the equation— 


i aeeres G3) 
Nas isk h es. abl ewes 


It is easily proved that if the cylinder is hollow, its external 
and internal radii being R and ¢ respectively, then— 
ein (RA) 
La 21 . 
Expt. 20.—By a dynamical method, determine the torque per unit 


twist of a wire, and thence calculate the value of the rigidity of the 
material of which the wire is composed. 
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— 


Determine the value of the torque per unit twist in the manner 
explained on p. 112, and substitute the value obtained in equation (3) 
above. The greatest possible care should be exercised in determining 
ry, the radius of the wire, as the percentage error in determining this 
quantity is quadrupled in evaluating 7. For, if the true radius is 7, 
and an error +6 is made in measuring it, the incorrect value is equal to 
7 +6, and the percentage error is equal to 1008/7. Let 7, be the true 

_ torque per unit twist expressed in terms of , 7, and 7; and let A be 
the error introduced owing to the error 8 made in measuring the radius; 
then 7,+A is the incorrect value of the torque per unit twist, and the 
percentage error is equal to 100 A/7,._ The value of 7, is given by (3) 
above, and— 

nnO(r+8)4  nmer4 = 28. 475 


EN 5 2l are 2 ese 


where terms involving the square and higher powers of 6 are neglected. 
Then— 


_ nO. 4735 

cal 2 
100 A 0. 4738 674 5 
and ce 100" # + FE es 100. ay 
71 pulp 2/ r 


A number of equidistant points on the wire should be chosen, and two 
measurements of the diameter, at right angles to each other, should be 
made at each point. If the diameters vary but little, their arithmetical 
mean may be used as the diameter of the wire. 

Expt, 21.—By a statical method, determine the torque per unit twist 
of a wire, and thence calculate the value of the rigidity. 

The best apparatus for the performance of this experiment is due to 
Dr. Barton.!| The upper end of the wire is clamped to the crosspiece 
(Fig. 96). A heavy cylinder, with its axis vertical, is attached 
to the lower end of the wire, and a needle, fixed axially to the lower 
surface of the cylinder, fits freely in a small hole in the stand. 
Two parallel threads leave opposite sides of the cylinder tangentially, 
pass over two small frictionless pulleys, and are attached to the ends 
of a horizontal bar, to the middle of which a scale-pan is fixed. A 
mass 7 placed on the scale-pan produces a tension of mg/2 dynes 
in each thread, and if @ is the diameter of the cylinder which the 
threads leave tangentially, the torque applied to the wire is equal to 
migd/2 dyne-cm. The twist of the lower end of the wire is observed 


1.4 Text-Book of Sound, by Dr. Edwin H. Barton (Macmillan), p. 130. 
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by means of a horizontal pointer which moves over a scale graduated 
in degrees. The twist measured in degrees must be converted into 
radians by multiplying by 
7/180. Let the twist be equal 
to a degrees ; then the torque 
per unit twist— 


mgd 
_ 2 _ 90¢d m 
Eeiaeot Win he 
180 


Observations of @ should 
be made, first as weights are 
added to, and then as they 
are removed from the scale- 
pan; on squared paper plot 
the mean value of a for each 
value of m, and determine the 
best mean value of mz/a. 


Using a given wire, the 
value of # determined 
dynamically is generally 
somewhat larger than the 
value determined by a 
statical method. This is 
due partly to the fact that 
a wire, under the action of 
a torque, does not at once 
acquire its final twist. The 
twist increases under the 
application of a constant 
torque ; and therefore, dur- 
ing a brief application of Fic. 96.—Apparatus for twisting a wire 
the torque (for example, statically. 
during an oscillation of a 
heavy body attached to the wire) the torque per unit® twist 
has a larger value than when the torque is applied for a long 
time. 

Most wires, when twisted, acquire a “ permanent set,” that is, 
they do not untwist entirely on the removal of the torque that 
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produced the twist. This appears to be due to want of 
homogeneity and to crystalline structure (p. 224). Prof. Boys 
found that fibres of fused quartz, when twisted, do not acquire a 
permanent set ; these fibres are perfectly homogeneous, consist- 
ing of pure SiO,, and they possess no trace of crystalline 
structure. 

Most wires are made by drawing the metal through a 
small circular aperture; as a result, the outer layers of the 
wire are more close-grained, and therefore possess a higher 
rigidity than the inner core. For this reason the value of 7, 
determined frony experiments on a fine wire, is greater than that 
determined from experiments on a thick wire of 
the same material. ‘ 

The rigidity of a given material almost universally 
decreases as the temperature increases. For in- 
stance, the rigidity of fused quartz decreases by 
0013 per cent. for each centigrade degree rise of 
temperature. i 

Determination of 7 from experiments with a 
flat spiral spring.—A spiral spring can be made 
by winding a metallic wire round a circular cylinder, 
in such a manner that the wire cuts all planes which 
are perpendicular to the axis of the cylinder at a 
constant angle. If each turn of the wire is practically 
parallel to a plane perpendicular to the axis of the 
cylinder, the spiral is said to be flat. 


Fig. 97 represents a flat spiral spring. At each end 
of the spiral, the wire is bent twice at right-angles, so that 
it extends radially to the centre of the cylinder, and thence 

along the axis of the cylinder. Let the upper end of the 
fee ara. wire be clamped, while a force facts along the axis of the 
lations of a cylinder on the lower end of the wire. 
aie eo Let an imaginary plane, passing through the axis of 
flat spiral the cylinder, cut the wire at any point P ; then in order 
spring. that the part of the wire below P may be in equilibrium, 
= the vertical downward force at the lower end of the 
wire must be balanced by a vertical’ upward force at P. Since 
action and re-action are equal and opposite, two opposite forces equal 
to f, must act tangentially on opposite sides of the section of the wire at 
P, and these forces are equivalent to a shearing-stress equal to //a, if @ 
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is the sectional area of the wire. A similar stress acts tangentially on 
all sections made by planes passing through the axis of the cylinder. 
The shear 0 produced is ( //a) + (p. 228), and if Z is the total length 
of the spiral part of the wire, the lower end of the wire descends 
through a distance 6/=(///an). 

The force /, acting along the axis of the cylinder, exerts a torque R 
about the point P, where R is the radius of the cylinder. This torque 
produces a twist in the wire, and since the torque is constant for all 
points on the wire, the twist must be uniform ; if ¢ is the twist per unit 
length of the wire, then (p. 237)— 


nar 5 
Re ae 
where ~ is the radius of the wire. 
_ 7R 
~ ar 
The total twist imparted to the whole wire of length / is equal to— 
2fRZ 
pee 


The radial portion of the wire, extending from the lower end of the 
spiral to the axis, twists through the angle /, and therefore the end 
which lies on the axis of the cylinder descends through a distance— 


2fR2Z 

Rip = f 5 
nar 

Hence— 
Uf 
Extension due to uniform shear — arn _ 7 
Extension due to twist ‘s FRY ~ 2R* 
nn 


Hence, when the radius 7 of the wire is small, in comparison with the 
radius R of the cylinder on which the spiral lies, the extension due to 
the uniform shear may be neglected, and the depression d of the lower 
end of the wire, due to a vertical force 7, is given by the equation-— 

ie 2f RZ 
ax 


If 7, denotes the force that produces unit depression— 


phe [hase and 

id A e2Ree 
Expt. 22.—Obtain the value of 4, by determining the period of the 
vertical linear oscillations of a mass M attached to the lower end of 


the wire, (p. 93) and thence calculate the value of 7. 
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The increase of inertia due to the wire may be eliminated by 
the following procedure. Leta mass M, oscillate in a period 
T,; then if is the inertia due to the wire— 


M,+ 
L. = 20 
1 NY qi > 
4n” 
aoa itp en (M, +7). 


Let a mass M,, of two or three times the value of M,, oscillate 
in a period T, ; then— 


2 
‘72 = *- (M,+m), 
u 


f 2 
.T2-T?P= Fi (M,-M)), 
=) 4n*(M, - M,) 
and f,.= a 


M, and M, must be chosen so that the spring is never strained 
so much as to cause the wire to make an appreciable angle with 
the horizontal. 

Uniform bending of a beam.—Let a beam AB (Fig. 98) 
be supported with its ends projecting beyond two knife-edges, 
G and E, which lie in a horizontal plane ; and let equal forces 
F act vertically downwards at points near the ends of the beam, 
and equidistant from the knife-edges. Let an imaginary plane 
be drawn perpendicular to the beam at any point P, and 
consider the conditions of equilibrium of that part of the beam 
lying to the right of P. If the weight of the beam be neglected, 
the only forces acting on this portion are, the force F acting 
downwards at B, and the equal force F acting upwards at the 
knife-edge E. These forces tend to produce no linear motion 
of the portion PB of the beam. If the force at B is at 
a perpendicular distance (D+6) from P, while it is at a 
perpendicular distance D from the knife-edge E, then the 
force F at B exerts a torque F (D+6) about the point P, 
and the force (—F) at E exerts a torque (—F8) about P, 
so that the resultant torque is equal to— 

F(D +8) -F8=FD. 

This torque is independent of the position of P, and thus 
the torque due to the action of the external forces is the same for 
all sections between the knife-edges, and its value is FD. 
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For the portion PB of the beam to be in equilibrium, it must 
be acted on by a torque (—FD) exerted by the portion PA to 
the left of P. This torque is exerted across the cross-section 
at P, and is called into play by the bending of the beam. 

A short element of the beam, immediately to the left of P, 
(Fig. 98) is represented by QP in Fig. 99. This element, before 
it is bent, is bounded by parallel planes drawn through Q and P 
perpendicular to the length of the element (Fig. 99, a). When 
the element is bent, each longitudinal fibre is bent into a 
circular arc (Fig. 99, 6) with its centre of curvature on a line, 
perpendicular” to the plane of the paper, drawn through some 


f 
7 4 
v 
C 


Fic. 98.—Beam supported on two knife-edges, and loaded at its ends. 


point C; this line will be called the axis of bending. The 
cross-sections through Q and P are now no longer parallel, but 
are inclined to each other at anangle QCP ; therefore the various 
longitudinal fibres are now no longer equal in length, since 
they are at various distances from the axis of bending. Fibres 
at a certain distance R from the axis of bending are neither 
shortened nor lengthened by the bending; the surface in 
which these fibres lie will be called the neutral surface, and 
the line in which this surface cuts the plane of the paper 
will be called the neutral axis of the beam. Fibres above 
the neutral surface are lengthened, while those below the 
R 2 
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neutral surface are shortened. Let S be the length of a 
longitudinal fibre lying in the neutral surface; then all 
longitudinal fibres in the element must have had this length 
before the element was bent. Let a fibre at a distance x above 


g eS a EES eS p 


Fic. 99.—Element of beam, before and after bending. 


the neutral surface, and therefore at a distance (R+-) from the 
axis of bending, have a length (S+s) when the element is bent ; 
then, since all fibres subtend the same angle QCP at C, it follows 
that— 
saad 9S) 
Rivas 
rae (StS) R=(Ra)S cand pcg SR — aos 
ay x 
thus S=R 
Now, s/S is the elongational strain of the fibre; hence, if we 
may assume that the sides of the fibre are free from stress, the 
strain s/S must be due to a longitudinal tensile stress /, 
where (s/S)=(/{/E), and E is Young’s modulus for the material of 
the beam. 
Psa GE 
. i —_— Ss — ‘Rw 
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Let gf (Fig. 100) represent the fibre bent into an arc of a circle of 
radius (R+.); let the sectional area of the fibre be a, so that the 
tensile stress 4, corresponds to forces, 
each equal to fa, applied to its 
ends, in directions perpendicular to 
the radii ZC and gC respectively. 
Since these forces do not act in a 
straight line, the fibre cannot be in 
equilibrium under their action alone; 
the upper and lower surfaces of the 
~ fibre must be acted upon by forces 
which produce equilibrium with 


the resultant of the stretching Oo 

li i : 
forces ope ic. to ae ends Eas Fic, 100.—Longitudinal fibre of 
p and g draw straight lines perpen- Dennibcant 


dicular to gC and gC respectively, 

and let these lines meetin O. Make OF and OG each equal to fa, and 
complete the parallelogram OFMG;; the diagonal OM is equal to the 
resultant of the stretching forces applied to the ends of the fibre. The 
angle OFM is equal to the angle gCf; and if the fibre is very short, the 
circular arc into which it is bent is approximately equal in length to the 
straight line joining g to. The isosceles triangles OFM and gC are 
similar, so that-— 


OM _ 9% 
One 7c: Lan 
ONS ata S 


Fa Rea R’ 
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Now, aS is equal to the volume of the fibre before it is bent. Thus, in 
order that the fibre may be bent into the circular arc gf, the tensile 
stresses on its ends being equal to f,, the substance of the fibre must be 
acted upon by a force, directed away from the axis of bending C, and 
equal to 7,/R per unit volume of the fibre. When R is large (that is, 
when the bending is not great) the value of (/@S/R) will be small in 
comparison with fa, and in these circumstances we may neglect the 
forces which act on the upper and lower surfaces of the fibre, and 
consider only the stretching forces fa applied to its ends. 


Position of the neutral surface.—The stretching force, /, 


applied to each end of a fibre of area a, situated at a distance x 
above the neutral surface, is given by the equation— 
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fafa= = Re 


When x is positive (that is, when the fibre is on the side of 
the neutral surface remote from the axis of bending) the force 
tends to stretch the fibre ; 
when x is negative, the 
force tends to compress 
- the fibre. All forces 
applied to the fibres 
must be normal to the 
- cross-section at P (Fig. 
IOI) ; no resultant force, 
tending to produce lin- 
ear motion, is trans- 
mitted across the section 
at P, since a _ torque 
alone acts on the por- 
tion PB (Fig. 98) of the 
beam ; thus it follows that 
the algebraical sum of all 
the forces acting across the section at P must be equal to zero. 
Hence— 


Fic. ror.—Element of bent beam, 


=f = RBar = 0, 


>i =i (OR 


Hence, if the area of the cross section of each fibre in the 
beam is multiplied by its distance from the neutral surface, and 
the sum of the products is obtained, this sum must be equal to 
zero. This is the condition that the centre of gravity of the 
cross-section shall lie in the neutral surface (p. 41). Let a plane 
perpendicular to the axis of bending be called the plane of 
bending. Then the neutral surface is perpendicular to the plane 
of bending, and it passes through the centre of gravity of the cross 
section of the beam. 

The bending torque.--The torque due to the external forces 
acting on the portion PB (Fig. 98) of the beam is equal to FD 
The forces acting across the cross-section at P must reduce to 
a numerically equal torque.. Now the force 4, which stretches a 
fibre at a distance x above the neutral surface, will exert a 
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torque +x about the line in which the cross section is cut by the 
neutral surface. The total torque about this line, due to all the 
forces which stretch the fibres above the neutral surface, and 
shorten the fibres below that surface, is equal to 3/r, and this 
must be equal to the torque FD due to the external forces. 
Now— 

Eas Eax 


Lo GO Her Baa 
so that ID) Ss Pi f9 E Sax? 
= i : 


The quantity a2? is found by multiplying the cross-sectional 
area of each fibre by the square of its distance from the line in 
which the neutral surface cuts the cross-section of the beam, 
and then obtaining the sum of the quantities so obtained ; the 
quantity is called the moment of inertia of the cross section, 
(compare p. 47), and will be denoted by K. Then— 

PDs inks ee oe cea 
R 

The moment of inertia K of the cross-section does not involve any 
measurement of mass; if we obtained a uniform thin lamina of unit 
mass per unit area, then an element of area a, at a distance « from an 
axis through the centre of gravity of the lamina, would possess a mass a, 
and the moment of inertia of the lamina about an axis through its 
centre of gravity would be equal to Sax*. Hence, we can determine 
the moment of inertia of any cross-section from the moment of inertia 
of a uniform lamina of the same shape, by supposing that the lamina 
has unit mass per unit area. Thus, the moment of inertia of a circular 
cross-section, of radius 7, about a diameter, is equal to m7? . 7°/4=774/4 
(compare p. 53). The moment of inertia of a rectangular cross-section, 
of breadth 6 and depth d, about an axis through its centre of gravity 
and parallel to its breadth, is equal to— 

i pale UES 
od. aes (compare p. 50). 

If the beam represented in Fig. 98 is uniform in cross- 
section, the value of K will be constant for all cross-sections ; 
and since the bending torque F D is constant for all cross-sections, 
it follows from (1) above that R is constant for all points between 
the knife-edges ; that is, the neutral axis is bent into an arc of a 
circle. In general, if a uniform beam is bent by torques applied 
near its ends, then the neutral axis is bent into an arc of a circle. 
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Engineers use a strip of steel (Fig 102), bent by torques applied to 
its ends, to draw circular arcs which are too large to he drawn by 
the aid of compasses. 

Expr. 23.—Determine the value of E for a beam, by bending it by 
torques applied near its ends. 

Support the beam on two knife-edges which lie in a horizontal plane, 
with one quarter of the beam overhanging each knife-edge: in this 

position the beam is very little bent by its 

\ own weight, each half being balanced on a 
knife-edge. Hang scale-pans on the beam 

near its ends, at equal distances from the 

F knife-edges. As the scale-pans are loaded, 

Ae reaes eens ee the middle point of the beam rises: measure 
by means of pins. the elevation of the middle point of the beam 

for each load. Let L be the distance between 

the knife-edges ; then the radius of curvature R of the neutral axis is 
related to the vertical displacement 4 of the middle point of the beam, 


by the equation— ae 
h(2R—-h) = (=) : 
Therefore, when / is so small that 4” may be neglected— 
L2 
Sh 
If M is the mass in either scale-pan, F=Mg; 


1S 


8h 
MgD = EK 7), 


and Bic 


. Vary the load M, and observe the corresponding values of 2. Plot 
M against 4, and draw a straight line so as to pass, as fairly as possible, 
between all the points, and thence determine the average value of M/A. 


Determination of 7, 4, c, and E by Searle’s method.—If 
Young’s modulus E, and the simple rigidity 7, have been 
determined for a given substance, then the bulk modulus 4 and 
Poisson’s ratio o can be calculated by the aid of the equations 
given on pp. 232 and 233. If the substance to be experimented 
with is in the form of a wire, E can be determined in the manner 
explained on p. 221, and z in the manner explained on p. 238. 
The method of determining E referred to, requires the use of a 
wire several metres long, and as the wire is seldom or never quite 
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homogeneous throughout its length, some uncertainty exists as 
to the value of E for the short length used in determining 7 ; 
therefore, great accuracy cannot be expected in the calculated 
values of and. Mr. Searle has devised a simple method by 
means of which the value of E , 

can be determined for the same SS Se 
short length of wire that is used oan 
in determining the value of z. 


A piece of wire, about 30 cm. 
long and I mm. in diameter, is 
used. Each end of this wire is 
soldered into a hole drilled axially 
, in. a_ cheese-headed screw; the 
screws are slipped into holes bored 
in the middles of two brass rods, 
-AB and CD (Fig. 103) and are 
clamped by means of small nuts 
N, N. The wires must enter the D 
screw-heads exactly on the axes of 
the rods AB and CD. _ The rods 
may be about 30 cm. long and 
I*5 cm. in diameter; they are sus- 
pended by means of thin silk 
fibres (Fig. 103) so that the rods and 
the wire which connects them lie in 
the same horizontal plane. The 
fibres must be vertical, so that 
they can ‘exercise no appreciable 
control over the oscillations of the 
rods in a horizontal plane. In their 
positions of equilibrium, the rods) y.. ret Roca eerapnararas (onde? 
will be parallel to each other, and termining 2 and k. (Perspective 
the wire will extend perpendicularly view above, sectional plan below.) 
from one to the other. When the 
rods are twisted equally in opposite directions about the silk fibres 
as axes, the wire is bent and exerts a torque on each rod, tending to 
bring it back to its position of equilibrium. If 7, is the torque per 
unit twist exerted on a rod, while I is the moment of inertia of 
the rod, then the period of an oscillation T of the rod is given by the 


equation— 


I 
T=27,A 7° 
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In starting an experiment, a loop of thin cotton may be slipped over 
the ends B and D of the rods, so that the rods are held in the positions 
shown in Fig. 103; on burning the cotton, the rods are released and 
commence to oscillate regularly. 

If the angular oscillations are small in amplitude, the wire will never 
be very much bent, and in this case the distance between the ends of 
the wire will never differ perceptibly from the length of the wire. 
Consequently, the distance between the lower ends of the silk fibres 
remains practically constant, and the silk fibres remain vertical during 
the oscillations of the rods. Any linear forces exerted on the wire 
would be due to the horizontal components.of the tensions of the silk 
fibres ; since the fibres remain vertical, it follows that no linear force is 
exerted on the wire. Thus, the wire is bent by torques applied at its 
ends, and therefore the bending torque is constant for all points of the 
wire (p. 242), and at any instant the wire is bent into an arc of a circle. 
The torque 7 exerted on either end of the wire is given by the 
equation— 


7 = EK (p. 247) 


where K=774/4 (p. 247), ~ being the radius of the cross-section of the 
wire. 


Let Z be the length of the wire ; at any instant, let the rods 
be twisted in opposite directions through angles each equal 
to 6; then the axes of the rods, form the extreme radii of the 
circular arc into which the wire is bent (Fig. 103), and the angle 
between these axes is equal to 26, so that 20=//R. Therefore— 


and 7, the torque per unit twist of either rod, is given by the 
equation— 
Te 2EK: 


7% =— 


Gia) = ak aK, Ma 


7, is determined in terms of T and I; then E is calculated 
from the values of 7,, K, and Z. 

The value of 7 can be determined by clamping one rod ina 
horizontal position, so that the other rod is suspended by the 
wire. If T’ is the period of oscillation of the suspended rod 
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when it oscillates in a horizontal plane, and 7,’ is the torque per 
unit twist due to the torsion of the wire, then— 


T’= 20 nei gb 
Ty. 


where I has the same value as in the previous experiment, and 
T;, from p. 237, is given by the equation— 


ra Sad ark aol Sen ehis lih ae3y 


Now I +o = — (p. 233), 


and from equations (1) and (2), remembering that K=z74/q in 
(1), we have— 

1D ae ae Aga 

2 24 ea y 


Hence, o is determined independently of the value of 7, so 
that an important source of error is eliminated. 

Determination of E from experiments with a flat spiral 
spring.—If a wire is straight when unstrained, it will be bent into 
an arc of a circle of radius R by torques, each equal to 7, 
applied to its ends, where— 


T ay 
pes pl ae A ae oP aces ae) 9 (3) 


The meaning of the factor 1/R must now be considered. Let 
normals be drawn to the curve into 
which the wire is bent, at points A, B 
(Fig. 104), unit distance (measured along 
the wire) apart. These normals meet 
at the centre of curvature C, and 
AC=BC=R. The angle » at which 
these normals meet is equal to (AB/BC) 
=(1/R); and @ is also equal to the 
angle between the tangents to the 
curve at the points A and B. Hence, 


3 ‘ i Fic. .—Portion of 
, the bend per unit length of the wire, is antes 


equal to 1/R; and the torque 7 is related 
to the bend ¢ per unit length, according to the equation— 
7= EK®. 


It will now be shown that a similar relation exists when the 
wire is not originally straight. 
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Let us suppose that a wire, when unstrained, is curved in any 
manner, provided that it lies in a plane. When this wire is 
further bent in this plane, there will be a neutral surface in 
which the fibres are neither lengthened nor shortened. Let the 
radius of curvature of the neutral surface be Ro before, and R 
after the bending. Before the bending, let planes be drawn 
through the centre of curvature so as to cut the neutral surface 
perpendicularly at two points at a small distance S apart ; if we 
confine our attention to the element of the wire cut off by these 
planes, the original length of a fibre at a distance x from the 
neutral surface, and on the side remote from the centre of 
curvature, has the value— 


and after the bending its length is— 


s. St = s(x <\, 
R 


so that the elongation is Seas and the strain is 


equal to— 


No 
When the maximum value of x is small in comparison with 


Ro, we may neglect (v/Ro) in the denominator in comparison 
with unity. In this case the strain is equal to— 


*(R-) 
Re Ra 


If tangents are drawn to the neutral axis at points unit 
distance apart, then the original inclination ¢, of these tangents 
was 1/Ro, and their final inclination ¢,+¢ is 1/R; therefore— 

es i == xe = 
Ri shee bit o)- b=. 
Therefore the strain of the’ fibre is equal to x. It is 


obvious that @ denotes the additional bend per unit length 
imparted to the wire. 
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If the area of the fibre is a, the force f acting on its end is given by 
the equation— 
J = Eoax. 


If the wire is bent by two opposite torques, each equal to 7, applied 
to its extremities, then it can be proved, in the manner used on Pp. 242, 
that a pure bending torque 7 acts at each point of the wire, and there- 
fore (compare p. 246). 

sf= Ed. Sax =. 
Hence the neutral surface passes through the centre of gravity of the 
cross-section of the wire. Also— 


Te besa a ==) BK, 


where K is the moment of inertia of the cross-section of the wire, 
about its intersection with the neutral surface. 

Since 7 is constant for all points of the wire, the additional bend, @, 
imparted to unit length of the wire by the torques, is constant; there- 
fore if the total length of the wire 1s /, and 
the tangents at its extremities suffer a relative 
angular displacement @ owing to the bending, 
it follows that ¢ = 6/7. To obtain a clear idea 
of @, let it be supposed that one end of the wire is 
clamped in such a manner that the tangent at this 
end is fixed; then the bending turns the tangent 
at the other end through an angle @, and any two 
tangents drawn at points unit distance apart suffer 
a relative angular displacement @ = 6/2. Even if 
the original curvature of the wire varied from 
point to point, the additional bend per unit 
length produced by torques applied to its ends is 
constant for all points of the wire. 


Now let a wire be formed into a flat spiral 
spring in the manner explained on p. 240, 
and let the upper axial extremity of the wire 
be clamped so that the spiral hangs vertically 
below it, and let an inertia bar be fixed to 
the lower axial extremity of the wire (Fig. Fic. 105, © Angular 
105). If the bar is twisted through an = peqyauons ov 48 
angle 6 about the axis of the spiral, the a flat spiral spring. 
tangent to the lower end of the spiral is 
turned through an angle 6, and the bend per unit length 


(measured along the spiral) is 6//, where 7@ is the length of 
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the spiral portion of the wire. In order to produce this 
bend per unit length, a torque r must be applied to the bar 
where— 


ee FEK 


therefore the torque per unit twist, 7,, is given by the equation 
TK 


a ‘ 


() Z 


Then, if I is the moment of inertia of the bar, its period of 
angular oscillation T is given by the equation— 


Expt. 24.—Determine the value of E for a wire formed into a flat 
spiral, by observing the period of angular oscillation of an inertia bar 
fixed to the lower end of the spiral. : 

The value of E obtained by this method is not very accurate, since 
the wire becomes flattened to some extent during the winding of the 
spiral. Ilowever, a fairly accurate value can be obtained if a wire of 
about I mm. diameter is wound on a rod of 4 or 5 cm. diameter. 
If experiments 22 and 24 are performed with the same spiral, the 
values of o and & can be calculated from the values of 2 and E 
obtained. 


Pendulums cannot be used in portable time-keepers ; 
consequently, a watch or a chronometer is controlled by a 
small fly-wheel which oscillates about its axis under the action 
of a steel spring, having the form of a spiral lying entirely ina 
plane perpendicular to the axis of the fly-wheel. The ends of 
the spring are fixed in such a manner that the rotation of the 
fly-wheel produces merely a bending torque. The period of 
oscillation T of the fly-wheel is given by the equation— 


~ AAG Ws 
T= 29. cardia EK? 


where / is the length of the spring, and K is the moment of 
inertia of the cross-section of the spring about its intersection 
with the neutral surface. The period is regulated by slightly 
altering the point at which the stationary end of the spring is 
clamped. 
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When the temperature rises, the elasticity of the spring diminishes, 
and at the same time the balance wheel expands and its moment of 
inertia increases. The value of E for steel decreases at the rate of 
0°02 per cent. for each degree centigrade rise of temperature. The 
coefficient of linear expansion of brass is equal to 0’000019, and there- 
fore the radius of the balance wheel increases by 0'0019 per cent. per 
degree centigrade rise of temperature. The moment of inertia of the 
balance wheel is proportional to the square of the radius, and thus 
increases at the rate of 0°0038 per cent. per degree. Hence, the most 
important change produced by a rise of temperature is due to the 
diminution in E, which will cause an increase of about 0°02 per cent. 
per degree in the value of 1/E. Since the period of oscillation is 
proportional to N7/E, it follows that T increases by o’or per cent. for 
each degree rise of temperature. This means, that a rise of one degree 
centigrade will cause a watch with a steel spring and an uncompensated 
balance wheel, to lose one second in every 10,000 seconds, or 8°6 
seconds per day. J 

Until a few years ago, it was the custom to provide expensive watches 
and chronometers with a compensated balance wheel,! that is, a wheel 
made so that, as the temperature rises, its moment of inertia I 
decreases at the same rate as the elasticity E. The modern practice 
is to use a simple brass balance wheel, and a spring made of nickel 
steel (a variety of ‘“‘invar”), for which E increases, with a rise of 
temperature, at the same rate as the moment of inertia of the wheel. 
The compensation secured by this means, at a comparatively small 
cost, is far more perfect 
than that obtained by the 
aid of the expensive com- 
pensated balance wheel 
previously used. 


Bending of a canti- 
lever.—A cantilever is 
a beam of which one 
end is fixed in a hori- 
zontal position, while 
the other end is free. 
When the free end is Fic. 106.—Bent cantilever. 
loaded, it is deflected 
vertically downwards, and the beam is bent ; but the fixed end 
remains horizontal. 

1 See the author’s Heat for Advanced Students (Macmillan), p. 58. 
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Let AB (Fig. 106) represent a cantilever, the end A being 
fixed in a horizontal position, while a force F acts vertically 
downwards near the end B. Let us consider the conditions of 
equilibrium of that portion of the beam between the end B and 
a transverse section at C. If the bending of the beam is small, 
the section at C will be sensibly vertical; and since the 
portion CB of the beam is acted upon by the external 
downward force F, an equal force must act upwards on CB 
at C. Since action and reaction are equal and opposite, a force 
F acts vertically downwards on the portion AC at C, Hence, 
two equal but opposite forces act tangentially to the section C. 
The magnitudes of these equal but opposite forces are independent 
of the position of the section C ; hence, every transverse section 
is acted upon by a shearing stress equal to F/a, where a denotes 
the transverse sectional area of the beam. 


Let the external force F act at a perpendicular distance / from the 
section at which the beam leaves the clamp that holds the end A in a 
horizontal position. Then, if 7 is the rigidity of the material of which 
the beam is composed, and 8 is the shearing displacement of the section 
to which the external force F is applied, the shearing stress F/a produces 
a shearing strain 6// (p. 226), and— 

Relig 
z= Bie? 
ptt 

na 

It will be proved that 6 is negligibly small in comparison with the 
downward deflection of the end B of the beam due to bending. 


Let the external force F act at a perpendicular distance x 
from the section C ; then the portion of the beam to the right 
of C is acted upon by a torque equal to Fx, and this must be . 
balanced by an equal torque transmitted across the section C, 
due to the stretching and compression of the fibres of the beam. 
It can be proved, by using reasoning identical with that 
explained on p. 246, that the neutral surface will pass through 
the centre of gravity of the cross-section; and if K is the 
moment of inertia of the cross-section about its intersection by 
the neutral surface, then— 


Fx = — = EK@, 
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where E is Young’s modulus for the material of the beam, R 
is the radius of curvature of the neutral axis at C, and @ is the 
bend per unit length. of the neutral axis at C. Hence, the 
bend per unit length of the beam is not constant, but varies 
directly as x; thus, the bend is equal to zero at the 
position where the external force F acts (that is, where =O) 
and has a maximum value F//EK at the point where the beam 
leaves the clamp. Hence, in this case the beam is not bent into 
an arc of a circle 
(compare p. 247). 

ieten Be (Higa to7) 
represent the neutral 
axis of the bent beam, 
and let the horizontal 
straight line AB!’ re- 
present the neutral 
axis of the same beam Fic. 107.—The neutral axis of a bent 
before it was bent. If cantilever. 
the bending is small, 
the points B and B’ will lie in a vertical straight line, and B’B 
will be the vertical deflection of the point at which the beam is 
loaded. Let B’B be denoted by A. 

Let C and D be two adjacent points on the neutral axis, at 
distances x, and xq respectively from the line B’B. Let @ 
denote the bend per unit length at a point midway between C 
and D; then the angle a between the tangent at C and that at 


D is given by the equation— 


x 
a = (4% - Xa) = EK (3 — Xa); 


wibere x denotes the mean distance of the points C and D 
from B’B. The distance between the points where these 
tangents cut the vertical line B’B is practically an arc of a 
circle of radius x, subtending an angle a at a point midway 
between C and D; hence this distance is equal to— 

F (x5? + xpaq+ Xa") 


= 
EK 3 (xo a) 


(05 — Xa) = 


xa = EK > 


The student is referred to p. 48 for the reason why the value 
of x2 is written down as (4%?+4y %a+40’)/3. 
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Now, let the neutral axis be divided into infinitely short 
elements by points at distances x,, 71, Xo, %3..-++%n from B’; 
and at each of these points, let a tangent be drawn to the 
neutral axis. .Then 4, or B’B, is equal to the sum of the dis- 
tances between the points in which consecutive tangents cut 
the line B’B, and therefore— 


A= sk {(2,3 a x) . (x43 i x,°) aE (x53 > X93) Teele (Cae: a) amt 
F 
= 3_ 73 
= EK aoe) 
Remembering that x,=/, while x,=o, we have— 
72 
A —— 3EK ein ee (1) 


Values of K for beams of rectangular and circular cross-sections 
are given on p. 247. 


For a beam of rectangular cross-section, of breadth 4 and depth d, 
the value of K is equal to éa%/12. For such a beam, mounted as a 
cantilever— 

_ 4FP 

~ Eba* 

The vertical deflection 5 of the cantilever due to shearing (p. 256) 
is given by the equation— 


A 


FZ 
od 7 
AeA mn 
Sue oe 


Now, (1+06)/E=1/22 (p. 233). Hence, 2/E=1/{2(1+0)}, and in 
general o does not differ much from 1/4. Thus, 7/E does not differ 
much, in general, from 2/5. When the length 7 is large in com- 
parison with the depth d of the cantilever, the ratio of A to 6 will be 
very large, as it is proportional to (//d)?; hence, in these circumstances, 
the deflection of the cantilever is due almost exclusively to bending, 
and the effect of shearing may be neglected. 


The angle 6, which the tangent at B (Fig. 107) makes with the 
horizontal straight line AB’, is equal to the sum of the angles 
between consecutive tangents to the neutral axis. The angle a 


between tangents at distances +, and x, from B’ is given by the 
equation~— 
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x F (+2, 
a= EK (20 ~ %a) = ae 2 xy — 20) 
pecte 9 2 
: = SEK (%0- *a ), (compare p. 48), 
gs 2EK {(20y? = 20.2) + (49? — 27) )? + oa. (tn — Seay )h 

F F? 
= phenol wes | 
Boe 7 o  PueoEKe 37) 


@ is the inclination of the beam to the horizontal, at the point 
where the force F acts. 

Beam supported at its ends, and loaded at its middle 
point.—Let a beam be supported on two knife-edges A and B 
(Fig. 108) in a horizontal plane, and let a force F act vertically 
downwards at its middle point. Each knife-edge exerts a 
vertical upward force F/2 onthe beam. The point C, at which the 


+F 


Fic. 108.—Beam supported near its ends on knife-edges, and loaded 
at its middle point. 


downward force F acts, will be the point where the downward 
deflection is greatest ; that is, the beam slopes downwards on 
either side of C, and therefore in the neighbourhood of C the 
beam is horizontal. Hence, if we divide the beam into two 
equal portions by a transverse section through C, each half is 
equivalent to a cantilever with a force F/2 acting upwards at 
its free end. If the distance between the knife-edges is equal 
to L, then the length Z of the equivalent cantilever is equal to 
to L/2. Hence, the deflection A at the middle point of the 
beam is found by substituting F/2 in place of F, and L/2 in 
place of /, in the formula (1) for the deflection of the cantilever 
fp250) 2 Lous — ; 

3EK  —s«48EK’ 
— Fit 2 
= aak 3) 


Nx (F/2) (L/2)* FE} 


E 
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For beams of a given material, E is constant. If the cross- 
section is also constant, K is constant ; hence the value of 
FL3/A also isconstant. The meaning ofthis relation is, that 4/F, 
the deflection per unit load, is proportional to the cube of the 
length L. 

For a beam of rectangular section, of breadth 4 and depth d, 
the value of K is éd3/12. For such a bbam— 


, FL? 
B= baA 
Hence, for beams of a given material and length, but of different 
rectangular sectional areas, the value of (F/dd*A) is constant ; 
hence A/F, the deflection per unit load, is inversely proportional to 
bd. 

Let 6 denote the angle of slope of the beam at a point over 
either of the knife-edges ; then from equation (2), p. 259, 


(3) (3) _ 


= 


2 Eee Foes 
FL2 
Sea 


The value of 6 must be expressed in circular measure. 


Expr. 25— Determine the value of Young’s modulus from experiments 
on the flexure of a beam, supported on knife-edges near to its ends and 
loaded at its middle point. 

Apparatus suitable for the performance of this experiment is repre- 
sented in Fig. 109. Two cast iron tripods, of the shape represented, 
have knife-edges ground on their tops ; the beam is supported on these 
knife-edges, and is loaded by means of a scale pan hung from a 
knife-edge which rests on the middle of the beam. A small scale, 
graduated in half-millimetres, is counterweighted so that it is balanced 
in a vertical position on two points which rest on the middle of the 
beam. The tripods carry a wooden shelf which supports a low-power 
microscope, by means of which the scale can be viewed ; the microscope 
is provided with cross-wires in the eye-piece, and the scale reading, 
coincident with the horizontal cross-wire, is observed for each load 
placed on the scale pan. Plot the loads against the scale-readings, and 


thence determine the mean value of (F/A) in equation (3). Thence 
calculate the value of E. 


Vil BEAM LOADED AT MIDDLE POINT ~ 261 


The apparatus, represented in Fig. 109, can be modified so as to 
permit of the performance of Expt. 23, p. 248. 

‘ To determine the value of E in terms of the angle of slope above 
either knife-edge, a small square of looking glass is clamped to the 
beam above one knife-edge, the plane of the looking glass being 
perpendicular to the length of the beam. A vertical scale is reflected 


Fic. 109.—Apparatus for experimenting on the bending of a beam. 


in the looking glass, and its image is viewed by the aid of a telescope ; 
the angle of slope, @, is determined in the manner explained in the 
Author’s Light for Students (Macmillan), p. 26. Plot the loads 
against the values obtained for 0, and thence obtain the average value 


of (F/@) in equation (4) above. 


QUESTIONS ON CHAPTER VII. 


1. The coefficient # of shear elasticity of a substance is equal to 
3x 10!! c.g.s. units, and Young’s modulus E for the same substance is 
equal to 7 x 10" c.g.s. units. Calculate the value of the bulk modulus 
k, and Poisson’s ratio o, for this substance. 

2. If the coefficient 7 of shear elasticity of steel is equal to 8 x 1o!! 
c.g.s. units, and the bulk modulus 4 of the same substance is equal to 
15x10" c.g.s. units, calculate the value of these moduli in poundals 
per sq. ft., and in pounds per sq. in. 

3. A substance is subjected to tensile strains equal to a, 4, and ¢, in 
the directions of the rectangular axes of x, y and z respectively. 
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Prove that the resultant strain is equivalent to that due to the super- 
position ofa uniform dilatational strain equal to (a+d+c), together 
with two shears, one equal to {(2/3)(a+4+c)—24} in the plane of 
(x, y) and the other equal to {(2/3)(@+6+c) — 2c} in the plane of (, 2). 

4. A substance is subjected to tensile strains equal to 3x 1074, 
2x 10-4, and 5x 10-4, in the directions of the axes of , y, and z 
respectively. Resolve the resultant strain into a uniform dilatational 
strain, together with two shears, one in the plane of (x, y), and the 
other in the plane of (x, z). Calculate the stresses that will produce 
the resultant strain, if— 

k=15 x 10" dyne/(cm.)?, and z=8 x 10" dyne/(cm.)?. 

5. A substance is subjected to a uniform tensile stress 4, ; calculate 
the elongational strain produced, if the substance cannot expand or 
contract laterally, and the bulk modulus and simple rigidity of the 
substance are equal to # and z respectively. 

6. The coefficient of linear expansion of steel is equal to 1'2 x 107°, 
per degree C., and the value of Young’s modulus for the same 
substance is equal to 2x 10! c.g.s. units. Calculate the value of the 
linear compressive stress that must be applied to the ends of a steel 
cylinder, in order to prevent it from expanding longitudinally when the 
temperature is raised through 20°C. 

7. An inertia bar is suspended by means of a steel wire, and the 
period T of its angular oscillations is determined. Calculate the period 
of oscillation of another inertia bar, made of the same substance and 
similar in shape, but of twice the linear dimensions of the first bar, if 
it be suspended by means of a steel wire of half the linear dimensions 
of the first wire. 

8. The coefficient of linear expansion of a substance is equal to 
2x10-°, and the coefficient of shear elasticity of the same substance 
decreases at the rate of oI per cent. for each centigrade degree rise of 
temperature. An inertia bar made from this substance is suspended by 
means of a wire of the same substance, and it is found that N oscilla- 
tions are performed in ten minutes when the temperature is 5°C. 
How many oscillations will be performed in ten minutes when the 
temperature is 20°C. ? 

g. A solid rod has a circular cross-section of radius R ; and a tube 
of the same substance has an annular cross-section of external radius R 
and internal radius7. The rod and tube are supported on the same pair 
of knife-edges, and are equally loaded midway between the points of 
support. Calculate the ratio of the sags produced in the two cases. 

10. A watch gains time at the rate of 2 minutes in 24 hours. In what 


ratio must the hair spring be lengthened, in order that correct time may 
be kept ? 


CHAPTER VIII 
ELASTICITY (continued) 


Deformation of cross-section, due to bending.—In the 
investigation carried out on pp. 242-247, it was assumed tacitly 
that the cross-section of a beam remains unaltered when the 
beam is bent. This assumption is admissible when the bending 
is slight, but a simple experiment shows that it is inadmissible 
when the bending is considerable. 


Expt. 26,—Obtain a piece of rubber, about two inches long and one 
inch by half an inch in section. Bend the rubber lengthways into an 
arc of a circle of about 1°5 inches radius ; it will 
be seen that the section no longer remains 
rectangular. The shape assumed by the rubber 
is represented in Fig. 110. Not only the longi- 
tudinal fibres, but also the fibres parallel to the 
width of the rubber, are bent into circular Fic. rro.—Bent piece of 
arcs. If the longitudinal fibres are bent gash 
so that their concavity is below, then the 
transverse fibres become bent so that their concavity is above. The 
curvature of the longitudinal fibres tends to break the substance, hence 
it may be called the c/as¢éc! curvature. The name av(ticlastic curvature 
is given to the transverse bending of the substance ; this bending takes 
place in a plane at right angles to that of the clastic curvature. 


Let ABCD (Fig. 111) represent the cross-section of a beam ; 
and let GH represent the cross-section of its neutral surface. 
When the beam is bent about an axis, parallel to GH and on the 
same side of GH as DC, the fibres above GH are lengthened 
longitudinally and contracted laterally (p. 223), while the fibres 
below GH are shortened longitudinally and expanded laterally. 


1 Greek £astos, broken. 
263 
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Hence, if we consider a narrow rectangle, EF, of which the 
longer sides are parallel to the depth of the beam, it becomes 
evident that this will assume the form E’F’ when the beam is bent. 


A longitudinal fibre, at a distance x above GH, will suffer an exten- 
sional strain equal to «/R, where R is the radius of the clastic curvature 
(p. 244); and the lateral strain will be equal to ox/R, where o denotes 
Poisson’s ratio. Hence, the lateral shrinkage is proportional to the 
distance of the fibre above GH, and the lateral expansion is propor- 
tional to the distance of the fibres below GH. If we divide the cross- 
section of the unbent beam into rectangles similar to EF, each of these 
will assume the form E’F’ when the beam is bent, and the complete 
cross-section of the beam will assume the form A’B’C’D’ (Fig. 111). 


/ , 


A B 


Fic. 111.—Cross-section of a beam, before and after the beam has been 
bent longitudinally. 


To determine the radius of the anticlastic curvature, we may proceed 
as follows. Let 4 be the breadth, and d@ the depth of the beam, and let 
ry be the radius of the anticlastic curvature of the neutral surface. 
The surface AB (Fig. 111) is at a distance @/2 above the neutral surface, 
and therefore the length of the arc A’B’ is equal to— 


( oc a 
AG sso 
Assuming that A’B’ is an arc of a circle, the radius of the circle 


; d 
will be ( - ): and the angle subtended at the centre of the circle 


by the shortened transverse fibre A’B’, is equal to that subtended by 
the unshortened transverse fibre of length 4 in the neutral surface. 


Thus— 
od 
Lees 
a 


Pe me 


2 


b 
7a 


a 
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x d or a 
o 2 4 ~—Sy - —. 
2 Le Se 
so that ee ae 

R 


Hence, «=R/r ; that is, Poisson’s ratio o 18 given by the ratio 
of the clastic, to the anticlastic radius of curvature. 


Expt. 27.—Determine the clastic and anticlastic radii of curvature of 
a uniformly bent beam, and thence calculate the value of o. 

A steel bar about 50 cm. long, 2 cm. wide, and 0°3 cm. thick may 
be used. It is supported on knife-edges, with its ends overhanging as 
described on p. 248. Scale-pans are hung from the ends of the bar, and 


Fic. 112.—Apparatus for measuring the anticlastic curvature due to 
the longitudinal bending of a bar. 


the radius of clastic curvature is determined in the manner explained on 
p. 248. The radius of anticlastic curvature is measured by the aid of 
special appliances. At opposite sides of the middle cross-section of the 
bar, two straight steel rods, ‘each about 30 cm. long and 2 mm, in 
diameter, are fixed (Fig. 112): these rods may be clamped in barrel 
binding screws which are soldered to the sides of the bar. The upper 
end of one rod carries a small bracket, in which a roller of about 
2mm. diameter can rotate between centres: a light aluminium pointer 
is fixed to the roller, and moves over a semicircular scale divided into 
degrees. A fine copper wire, fixed to the top of the other rod, is 
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wound round the roller and fixed to it. Thus, any relative angular 
motion of the rods causes the pointer to rotate. Let each rod have 
a length D, while the diameter of the roller is 6. If the tops of the 
rods move toward each other, so that the angle between the rods 
increases by y, then an additional length yD of wire is wound round 
the roller, and the roller rotates through an angle 


(~D) + (8/2) =2D/6 radians. 


By observing the angular rotation of the pointer attached to the roller, 
the value of w can be obtained. Now, the rods obviously point 
toward the centre of curvature ; and if 4 is the breadth of the bar, and 
y is the radius of its anticlastic curvature, then ojr=y. Hence 7 can 
be determined. 

The loads on the ends of the bar should be increased step by step, 
the deflection of the pointer being observed for each load. At first the 
deflection increases proportionately with the load ; but when the clastic 
curvature becomes considerable, the deflection increases at a smaller 
rate. In determining the value of «=R/7, only those observations 
should be used in which the deflection of the pointer is proportional to 
the load. 


Bending of a blade.—A blade may be defined as a long strip 
of metal of rectangular section, very wide in comparison with its 
thickness. If the cross- 

section of a bent blade 

(@) were deformed in the 
same way as that of a 

aes (b) beam (p. 264), it would 
Fic. 113.—Cross-section of a blade which is ASRS as shape similar 
bent longitudinally. (oy BaUelOy Whee aies 7 

Now, the cross-section 

of the neutral surface must be a straight line DE parallel to the 
axis of bending. A longitudinal fibre above the neutral surface 
is extended, and the forces acting on its ends produce a resultant 
directed toward the axis of bending (p. 245) ; a longitudinal fibre 
below the neutral surface is shortened, and the forces acting on 
its ends produce a resultant directed away from the axis of 
bending. Thus, the cross-section would be acted upon by forces 
such as those represented by the arrows in Fig. 113, a, and 
these forces obviously tend to straighten the cross-section ; that 
is, they produce a lateral tension in fibres above the neutral 
surface, and a lateral pressure in fibres below the neutral surface. 
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Experiment shows that when a blade is bent, its cross-section is 


practically rectangular, except fora very slight upward curvature 
near the edges (Fig. 113, 4). 


Let Fig. 114 represent two mutually perpendicular sections of part of 
a bent blade, very much magnified. Let AB be a cross-section 
plane passing through 
the axis of bending, 
while BC is a longi- 
tudinal section by a 
plane perpendicular to 
_the axis of bending. 
Consider a longitudinal 
fibre PQ, at a distance x 
above the surface in 
which there is no longi- Fic, 114.—Longitudinal and transverse sections 
tudinal extension (this pravbenpbinde: 
surface is represented by 
dotted lines). Let /, be the longitudinal tensile. stress to which this fibre 
is subjected ; then this stress produces a longitudinal extensional strain 
J\/E, and a lateral compressional strain o/,/E (p. 223). Let the forces 
which straighten the cross-section produce a lateral tensile stress F, in 
the fibre PQ; then this stress will produce a lateral elongational strain 
F,/E, and a longitudinal compressional strain ¢F,/E. Hence, the total 
longitudinal elongation per unit length of the fibre is equal to 
{(4/E -(cF,/E)}, and the total lateral elongation per unit breadth of 
the fibre is equal to {(F,/E)-(¢4/E)}. Now, the longitudinal fibre is 
bent into an arc of a circle of radius (R+-r) (p. 244), and therefore 
the longitudinal strain is equal to x/R. Thus— 


the kt ak od 
Eee bo ck 
Ex 
fen aVy = aes Pe sing 1 BG) 


The cross-section of the blade remains practically rectangular, but 
possibly the width of the blade may be altered by the forces which 
straighten it laterally ; let the blade suffer a lateral elongation equal to 
3 per unit width, Then— 


LE ULEe 4 
E E 
and yet Oi Oe Wiha (2) 


Solving (1) and (2) for 4, we obtain 
(1-0°)f, = + Eos ePrice karo (3) 
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Equation (3) shows that, although the fibres, for which x=o0, 
are not stretched, yet each is subjected to a longitudinal tensile 
stress equal to Eod/(1—o”); this stress merely neutralises the 
longitudinal compressional strain produced by the lateral 
straightening of the blade. Since the cross-section of the blade 
remains rectangular, 6 must have a constant value for all the 
fibres ; hence, if we determine 6 for- any one fibre, we obtain its 
value for all the others. It will now be shown that, when the 
longitudinal bending is not very great, 6 is negligibly small. 


If the blade is bent by torques applied to its ends, the forces acting 
across the section AB (Fig. 114) must reduce to a pure torque (compare 
p- 247) ; therefore the longitudinal fibres which lie in the surface passing 
through the centre of gravity of the cross-section are subject to zero 
stress (compare p. 246, and note that in that case the unstretched fibres 
were subjected to zero stress). The centre of gravity of the cross-section 
is midway between the upper and lower surfaces of the blade; hence 
longitudinal fibres lying midway between the upper and lower 
surfaces of the blade are subject to zero longitudinal stress; that is, 
for these fibres {=o0. Fibres lying early midway between the upper 
and lower surfaces of the blade will be subjected to negligibly small 
longitudinal stresses. 

Now consider the longitudinal section BC ; since no forces act on the 
free side surfaces of the blade, the forces acting across the section BC 
must reduce to a pure torque, and therefore a fibre which passes through 
the centre of gravity of the section BC will be subjected to zero 
lateral stress; that is, for such a fibre F,=o. The centre of gravity 
of the section BC will lie nearly, but not exactly, midway between the 
upper and lower surfaces of the blade; hence, the fibre which is 
subjected to zero lateral stress will be subjected to a longitudinal stress 
which is negligibly small. Hence, in equation (2) above, when F, =o, 
the value of f is negligibly small, and therefore 6 is negligibly small. 


Neglecting 6 in equation (3) above, we find that— 


Let / be the longitudinal force acting on the end of the fibre 
of area a; then /=/,2, and the torque 7 acting across the whole 
cross-section of the blade is given by the equation— 

12; 


E a 
G =o)R Saxt= (1-03R . KS an, S. (4) 


pS yee = 
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where K=¢d%/12; the breadth of the blade being 4 and its 
thickness d (compare p. 247). It is obvious that 7 is equal to 
the bending torque applied at each end of the blade. 


Expt. 28.—Determine the value of E/(1 — 2) for a blade. 

Support the blade on two knife-edges, with one quarter of its length 
overhanging at each end. Hang light aluminium scale-pans, of known 
mass, over the ends of the blade by means of threads. *Determine the 
value of R for a known value of 7 in the manner explained on p. 248. 


An experiment on the uniform bending of a blade affords 
insufficient data for the determination of E. But from (4) we 
have— 

E E Rr 


GaaeGoteiaoos Keer eae tee 7!) 


And from p. 233, E/(1+¢)=2m, where z is the simple rigidity 
of the substance. Then— 
2n 


I-o < 
and if 7 can be determined, the value of o can be calculated and 
substituted in (5). The value of z can be found by suspending an 
inertia bar from the blade and determining its period of oscillation 
T ; then, if I is the moment of inertia of the bar, and 7, is the 
torque that will produce unit twist of the blade, we have— 


27, nf 


The relation between r, and z for a blade must now be 
investigated. The method used differs considerably from that 
which was employed in connection with the torsion of a 
cylindrical wire. In the first place it is necessary to investigate 
some geometrical properties of the surface called the helicoid. 

The geometry of the helicoid.—Let a straight line (which 
will be called a generating line) move so that its middle point 
always lies on another perpendicular straight line (called the 
axis). If the generating line moves without rotating about the 
axis, a plane rectangular area will be generated. If the generating 
line moves so that it rotates about the axis, through an angle pro- 
portional to the distance traversed by its middle point, a surface 
called a helico’d will be generated. The general characteristics 
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of a helicoid can be understood by reference to Fig. 115. The 
angle through which the generating line rotates while its middle 
point moves unit distance along the axis, 
will be called the fw7st per unit length ot 
the helicoid; this will be denoted by ¢. 
While the middle point of the generating 
line moves a distance / along the axis, the 
generating line twists through an angle /¢. 
Let AOB (Fig. 116) represent part of the 
axis of a helicoid generated by a line 
which rotates in a clockwise direction 
(viewed in the direction from B to A) as 
its middle point moves from Bto A. Let 
OD be one position of the generating line. 
Describe a plane containing DO and OA, 
and in this plane draw DF parallel to 
OA. From M, a point on the axis just 
above O, draw MF parallel to OD; then 
Fic. 115.—The helicoid. MFDO is a rectangle, and MF=OD. Join 

F and O bya straight line, and let the angle 
FOD=vy. From O draw OC perpendicular to both OD and OA ; 
then since OD and OA lie in the helicoid, OC is normal to the 
helicoid at the point O. Through FO and OC, describe a plane, 
cutting the helicoid in the curve OE. A little consideration will 
show that the curve OE is convex towards the observer. 


Let G be any point on the straight line OF, and with O as centre 
and OG as radius, describe the arc GH in the plane FOC. If the twist 
of the helicoid is small, the are GH will approximate to a straight line 
perpendicular to the plane FDO. Thus, GH is the perpendicular 
distance of the point H from the plane FDO. Let OG=,; then H is 
a point on a generating line at a distance 7 sin y above OD, and this 
generating line has rotated through an angle @. sin with respect to 
OD. Also, H is a point at a distance 7 cos y from the axis ; therefore 
the rotation of the generating line on which H lies has carried it through 
a distance (7 cos ) x ($7 sin y)=77 sinw cosy from the plane FDO. 
Thus— 

GH=9?*sinycos ; 


that is, HG oc 7*; so that, by doubling the value of 7, we quadruple the 
value of HG. In other words, as we pass along OE, we recede more 
and more quickly from the plane FDO. 
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If the intersecting plane passing through OC were chosen so as 
to cut the helicoid in the curve OP, it can be proved easily that 
OP would be concave 


towards the observer. Gr see fie 
When the curvature Sa 

of OHE is small, an ye 

arc of the curve will be ss 


approximately equal 

to its chord. It is 

obvious that the straight line joining 
O to H is equal to OG, since HG is 
an arc of a circle with O as centre; 
hence, when the twist per unit length 
of the helicoid is small, the length 
of the arc of OH is approximately 
equal to the straight line OG. Thus, 
if the plane area MFDO were 
twisted so as to form the portion 
MEDO of the helicoid, any line 
drawn in MFDO would remain un- 
changed in length. Hence we may 
conclude that when an infinitely thin 
rectangular strip is twisted into a 
helicoid of small twist per unit length, 
no elongations or shortenings are 
produced. 


When the twist of the helicoid is | 


small, the arc OHE will be a small B 
. : ue Fic. 116.—The geometry of the 
element of a curve, and it will approxi- eecia! 


mate to an arc of a circle. Let C be 
the centre of the circular arc OHE: join E to C, and from E draw 
EK perpendicular to OC. Then, since FO and EK are parallel and 
equal, OK is equal to the straight line joining F to E, and— 
OK = FE =¢@.siny. cosy. (OF)?; 

also OK{(20C) — OK} = EK? ; 
and when OK is small, its value may be neglected in comparison with 
BOC. hus, 1 OC 

R (EK)? (OF)? I we I : 
~ 20K 20K 29.sinycosp 9. sin2y 


5 = ¢. sin 2y. 
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Let 1/R, the reciprocal of the radius of curvature, be called the 
curvature. Notice that when =o, sin2y=o, and 1/R=o; 
the section of the helicoid then coincides with the straight line 
OD, for which R= o. As increases, sin2W increases, until it 
reaches the value unity for ~=45°. Thus, when the section is 
inclined at an angle of 45° to the generating line OLD, the curvature 
1/R=q. As W increases from 45° to 90°, sin 2 decreases from 
unity to zero, and 1/R diminishes from @ to zero. For all 
sections with a value of J between 0° and 90°, R is positive; that is 
the centre of curvature is behind the helicoidal strip ; and the section 
is convex towards the observer. For values of y between o° and 
(—90°), Ris negative; the centre of curvature is in front of the 
strip, and the section is concave towards the observer. ~The maxi- 
mum numerical values of 1/R correspond to w={+45°) and 
W=(—45°); for the first of these values 1/R=q, and for the 
second 1/R= — @. 


Model of the helicoid.—Let a long strip of paper, about 2 or 3 
inches wide, be folded at right angles to its length, at regular intervals ; 
and let a piece of cotton be threaded through the middle 
points of all the folds. Let the folds be opened out 
until the two sides of each fold are inclined at an angle 
of about 90°, and then let the cotton be pulled taut, its 
ends being fixed to two arms of a retort stand. If the 
lower edge of the paper is now fixed, and the upper edge 
is twisted about the cotton as axis, the paper takes the 
form of a helicoid, the folds corresponding to the 
generating lines (Fig. 117). Two pieces of cotton, 
wound over the surface so as to make angles of (+45°) 
and (—45°) with the generating lines, render evident 
the curvature of the corresponding sections of the heli- 
coid (Fig. 117). 


Torsion of a blade or strip.—If an infinitely 
thin strip is twisted into an helicoid, no stretch- 
ings or compressions are produced, and _ there- 
fore there are no strains. If a strip of finite 

Fic. 117. thickness is twisted, it is obvious that its neutral 
Paper model of 3 sarin 
the helicoid. Surface will assume the form of a helicoid, and the 

fibres which do not lie in the neutral surface will 
be strained. Let Fig. 118 represent part of a strip, of 
which the upper end is to be twisted in an anti-clockwise sense, 
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viewed from above, while the lower end remains stationary 
Let ABCD be a narrow rectangular portion of the strip 
the sides AB and CD being inclined at an 
angle of 45° to the generating lines of the 
helicoid. Then the portion ABCD will as- 
sume the form represented in Fig. 119. The 
neutral surface, indicated by dotted lines, will 
lie midway between the front and back sur- 
face of the strip, and a layer of fibres in 
front of the neutral surface (above the dotted 
section in Fig. 119) will be stretched in the 
direction AB, and compressed in the direction 
AD. It can be proved easily that a layer of 
fibres at a distance x above the dotted section 
in Fig. 119 suffers a longitudinal extensional 
strain equal to x/R (compare p. 244) due to 
the bending in the direction AB, together with 
a lateral compressional strain equal to «+/R 
due to the bending in the direction AD. Fic. 118. — Strains 
Hence, the layer must be subjected to a tensile ee ae re 
stress, say fj, in the direction AB, together with form of a helicoid. 
a numerically equal compressive stress in the 

direction AD. Now, the longitudinal tensile stress 7, produces 
an extensional strain equal to //E, together with a lateral 
compressive strain 
equal to of,/E (p. 223). 
The lateral compres- 
sive stress /f, pro- 
duces a lateral com- 
pressive strain /,/E, 
together with a longi- 


Fic. 119.—Elements of the strip represtnted in : : 
Fig 118, showing the effects of twisting. tudinal extensional 


strain equal to of/E. 
Hence, the resultant extensional strain, +/R, is given by the 
equation— f 


Thus, referring to Fig. 118, a fibre parallel to AB, and at a dis- 
tance x in front of the neutral surfaces, is subjected to a tensile 


stress “1, given by the equation— 
aR 
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2nx 


j= Ru 2nxp, 


‘ 


since 1/R=@, where ¢ is the twist per unit length of the strip. 

AEFG (Fig. 118) represents a narrow rectangular portion of 
the strip, the sides EA and FG being inclined at an angle 
of (—45°) to the generating lines of the helicoid. The 
twisting of the strip will cause this portion to assume the shape 
AEFG (Fig. 119) and it is obvious that a fibre parallel to AE, 
and at a distance x in front of the neutral surface (above the 
dotted section in Fig. 119) will suffer a compressive stress /, 
equal to 27rd. " 

. For a fibre at a distance (—) behind the neutral surface, the 
change in the sign of x converts a tensile into a compressive 
stress, or vice versd. 

Now consider the conditions of equilibrium of a prism 
ABCDE (Fig. 120), bounded by a rectangular portion ABCD 
of the edge of the 
strip, together with 
two planes EAB and 
EDC, inclined at 45° to 
ABCD. Let a layer, 
parallel to AED and 
passing through the 
line Zg, be at a dis- 
tance * from the neu- 
tral surface ; then the 
mutually perpendicu- 
lar edges of this layer 

Fic. 120.—Stresses called into play by twisting are subjected to the 

a strip. tensile and compres- 
sive stresses f, indi- 

cated by the arrows, and these stresses are equivalent (p. 230) 
to a tangential stress f, acting on the slant edge fg. 
Thus, the slant edge fg is subjected to a tangential stress 
f,=2nx, which acts downwards when + is positive (that is, 
when the layer is in front of the neutral surface) and upwards 
when + is negative. The tangential stresses acting on the slant 
edges of two similar layers, equidistant from, and on opposite 
sides of the neutral surface, will reduce to a torque tending to 
twist the surface ABCD in an anti-clockwise direction. Conse- 
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quently, the tangential stresses acting on the slant edges of all 
the layers into which the prism ABCDE can be divided, wil! 
reduce to a torque tending to twist the surface in an anti- 
clockwise direction. This resultant torque can be balanced by 
a torque tending to twist the surface ABCD in a clockwise 
direction, and this torque can be produced by two equal forces 
(+F), (—F), acting in the directions of the arrows along the 
edges AB and CD of the prism. 


Let the length AD of the slant face of the prism be denoted by 4, 
and let the thickness of the layer Ag be denoted by 8, while the thick- 
ness AB of the strip is equal to d@. Then the tangential stress 4, acting 
on the slant edge fy of the layer, gives rise to a tangential force 415; 
and the torque, exerted by this force about a point in the neutral 
surface, is equal to 48x. Then, to determine the value of F, we have 
the equation— 

Fh = Sfhbx = 2nph3(5x°). 

By reference to p. 49, it will be seen? that— 


(6x?) = a(d?/12) = ad3/12. 
Hence, aor. a ae 


If we divide the whole of the side face of the strip into 
rectangular elements similar to ABCD, then equal and opposite 
forces will act along the line which divides each pair of 
elements ; and the only forces left unbalanced will be a force + F, 
acting from front to back at the top right-hand corner of the 
strip (Fig. 120), and an equal but opposite force acting along 
the bottom right-hand corner. It can be proved, without 
difficulty, that the top face of the strip is acted on by forces which 
reduce to a force + F acting from front to back at the top right- 
hand corner of the strip, and an equal but opposite force acting 
from back to front at the top left-hand corner. The forces 
acting on the remaining faces may be dealt with in a similar 
manner. Thus, a force +2F must act from front to back at the 
top right-hand corner of the strip, and an equal but opposite force 
must act at the top left-hand corner. If is the breadth of the 
strip, these forces reduce to a torque r=2F4, tending to twist the 
top of the strip in an,anti-clockwise direction, viewed from above. 

1 (8x2) is obviously equal to the moment of inertia of a thin rod, of unit mass per 
unit length, that is, of total mass @, where d is the length of the rod. 
Tr2 
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An equal but opposite torque must act on the bottom of the strip. 
If Z is the length of the strip, while @ is the total twist of one 
end relative to the other end of the strip, then the twist per 
unit length, @=6/7. Hence— i 

nba® @ 


Taro ede 
and 7,, the torque per unit twist, is given by the equation— 
7 nod 


™1= a 37 : 

Let 7,’ denote the torque per unit twist of a wire of radius 7, and 
of length and sectional area equal to those of the strip, so that m7 = éd. 
Then (p. 237)— 


™ nart nbd? 3rr*  3(n77)2 a(bd Pa 30 
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When #¢ is much greater than d, the 
torque 7,’, which will produce unit twist 
in the wire, is very much greater than 
the torque 7, which will produce unit 
twist in the strip. Hence, where a 
delicate torsional suspension is required, 
as for instance in suspended coil galvano- 
meters, a strip is used in preference to a 
wire; the strength of the suspension 
depends on the area of the strip, and the 
deflection produced by a given torque will 
be many times greater than if a wire of 
the same strength were used. 

Expt. 29.—Determine the value of 2 
for a blade. 

The steel blade used in experiment 28 
(p. 269) may be used. An inertia bar is 
fixed to its lower end in the manner 
indicated in Fig. 121; the screw passes 
through a hole in the blade. The upper 
end of the blade is clamped to an arm of 
a firm retort stand, by means of a screw 
that passes through another hole in the 
blade. Great care should be exercised 
in measuring the thickness @ of the 


Fic. 121.—Arrangement for 
determining the coefficient 
of shear elasticity of a blade. blade. 
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Determination of the bulk modulus / of a solid.—-When 
E and w have been determined for a rod, wire, or blade, the 
value of £ can be calculated from the formule given on p. 233. 
But if the value of & is required for a short solid cylinder of 
large diameter, neither E nor 2 can be determined by the 
methods previously described; hence, if the value 
of & is required for such a cylinder, it must be 
determined by an independent method. This 
can be accomplished by measuring the decrease 
in length produced when the cylinder is subjected 
to a uniform external pressure. In this case, the 
decrease of volume per unit volume is three times 
the decrease of length per unit length (p. 218), 
if the substance is homogeneous and _ isotropic. 
Thus, if L is the length of the cylinder, and 7 is 
the decrease in length produced by an uniform 
compressive stress /;, the value of % can be deter- 
mined from the equation- — 


oe, 
P= SUL) 


The value of 7 can be determined by enclosing 
the cylinder in a strong glass vessel which contains 
water, and observing two marks on the cylinder 
through fixed microscopes provided with micro- 
meter eye-pieces, before and after the water is 
subjected to a high pressure. 

If the value of & is required for the substance 
of which a hollow cylindrical vessel is composed, 
the following method inay be used. A graduated 


glass tube G, of fine bore, is fixed in one end of . Ne at 
° : . aratus 

the cylinder, and the whole is filled with water the determin 

ation ot © the 


up to a point near the top of the glass tube. The 
upper end of the glass tube is open to the atmo- 
sphere, so that the water is at atmospheric pressure. 
The cylinder is supported in the manner indi- 
cated in Fig. and its lower end is loaded ; 


tay) 


sey 


bulk modulus 
of the metal 
of which a hol- 
low cylinder is 
composed. 


the distance through which the water sinks in the tube indicates 
the increase in the internal volume of the vessel produced by 
the tensile stresses due to the load. 
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The relation between the increase in the internal volume of the hollow 
cylinder, the tensile stress, and #, can be found by comparing the strain 
of the hollow cylinder with that of a solid cylinder of the same material 
and of the same dimensions. In imagination, the hollow cylinder may be 
converted into the solid one by filling it with a solid core of the same 
material as that of the walls; if the solid cylinder is subjected to the 
same stress (force per unit area) as that applied to the walls, any alter- 
ation of volume produced in the core will be identical with the alteration 
in the internal volume of the hollow vessel; for the core continues to 
fill the hollow vessel, and there is no lateral stress on the stretched 
fibres of either the core or the hollow vessel. Now, from the reasoning 
explained on pp. 231-232, it follows that a longitudinal tensile stress ,, 
produces a dilatational strain equal to 7/32, together with two shears 
which entail no alteration in volume. Hence, if V denotes the internal 
volume of the unstrained cylindrical vessel, and wv denotes the increase 


in the internal volume produced by the longitudinal tensile stress 4, we 
obtain the equation— 
Ce la 


Van 32. 


from which @ can be calculated in terms of v, V, and 7. 


Bulk modulus of a liquid.— In determining the bulk modulus 
of a liquid, it is necessary to 
observe the decrease in the volume 
of the liquid, produced by a known 
compressive stress. If we imagine 
the liquid to be contained in a 
vessel of the shape of a thermo- 
meter, then the compressive stress 

will not only diminish the volume 
of the liquid, but it will also in- 
crease the internal volume of the 
containing vessel. This increase 
in the volume of the containing 
vessel cannot be determined with 
accuracy ; hence, Regnault enclosed 
the vessel in a larger one so that 

= equal compressive stresses could 

Fic. 123,—Diagranimatic repre, . D&, applied “outside: Vand isms 
sentation of Regnault’s appara- the vessel. Fig. 1231s a dia- 


tus for determining the bulk 5 J 
modulus of a liquid. grammatic representation of 
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Regnault’s apparatus; the liquid was contained in a vessel A, 
which was itself enclosed by a larger vessel. The tube T was con- 
nected to a reservoir of compressed air, and by opening the stop- 
cock C the liquid in A was connected with the reservoir, and by 
opening the stop-cock D the interior of the containing vessel was 
connected with the reservoir ; when both C and D were opened, 
the external pressure acting on the vessel A was equal to the 
pressure to which the liquid in A was subjected. The apparent 
compression of the liquid was determined by observing the 
‘motion of the surface of the liquid in the narrow glass tube E. 
At first sight it would appear that, if the walls of the vessel A 
were very thin, no alteration would be produced in the internal 
volume of A by subjecting both the contained liquid and the 
outside of the vessel to the same pressure. It must be re- 
membered, however, that the uniform compressive stress to 
which the walls of the vessel A are subjected, will cause each 
particle of the walls to shrink in volume, and therefore the 
volume enclosed by the walls will be diminished. Similarly, 
when a vessel containing a liquid is heated, the expansion of 
the material of which the vessel is composed causes the internal 
volume of the vessel to increase ; and the increase in the 
internal volume of the vessel is independent of the thickness 
of the walls of the vessel. 

The alteration in the internal volume of the vessel, produced 
by a uniform compressive stress /, applied inside and outside, 
can be determined by comparison with a solid vessel of the 
same material and dimensions, subjected to a uniform external 
stress f. In imagination, the hollow vessel can be converted 
into the solid one by filling it with a solid core of the same 
material as the walls of the vessel; since the compressive 
stress will be uniform throughout the solid, every particle will 
contract by an amount proportional to the stress f. The core 
continues to fill the shell, and the strains in the shell are due 
merely to the stress 7, ; hence the strains in the shell are the 
same, whether the stresses on its internal surface are supplied 
by the contained liquid or by the solid core, and therefore the 
diminution in the internal volume of the vessel is exactly equal 
to the diminution in the volume of the core. Thus, if V is the 


1 See the Author's Heat for Advanced Students (Macmillan), pp. 65-66. 
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internal volume of the unstrained vessel, and z’ is the diminution 
of yolume produced by the stress f, applied both inside and 
outside, then v'/V=//4, where & is the bulk modulus of the 
substance of which the vessel is composed. 

Let v be the apparent compression of the liquid, as determined 
from the motion of the liquid in the tube E ; and let v” be the 
true compression of the liquid. Then v=v"—v'. Thus— 


ie ais 


AAT. a 
Now, v’/V=//K, if K denotes the bulk modulus of the liquid. 


Therefore— 
v I I 
eoAle-3) 


The value of K can be determined most accurately by subjecting 
the vessel to a tensile stress, as explained in the preceding 
section. 


Let v, be the apparent compression of the liquid when the internal 
stress is equal to f, and the outside stress is zero; and let wv be the 
apparent expansion of the liquid when the internal stress is zero and the 
external stress is ff. Then, if vw is the apparent compression of the 
liquid when the internal and external stresses are both equal to /;, it 
follows that— 

V=V, — Ve 


This follows from the law that a given stress produces the same 
strain, whether the substance is originally strained or unstrained; 
provided that the strains do notssurpass the elastic limits. For instance, 
the extension of a wire, within the elastic limits, is proportional to the 
load ; a given increase of load produces the same strain, whatever 
may have been the original load. Now, the internal stress 4 compresses 
the liquid and expands the containing vessel, with the result that the 
volume of the liquid apparently diminishes by v,; on applying the 
external stress f, the compression of the liquid is unaffected, but the 
volume of the containing vessel is diminished by v», just asif the internal 
stress were equal to zero. 

Regnault measured v7, and wv, as well as v, and from these values 
calculated the value of %, the bulk modulus of the containing vessel, on 
the assumption that Poisson’s ratio is equal to 1/4 (p. 233). Since this 
assumption is inadmissible, the more accurate method of determining 
k, which is described in the text, has been used in more recent 
experiments. 
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The compressibility of a liquid is defined as the compressive 
strain (diminution of volume per unit volume) produced by a 
definite compressive stress. According to Regnault the com- 
pressibility of water per atmosphere! of pressure is equal to 
48x10~*° More recent experiments show that at o°C, the 
compressibility of water per atmosphere lies between the limits 
5°03 X Io~® and 512 x 1075, The compressibility of water 
diminishes as the temperature rises ; according to 
Pagliani and Vincentini, a minimum value of 
3°89 x 107* is reached between 60° and 70° C., 
while at 99°C the compressibility is equal to 
ZOO x 108°: 

The mean value of the compressibility of mercury 
is about 3°8x10~® The compressibility of mer- 
cury, and that of most other liquids (water ex- 
cepted), increases with the temperature. 

Tensile strength of liquids.—Ordinary obser- 
vation shows that an extremely small force suffices 
to separate a liquid into parts, and apparently 
leads to the conclusion that there is no perceptible 
cohesion between the particles of a liquid. It may 
be remarked, however, that the separation of a 
liquid into parts always takes the form of an in- 
flowing of the surface, and never results from an 
internal rupture; the fact that such an inflowing is 
produced readily does not disprove cohesion 
between the particles of a liquid, any more than 
the strength of a strip of paper under a uniform 
tensile stress is disproved by observing the ease 
with which the paper can be torn when it has Eiger 
been snipped at the edge. borne Rey- 

Prof. Osborne Reynolds observed that in certain ne 
circumstances the mercury in a barometer tube the tensile 

A strength of 
60 inches long adhered to the top of the tube, mercury, 
and remained as an unbroken column, even when 
the mercury. at the lower end of the tube was subjected to 
a scarcely perceptible pressure. A tube similar to that of an . 
ordinary syphon barometer, but about 60 inches in length 
(Fig. 124), was cleaned, and its inner surface was wetted by 


1 A standard atmosphere is practically equal to 108 dynes per square centimetre. 
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sulphuric acid or by water freed from air. The tube, in a 
horizontal position, was then filled with mercury ; on raising the 
closed end until the tube was vertical, the mercury column broke, 
and its surface stood at a height of 30 inches; but after lowering 
the tube into a horizontal position, and taking great care to 
remove some small air bubbles which made their appearance, it 
was found possible at last to raise the closed end until the tube 
was vertical, without rupturing the mercury column. The short 
limb of the tube was then connected to an air pump, and 
exhausted ; the mercury still remained as an unbroken column 
60 inches long. 

Now, there was no question of the mercury being upheld 
by sticking to the szde walls of the tube ; hence, the film of 
water or acid at the top of the tube must have adhered 
to the glass above it, and supported the column of mercury 
hanging below it. Whenever a rupture of the mercury column 
occurred, a small bubble of air was always detected; this 
bubble started the rupture, just as a scratch of a diamond will 
start a crack in a strained piece of glass. Hence it follows 
that the mercury, as well as the film of acid or water, withstood 
a tensile stress equal to two atmospheres. From this we con- 
clude that the molecules of a liquid cling together, and a 
considerable force is needed to pull them asunder ; the difficulty 
of removing every trace of air from a liquid prevents us from 
determining the absolute stress which is necessary to rupture it, 
but mercury has been observed to sustain a tension of 72°5 Ibs. 
per square inch, while sulphuric acid has been observed to 
sustain a tension “high as 173 lbs. per square inch. 


Prof. Worthington has found that when water is subjected toa 
dilatational stress, the increase in its volume is equal to the decrease in 
volume that would be produced by an equal compressive stress. 
Mr. H. H. Dixon,! has used an experimental method, due originally 
to Berthelot, to determine the minor limit of the tensile stress of water 
in terms of its elasticity under tensile stress. A strong capillary tube, 
closed at one end and drawn out at the other, was filled with water at 
28° C. ; the tube was cooled to 18° C., so as to allow a small bubble of 
air to enter it, and the open end was then closed. On raising the 
temperature of the tube the air gradually dissolved in the water, which 


1 The Tensile Strength of Water, by H. H. Dixon; Proc. Roy. Soc. of Dublin 
12, 7, pp. 60-65, April, 190q + 
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finally filled the tube completely. On re-cooling the tube to 18° C., the 
water still filled it completely, and therefore it must have suffered a 
dilatational strain, measured by the ratio of the volume of the bubble of 
air to the volume of the water. The bulk modulus of elasticity of water 
being known, the dilatational stress to which the water was subjected was 
calculated. It was found to be equal to 150 atmospheres, or 2,250 Ib. 
per sq. inch, 


It will be explained, in an ensuing chapter, that the phenomena 
of surface tension lead us to conclude that the tensile strength of 
liquids is really very great, amounting to many thousands of 
atmospheres; and the experiments described above show that 
there is nothing intrinsically absurd in this conclusion, although 
the phrase “weak as water” has been accepted as implying the 
irreducible minimum of strength. 


QUESTIONS ON CHAPTER VIII 


1. A boxwood metre-scale is placed in a vertical position, with its 
lower end clamped in a vice, and with a heavy body fixed to its upper 
end (compare Fig. 65, p. 163). The scale is bent, by pulling the 
heavy body to one side, and is then released: determine the period of 
oscillation of the heavy body. 

2. The heavy body, referred to in question I, is symmetrical in 
shape, and its moment of inertia about a vertical axis can be calculated. 
The body is twisted through a small angle about its vertical axis of 
symmetry, and is then released ; determine the period of its torsional 
oscillation about its position of equilibrium. 

3. Explain how the values of , 4, 0, and E for boxwood can be 
obtained by the aid of the results deduced in answer to questions I 
and 2. 

4. It is found that a torque equal to 1,000 dyne-centimetres is 
required to twist one end of a cylindrical wire through a radian, 
relatively to its other end. A strip of the same material is equal 
in length and sectional area to the wire, and the*breadth of the strip is 
ten times as large as its thickness ; what torque will be needed to twist 
one end of the strip through a radian, relatively to its other end ? 

5. A uniform metal rod, so long that its length may be considered to 
be infinitely great, is supported in such a manner that it can move 
freely in a direction parallel to its length, while lateral motion is 
rendered impossible. A pressure equal to f, dynes per sq. cm. is 
applied suddenly to one of the flat ends of the rod; determine the 
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velocity with which the resulting compressional strain travels along the 
rod. 

6. A uniform cylindrical metal rod, so long that its length may be 
considered to be infinitely great, is supported in such a manner that it 
can rotate freely, while any other kind of motion is rendered impossible. 
A torque is applied suddenly to one end of the rod, tending to twist it 
about its axis of symmetry: determine the velocity with which the 
resulting torsional strain travels along the rod. 

7, Equal and opposite compressive stresses are applied to the ends of 
a uniform straight rod of length Z Prove that the effect produced will 
be as follows :— 

(a) If the force F applied to either end of the rod is less than 
(1/2)2EK, the rod will be compressed longitudinally while remaining 
straight. i 

(6) If F=(m/2)?EK, the rod will be in equilibrium either when it is 
straight, or when it is bent into a loop of the wave curve 


y=a sin (27x/2/). 


(c) If F>(m//)?EK, the rod will continue to bend more and more 
until it breales. 


(The radius of curvature R of a wave curve is given by the equation— 


Tee (2EN2 
eee 
where A denotes the wave length (see p. 336). 

8. An elastic rod of uniform sectional area, and so long that its length 
may be considered to be infinitely great, is supported in such a manner 
that it can bend freely, any other kind of motion being rendered 
impossible. A part of the rod is bent into the shape of a wave curve 
(p. 85) and is then released ; determine the velocity with which the 
resulting flexural waves travel along the rod. 

g. A rod of finite length can move freely in a direction parallel to its 
length; determine the pressure in the rod, at a distance x from its 
front end, when the rod moves with an acceleration a, produced by a 
force applied to its rear end. 

10. A long flexible cord, of mass 77, per unit length, is subjected to a 
tension equal to f; the cord is struck transversely, and the deformation 
produced by the blow is seen to resolve itself into two transverse 
disturbances which travel along the cord in opposite directions. 


Determine the speed with which either transverse disturbance travels 
along the cord. 


CHAPTER IX 
SURFACE TENSION 


Introduction.— When a liquid partly fills a vessel, the free 
surface of the liquid is smooth and definite in shape: this 
definite free surface is the characteristic by which a liquid is 
recognised. A drop of liquid, clinging to the underside of a 
plate of glass, also has a definite free surface. The fact that the 
drop can cling to the underside of the glass, proves that the liquid 
adheres to the glass; or, expressing this conclusion in terms 
of the molecular theory of matter, we may say that those 
molecules of the liquid which are contiguous to the glass, are 
attracted by the molecules of the glass. To explain the definite 
shape of the drop, some other property of the liquid must be 
assumed; for the only molecules of the liquid which are 
attracted to any appreciable extent by the glass, are those which 
are very close to it, and therefore most of the molecules 
comprised in the drop must be in equilibrium under the action 
of their mutual attractions. Now, whatever forces may be 
exerted on a molecule in the interior of a liquid, they must be 
such that the liquid can flow; for, the shape assumed by 
a liquid is that of the vessel in which it is contained. Thus, 
the definite shape of the drop leads us to conclude that its 
surface must act as an elastic containing vessel. If the amount 
of liquid contained in the drop is gradually increased, a stage is 
reached at which the elastic vessel is no longer strong enough 
to support its contents, and a portion of the liquid falls away. 
It must be noticed that this falling away of a portion of the 
liquid occurs, not by internal rupture of the drop, but by the 


formation of a constriction in its surface ; and this constriction 
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increases until part of the drop becomes detached. Fig. 125 
represents several stages in the formation and breaking away of 
a drop. 

Expt. 30.—To examine the formation and breaking away of a drop 
of liquid. 

At temperatures above 80° C, liquid aniline is less dense than water, 
while at low temperatures, aniline is denser than water. Further, aniline 
does not mix with water, so that if the two liquids are contained in 
a beaker, they are separated by a definite free surface. These facts 
have been utilised by Mr. C. A. Darling,) in the arrangement of a 
beautiful experiment, which exhibits the various stages in the formation 
and breaking away of a drop of a liquid. 

Procure a beaker about 9 inches in height and about 4°5 inches in 
diameter ; fill it with distilled water to a height of about 7 inches, and 
add about 8o0c.c. of aniline. Place the beaker on a sand-bath, and 


Fic. 125.—Stages in the formation and breaking away of a drop of water. 


allow the temperature to rise to about 80°C. The hot aniline ascends 
to the surface of the water, becomes cooled by contact with the air, 
and collects in the form of a pendant drop, an inch or more in diameter. 
As the drop increases in size, it develops a neck which becomes thinner 
and thinner ; at a certain stage, two constrictions develop in the neck, 
and finally the neck becomes severed at two places. Thus, when the 
large drop breaks away, it is followed by a droplet, called Plateau’s 
spherule, in honour of its discoverer. As the large drops descends, it 
exhibits an oscillatory change of shape due to the tension of its surface 
layer. When the aniline reaches the bottom of the beaker, it once 
more becomes hot, and again ascends to the surface ; so that another 
drop presently forms and breaks away. The process of formation and 
breaking away is so slow, that each stage can be observed at leisure. 


Thus we are led to conclude that the surface of a liquid acts 
somewhat like a stretched elastic membrane. If a straight line 


1 Nature, March 10, 1910, p. 37. 
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be drawn on the surface of such a membrane, the portions of 
the membrane on opposite sides of the line are pulled away 
from each other, and rupture is prevented only by the cohesion 
between particles on opposite sides of the line. Let a straight 
line, one centimetre in length, be drawn on the surface of a 
liquid ; then the portions of the surface on opposite sides of this 
line are pulled away from each other with a force whichis 
‘defined as the surface tension of the liquid. Hence, surface 
tension is a force per unit length, and*its dimensions are— 
ML . rs M 
T2 och ee [2 
Let the surface of a liquid be bounded by a rectangular 
framework, comprising two parallel rails rigidly connected by a 
cross piece, and a second cross piece which can slide along the 
rails while remaining parallel to its original direction. Let the 
length of the cross piece be Z ; then, if the liquid adheres to the 
cross piece, this will be acted upon by a force equal to S/, where 
S is the surface tension of the liquid. The force S/ tends to 
diminish the area of the surface. While the temperature of the 
liquid remains constant, let the cross piece be displaced through 
a distance @ in the direction which increases the area of the 
- surface ; then, the work done by the agent which moves the 
cross piece is equal to S/d, and the increase in the area of the 
liquid is equal to 7d. Thus, the surface tension of a liquid may 
be defined as the work done in enlarging the surface of the liquid 
by one square centimetre under isothermal conditions. 


The definition of surface tension, as the energy per unit area of 
the surface of a liquid, is inadmissible, although very widely accepted 
The objection to this definition may be made clear by a comparison 
When a perfect gas expands isothermally, the energy of the gas (that is, 
the kinetic energy of its molecules) remains constant, the external work 
performed during the expansion being derived solely from the heat 
which enters the gas.! Now, a transmission of heat occurs when the 
surface of a liquid is stretched isothermally, and therefore the energy of 
the new surface is not equal merely to the mechanical work done in 
forming it; allowance must be made for the energy which enters or 
leaves the surface in the form of heat. Of course, no change of 
temperature is produced by the heat which enters or leaves the surface 


1 See the Author's Heat for Advanced Students (Macmillan), p. 298. 
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during an isothermal process. If heat enters the surface during an 
isothermal i increase of area, then the energy of the newly formed surface 
is equal to the work done in overcoming the surface tension, p/us the 
mechanical equivalent of the heat absorbed. 


Expt. 31.—To measure the surface tension of water. 

Make a rectangular framework of platinum wire, similar to that 
represented in Fig. 126; the dimensions of the rectangle may be about 
3 cm. by 1°5 cm. Hold the frame- 
work in a Bunsen flame until it be- 
comes red hot; this will remove every 
trace of grease from the wire. Hang 
the framework so that it is partly im- 
mersed in water, and support it from 
one arm of a balance ; the upper side 
of the rectangle should be two or three 
Fic. 126.—Method of measuring millimetres above the surface of the 

Bins seurtere ceusion pets liquid water. Add weights to the scale pan 

on the opposite side of the balance 
until the weight of the partly immersed framework is counterbalanced. 


Now depress the framework until its upper side sinks below the ~ 


surface of the water; on raising it, a film is formed, extending from 
the upper side of the framework to the surface of the water. This 
film has two surfaces, each of which exerts a tension of S dynes per 
cm. ; thus if the breadth of the framework is 4, the downward force 
exerted by the film is equal to (2 x Sd), and if this force can be counter- 
balanced by adding a small mass 7 to the scale pan on the opposite 
side of the balance, then— : 
286 = mg. 

It is impossible to obtain a film of pure water when the upper side of 
the rectangle is more than about 3 mm. above the surface of the water. 
Adding a little soap to the water renders it possible to obtain a much 
longer film, but the surface tension of the soap solution is l-ss than that 
of the water. 

Repeat the above experiment, using ether, paraffin oil, and benzene 
in place of water. 


ExpT. 32.—To measure the surface tension of mercury. 

Procure a piece of thin sheet copper, cut to the shape represented in 
Fig. 127; the lower edge is sharpened, and the two projecting horns 
are made as thin as possible. Amalgamate the lower part of the 
copper (left white in Fig. 127), by dipping it in a solution of mercuric 
nitrate. Wash the amalgamated surface, dry it in a spirit flame, and 
pour pure mercury over it, until no trace of scum remains. Then hang 
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the piece of copper from one arm of a balance, so that the horns just 
dip into mercury contained in a suitable vessel. Counterbalance the 
piece of copper by means of weights added 
to the scale pan on the other side of the 
balance. 

Now, depress the copper so that the 
amalgamated surface is immersed in the mer- 
cury, and form a film of mercury by raising 
the copper quickly but steadily. It is best to 
use an ordinary balance which weighs to a 
centigram, since in this type of balance the 
beam is raised during weighing. Add weights 
to the scale pan on the other side of the HE 2a eee 
balance, until the mercury film just breaks measuring the surface 
when the beam is raised so far that the fension of mercury. 
pointer of the balance is vertical; the additional 
weight, expressed in dynes, is equal to the sum of the tensions of the 
two surfaces of the mercury film. After a little practice, an accurate 
value of the surface tension of mercury can be obtained by this method ; 
this value is equal to 450 dynes per cm. 


Elementary molecular theory of surface tension.—-The 
attraction exerted by one molecule on another may be assumed 
to be negligibly small when the distance separating the molecules 
exceeds a certain small value. Thus, we may imagine a 
spherical surface to be described about each molecule, its 
radius being equal to the greatest distance at which an appre- 
ciable attraction can be exerted on another molecule ; this 
sphere is called the sphere of molecular attraction. The molecules 
of a substance in the gaseous state are widely separated, and 
one molecule remains within the sphere of attraction of another 
only during the short time immediately preceding and following 
an impact. In the liquid state, the molecules of a substance are 
packed relatively closely ; that is, the sphere of attraction of a 
molecule embraces a large number of neighbouring molecules, 
each of which is attracted by a finite force. Since action. and 
reaction are equal and opposite, it follows that a molecule 
in the interior of a liquid is attracted by its immediate 
neighbours ; but, since the attractions are exerted in various 
directions, their average resultant is equal to zero, and there is 
no tendency to move the molecule in any particular direction. 
Thus a molecule can move through the body of a liquid 

U 


290 GENERAL PHYSICS FOR STUDENTS CHAP. 


unopposed, except by impacts with its neighbours ; and there- 
fore a molecule neither loses nor gains energy while it moves 
from one position to another within the body of a liquid. 

A molecule near the surface of a liquid is under different 
conditions. Any molecules in the gaseous state, in the space 
above the liquid, are beyond the sphere of attraction of a molecule 
in the surface ; hencé, a molecule in the surface is attracted 
only by the molecules lying around it in the surface, and those 
immediately beneath it in the interior of the liquid. Hence, in 
order that a molecule may arrive at the surface from the interior 
of a liquid, it must have overcome a resultant attraction 
tending to pull it back into the interior. From this we may 
infer that, when a molecule approaches the surface from the 
interior of a liquid, work is done by it at the expense of its 
kinetic energy. But the temperature of the liquid depends 
on the kinetic energy of its molecules, and since the surface is 
at the same temperature as the interior of the liquid, it follows 
that a molecule approaching the surface must gain kinetic 
energy from its neighbours, and these must gain energy in the 
form of heat from some external source. When the surface of 
a liquid is increased in area, a number of molecules which 
previously were in the interior of the liquid will form the new 
surface layer ; and in order that these molecules may possess the 
same average kinetic energy as those in the interior of the liquid, 
heat must have been absorbed from some external source. Thus 
when the surface of a liquid is enlarged isothermally, heat is 
absorbed. If the surface is enlarged adiabatically (that is, under 
such conditions that heat neither enters nor leaves the liquid), 
then the liquid will be cooled. . 

The molecules, lying side by side in the surface of a liquid, 
cling one to another, and thus endow the surface with properties 
somewhat resembling those of a stretched elastic membrane ; 
hence the existence of surface tension. When a molecule is in 
the surface, its potential energy is greater than when 
it was in the interior of the liquid; for work must be 
done in bringing the molecule to the surface, against the 
resultant force which pulls it toward the interior of the liquid. 
Any system of bodies arranges itself in such a manner that the 
potential energy of the system is a minimum (p. 44) ; since the 
total surface energy is diminished by diminishing the area of 
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the surface, it follows that the surface tends to become as small 
as possible. 

A very slight film of grease produces a great diminution in 
the surface tension of water. This is due, probably, to the fact 
that the water molecules exert a very small attraction on the 
grease molecules ; therefore when the water molecules in the 
surface are separated, one from another, by interspersed grease 
molecules, it is impossible for them to cling together with the 
same force as when the grease molecules are absent. 


Expt. 33.—Wash a glass vessel under the tap for some considerable 
time, and then fill it with tap water. Be careful not to touch the water 
or the inside of the vessel with the fingers. Scatter some lycopodium 
powder over the water surface, and then touch the surface with a finger 
that has been slightly greased by contact with the hair of the head. The 
surface tension of the water is diminished where the surface is touched, 
with the result that the uncontaminated surface, near to the sides of 
the vessel, contracts, carrying the lycopodium powder with it. As a 
result, a large, nearly circular patch of surface is left free from lycopodium 
in the middle of the vessel. The lycopodium powder merely serves the 
purpose of making visible the motion of the surface layer of water. 


EXPT. 34.—Scatter lycopodium powder over a clean water surface, and 
then touch the surface with (1) a crystal of sodium carbonate, (2) a 
crystal of sodium chloride, (3) a crystal of sodium hypochlorite, (4) a 
stick of caustic soda, and (5) a crystal of.sodium sulphate. The motior 
of the lycopodium powder indicates whether the aqueous solutions of 
these substances possess surface tensions greater or less than that of 
water. Scrape each crystal so as to remove any trace of grease or 
other impurity from the part which is brought into contact with the 
water surface. 


In order that a molecule may escape from the surface of a 
liquid, it must approach the surface from the interior with a 
velocity sufficient to carry it beyond the range of molecular 
attraction of the surface layer. Hence, when a liquid evaporates, 
it is only the more quickly moving molecules that escape, while 
those moving more slowly remain behind ; consequently, a liquid 
is cooled by evaporation. In order that a gram of liquid shall 
evaporate, a quantity of heat equal to the latent heat of vapori- 
sation must be supplied ; this quantity of heat is thermally 
equivalent to the work done in carrying the molecules, comprised 
in a gram of the liquid, from the interior to the surface, and 
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thence into the space above the liquid, beyond the range of 
molecular attraction of the surface molecules. Thus, there is an 
intimate connection between the latent heat of vaporisation and 
the surface tension of a liquid. 

The latent heat of vaporisation of a liquid decreases as the 
temperature of vaporisation rises.1 The connection between 
latent heat and surface tension leads us to conclude that 
the surface tension of a liquid will decrease as the temperature 
of the liquid rises. At the critical temperature there is no 
difference between the liquid and its vapour; hence, at this 
temperature the latent heat of vaporisation, and the surface 
tension of the liquid, must both be equal to zero. 


Expt. 35.—To demonstrate the decrease in the surface tension of a 
liquid, produced by a rise in temperature. 

Fill a glass vessel with clean water (p. 291), and scatter lycopodium 
powder over the surface of the latter. Hold a piece of hot metal (such 
as a heated soldering bit) at a small distance above the surface of the 
water ; the lycopodium moves away from the point at which the surface 
is most heated, thus showing that the surface layer of the water is pulled 
away from that point (compare experiment 33, p. 291). 


Relation between surface tension and surface energy.— 
When a liquid surface is enlarged isothermally, heat is absorbed ; 
and when the surface is enlarged adiabatically, the temperature 
of the surface falls. The quantity of heat absorbed at constant 
temperature, per unit increase of area, can be determined by an 
application of thermodynamic principles.? 


At a constant temperature, the value of the surface tension is inde- 
pendent of the area of the surface of the liquid. Hence, if surface 
tension is plotted against surface area, the isothermal relation between 
the two can be represented by a horizontal straight line parallel to the 
axis along which areas are measured. Let AB (Fig. 128) represent the 
isothermal relation between the surface tension S and the surface area, 
at a temperature T measured on the absolute dynamical scale. - At 
a slightly lower temperature (T —#), the surface tension will be greater ; 
let its value be (S +5), and let the isothermal relation between surface 
tension and surface area now be represented by the horizontal straight 
line CD, Let EF and GH represent portions of adiabatics, that is, 


1 See the Author’s Heat for Advanced Students, p. 155. (Macmillan.) 
2 For a discussion of the thermodynamic principles used in this section, see the 
Author's Heat for Advanced Students, Ch. XVI., pp. 333-365. (Macmillan.) 
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curves representing the relation between surface tension and surface 
area when no heat is allowed to enter or leave the surface layer of 
the liquid. When the surface layer : 
is enlarged adiabatically, the tem- 
perature falls, and therefore the sur- 


i~ 

Ss 
face tension increases. The straight 2 GC A r oe 
lines AB and CD are very close c zi Aas ee 
together, since ¢ is small and there- §$ AG E B 
fore s is small ; hence, the portions of § 
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the adiabatics, cut off by AB and CD, 
are very small, and may be treated as 
straight lines. Since EF and GH Fic. pare cee tension 

are very near to each other, they will Sei 

be approximately parallel; hence EFHG is a parallelogram. Let 
the side GE of the parallelogram, which represents an isothermal 
enlargement of surface, be equal to a; then, since the perpendicular 
distance between AB and CD is equal to s, the area of EFGH is 
equal to sa. 


Area of Surface 


Let it be supposed that the surface is originally at a temperature 
T, its area being that corresponding to the point E (Fig. 128). 
Let the surface be enlarged adiabatically until its temperature 
falls to (T—/); its properties now correspond to the point F. 
Next, let the surface contract isothermally until it attains the 
area corresponding to the point H ; and during this process let 
a quantity Q, of heat be given out. As the surface contracts, it 
performs external work. Next, let the surface contract adia- 
batically until its temperature rises to T ; the point now reached 
is G. Finally, let the surface be enlarged isothermally, until 
the point E is reached; and let a quantity Q, of heat be absorbed, 
work being done by the agent which stretches the surface. The 
surface has been brought back to its original condition, and 
therefore its energy has the same value as at first. A quantity 
of heat Q, has been absorbed at a temperature T, and a 
quantity Q, has been given out at a temperature (T — 7), so that 
(Q,—Q,) units of heat have disappeared. 

During the isothermal enlargement of the surface by @ sq. cm. 
at the temperature T, the work done on the surface by the 
external agent was Sa, since the surface tension is equal to the 
work done in enlarging the surface by unity at a constant 
temperature (p. 287).. During the isothermal contraction of 
a sq. cm. at (T —4), the external work done by the surface was 
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(S+s)a. The external work done during the adiabatic con- 
traction must be equal to the internal work done during the 
adiabatic enlargement of the surface; for the two alterations 
of area are equal, and the surface tension has the same average 
value in both cases. Hence in completing the cycle, a net 
amount of external work equal to— 


(S +s)a -Sa=sa 


has been performed. It has been proved already that sa is the 
area of the cycle EFGH. 

It is obvious that the cycle is reversible ; that is, the energy 
transformation which occurs in traversing any part of the cycle 
in one direction, is reversed if the same part of the cycle is 
traversed in an opposite direction. Thus, the cycle is similar to 
that of a reversible heat engine. The most important difference 
between the surface tension cycle and a gas cycle is, that a net 
amount of external work is performed when the surface tension 
cycle is traversed in an anti-clockwise sense, while a net amount 
of work must be performed by an external agent when a gas 
cycle is traversed in an anti-clockwise sense. This difference is 
cue to the fact that a gas can do external work only by 
expanding, while a surface can do external work only by con- 
tracting. 

By the first law of thermodynamics, the heat Q,;—Q, which 
has disappeared is equivalent to the nett work, sa, performed 
during the cycle. Therefore— 


Qi - Q2 = ay 7 

when J is the mechanical equivalent of unit quantity of heat. 
As a consequence of the second law of thermodynamics, the 

efficiency of the cycle is the same as that of a reversible heat 

engine working between the temperatures T and (T — Z) ; thus— 
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Q,/@ is the value of the heat absorbed by each square centimetre 
added to the surface at the absolute temperature T, s/¢ is the increase 
in the surface tension due to a fall of temperature of 1°C ; this quantity 
is called the temperature coefficient of the surface tension. The 
following table gives the surface tension S, for a number of liquids at 
o° C, together with the temperature coefficient 6. If S,; denotes the 
surface tension of a liquid at 7° C., then— 


S; = Ss v= Be. 

Liquid Se B 
Nicoholi((Gokis@) pees ei ae 25.3 0'087 
Benzene (G;H,_) =. .—-. . 30°6 0'132 
Ether (C,H 09) ty Saas 19°3 O'1IS 
Mercury . ee eee AAT SS 0°379 
WWiatereMarer cs jeoncc. eh we nos TSS O'152 


At o° C. the surface tension of water is equal to 75°8 dynes per centi- 
metre, and each degree rise of temperature entails a decrease of 0°152 
dynes per cm. Hence for water s/f= 0152. Thus Q,/a, the heat 
absorbed by each additional square centimetre added to a water surface, 
2720 O52 

42 X 107 
273 X0'152=41'5 ergs. While the surface of water at 0° C is being 
increased by one square centimetre, 75°8 ergs of work are performed 
by the agent which stretches the surface, and 41°5 ergs enter the 
surface in the form of heat., Hence, at oC the surface energy of 
water is equal to 117°3 ergs per sq. cm. It is clear that the surface 
energy of a liquid is much greater than its surface tension (see p. 287). 


is equal to gram-calories, and this is equivalent to 


Expt. 36.—To determine thg surface tension, and its temperature 
coefficient, for water and other liquids. 

Obtain a piece of thermometer tubing about 6 inches long, its internal 
diameter being half a millimetre or less. Select a piece of tubing which 
has a uniform bore; the uniformity of the bore can be tested by 
introducing a short thread of clean mercury into the tube, and 
measuring its length in different parts of the tube. Clean the inside 
of the selected tube with nitric acid, and then run plenty of tap water 
through it. Distilled water should not be used, as it is generally 
contaminated with grease derived from the red lead used in making 
joints, or the oil used in lubricating taps, of the distilling apparatus. 
The salts found in tap water produce no appreciable effect on the 
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surface tension of the water. The piece of thermometer tubing is 
passed through corks which close the ends of a wider tube (Fig. 129) ; 
a paper scale, graduated in millimetres, is placed 
within the outer tube and behind the thermometer 
tube. The upper end of the thermometer tube 
is then passed through a cork which fits the 
mouth of a wide boiling tube. Well wash the 
inside of the boiling tube with running tap water 
(p. 291), leave some tap water in it, and fit the 
thermometer tube in place in the manner indicated 
in Fig. 129. A small glass tube passes through 
the cork which closes the mouth of the boiling 
tube ; by pinching a piece of rubber tube con- 
nected to this glass tube, the water may be caused 
to rise and wet the inside of the thermometer 
tube ; this must be done before each observation 
is made. 

Place the boiling tube in a large beaker con- 
taining hot water, or better still, in a thermostat. 
Observe the height 2 to which the water rises in 
the thermometer tube, measured from the surface 
of the water in the boiling tube; repeat the- 
observation at different temperatures. 


Fic. 129.—apparatus 
for the determina- The water wets the inside of the ther- 
tion of the surface = 
tension, anditstem- | mometer tube; hence, where its surface comes 
perature coefficient, in contact with the inside of the tube, it 
liquids. forms part of a cylinder of radius 7, where 

y is the internal radius of the tube. The 

circumference of this cylinder is equal to 277, and a force S 

acts vertically upwards across each centimetre length of this 

circumference ; thus the resultant upward force due to the 
surface tension is equal to 277S, 

The mass of the liquid column supported by the surface is 
equal to 77*xhxp, where p is the density of the liquid (for 
water p=I, nearly); hence the downward force exerted by 
gravity on the column is equal to mv?Apg, and since this force is 
in equilibrium with the upward force due to the surface tension, 
we have— 

anrS = rPhpg ; 


oe 
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The internal diameter of the thermometer tube should be 
measured by the aid of a travelling microscope. 


Obtain the value of the surface tension of water for a number of 
different temperatures between 0° and 100° C, plot these values against 
the corresponding temperatures, and determine the temperature coeffi 
cient ; that is, the diminution in the value of the surface tension for 
each degree rise of temperature. 

Perform a similar set of observations for benzene. 


Contamination of the surface of a liquid. 

Expt. 37.--Scatter some small parings of camphor over a water sur- 
face ; if the surface is uncontaminated, the fragments of camphor rotate 
and move from place to place in a manner that suggests a wild unceas- 
ing dance. On touching the surface with a finger that has been 
slightly greased by contact with the hair of the head, the motion of 
the camphor particles suddenly ceases. 


Camphor slowly dissolves in water, and in doing so producesa 
diminution in the surface tension. The camphor dissolves 
more quickly at salient points than elsewhere; thus, the 
surface tension of the water is diminished greatly near to 
salient points of a piece of camphor, and the water pulls the 
camphor away from the point at which the surface tension 
has been diminished most. The effect is thus similar to that 
which would be produced if a salient point of the camphor 
repelled the water in its neighbourhood. A thin film of grease 
diminishes the surface tension of the water to such an extent 
that the solution of the camphor can produce no further 
diminution. 

Lord Rayleigh has measured the thickness of an oil film 
which will just stop the motion of camphor particles on water ; 
he allowed a weighed drop of oil to spread over a surface of 
known area, and found that the motion of camphor is stopped 
when the oil film has a thickness of two one-millionths of a 
millimetre (2 w.p.). In these circumstances, the surface tension 
of water is 28 per cent. smaller than if its surface were uncon- 
taminated. Lord Rayleigh also found that a layer of oil, one 
one-millionth of a millimetre (1 pw.u.) or less in thickness, 
produces practically no effect on the surface tension of water. 
As a layer of oil increases in thickness from 2 u#.p, upwards 
the surface tension diminishes, but the change is much more 
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gradual than that which occurs when the thickness of the film 
is increased from I p.p. to 2 pip. % 

Plateau found that, when a magnetised needle is suspended 
so that it lies on the surface of water, its oscillations subside 
much more rapidly than when the needle is wholly immersed 
in the water. Marangoni explained this, by assuming that the 
surface of the water is contaminated slightly with grease ; as 
the needle moves over the surface, the grease is concentrated in 
front of it, and a comparatively pure water surface is left behind 
it. Thus, there will be a backward pull due to the greater 
surface tension of the pure water, and this pull tends to 
bring the needle to rest. 

In a storm at sea, the waves may be calmed to a great extent 
by pouring oil on the surface of the water. When the wind acts 
on a portion of the oily surface, it urges the oil forward and 
leaves a comparatively pure water surface behind ; hence, there 
is a backward pull on the surface set in motion by the wind, and 
this pull tends to stop the motion. Even when waves have 
been formed, they will die down as they pass over that part 
of the surface which has been greased ; for the wave motion 
entails stretching of the surface layer of the water, and at any 
instant the stretching will be greater at some parts of the wave 
than at others ; a pull will be exerted on the less stretched by 
the more stretched portions of the surface, and hence the 
energy of the wave will be used up in producing motion in the 
surface layer of the water. 

The surface tension of a liquid depends, to a considerable 
extent, on the gas in contact with its surface. Thus, according 
to Ramsay and Shields, the surface tension of water in contact 
only with its own vapour is equal to 73°21 dynes per cm. at 
o° C., and to 70°20 dynes per cm. at 20°C. The surface tension 
of water in contact with air is equal to 75°8 dynes per cm. at 
o° C. Stockle has found that the surface tension of mercury, in 
contact only with its own vapour, is equal to 435°6 dynes per cm. 
at 15°C. If the surface of mercury is exposed to air, the value 
of the surface tension is increased, but the increase becomes 
less as the time of exposure is extended. 

Some phenomena due to surface tension.—When mercury 
is spilt on a table it forms beads which, when small, are 
practically spherical, while the larger beads are flattened more 
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or less. Mercury does not “wet” the table; that is, its 
molecules do not attract the molecules of the wood appreciably. 
Therefore, the shape assumed by a bead of mercury is due, 
partly to the gravitational attraction exerted on each of its 
molecules, and partly to the elastic properties of its surface. 
When the bead is small, the elastic surface assumes a practically 
spherical shape ; for a sphere has a smaller surface than any 
other solid of equal volume. If water is spilt on a table which 
has been dusted with lycopodium powder, it forms beads some- 
what similar in shape to those formed by mercury. The surface 
of the water can be seen to be coated with a layer of lycopodium 
powder, which prevents the water molecules from coming within 
the range of molecular attraction of the molecules of the wood. 
Similar beads of water are formed by the first few drops of 
rain which fall on a dusty road. 

When a camel-hair brush is dipped into water, the hairs 
remain apart while the brush is immersed, but they cling 
together when the brush is removed from the water. Some 
water remains in the spaces between the hairs of the brush, 
and its free surface tends to contract, and so pulls the hairs 
together. 

If a sieve, made from wire gauze of about twenty meshes to 
the inch, is dipped into melted paratfin-wax, and is then shaken 
so that the holes are left clear, the wires when cold will 
be coated with solid paraffin-wax. Water does not wet paraffin- 
wax ; if a piece of paper is placed on the bottom of the sieve, 
water can be poured in, and afterwards the paper can be 
removed : the water does not flow through, because its surface 
stretches across each hole, and is strong enough to support the 
water above it. 

Those who have had experience of camping, may have 
remarked that, during a shower of rain, a tent leaks at any 
point which is touched internally by the finger. If the inside of 
the canvas is examined, it will be seen that there are numberless 
small water surfaces projecting into the tent ; the water does 
not wet the threads of the canvas, and thus the water surfaces 
remain isolated until they are connected by a touch of the 
finger, and then a large drop is formed, with the result that 
the surface tension is no longer strong enough to support 
the water that collects. 
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“Rain-proof” fabrics are made in the following manner. 
The fabric, say a cloth for overcoats, is dipped into a very 
dilute solution of resin in petroleum. During the drying of the 
cloth, the petroleum evaporates ; afterwards, the cloth is pressed 
between hot metal rollers, with the result that the resin is 
melted ; on cooling, a thin film of resin is left on each fibre 
of the wool. Now, water does not wet resin ; thus rain-drops 
falling on the coat assume the form of small beads, which roll 
off without penetrating the cloth. A basin made of this cloth 
may be filled with water, and none will pass through, for the 
reason explained above in connection with the paraffin-coated 
sieve. 

It has been found that yellow fever is disseminated by 
mosquitoes. The mosquito larvee live in stagnant water ; each 
possesses a tubular tail-like appendage by means of which it 
breathes. At the free end of this appendage there are three 
hairs, which are crossed above the opening when the larva 
is swimming about, thus preventing water from entering the 
respiratory ducts. When the larva wishes to breathe, it thrusts 
the end of its tubular appendage through the surface of the 
water, bends back the hair-like processes, and hangs suspended 
from the surface of the water with the mouth of the tube open 
to the air. Thus, the existence of the mosquito larva, and 
therefore the existence of the mosquito itself, depends on the 
strength of the water surface. A little oil poured on every 
pond or tract of stagnant water in a neighbourhood, serves to 
exterminate the mosquito larvee, and so to prevent the dissemin- 
ation of yellow fever. 


Expt. 38.—Coat an ordinary sewing needle with a trace of vaseline, 
place it on a square of blotting paper, and float this on water. The 
paper becomes wet and sinks, while the needle remains floating. It is 
supported by the elastic surface of the water. 


Spreading of a liquid over the surface of a solid or another 
liquid.—When a drop of liquid is placed on the horizontal 
surface of a solid, the form it ultimately assumes will depend on 
a number of circumstances. The more the drop spreads, the 
lower will its centre of gravity descend, and the less will be its 
gravitational energy. But asthe drop spreads, its surface 
increases in area, and therefore work must be done in enlarging 
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the surface. To determine the condition of equilibrium of the 
drop, we must remember that the decrease in gravitational 
energy due to an infinitesimal additional spreading, must be 
equal to the work done in producing the corresponding enlarge- 
ment of the surface. For, if the decrease of gravitational 
energy is greater than the work done in-enlarging the surface, 
the liquid must gain a certain amount of kinetic energy 
(compare p. 38) and therefore the spreading will continue ; 
on the other hand, if the gravitational energy lost is less than 
the work performed in enlarging the surface, work must be 
done by some external agent, and therefore the drop could not 
be in equilibrium without the application of some external 
force. 

In the first instance, let it be supposed that no attrac- 
tion is exerted between the molecules of the solid and those 
of the liquid. In this case, the molecules of the liquid which 


ez VIM. MMMM 


Fic. 130.—Drops of liquid resting on a surface which they do not wet. 


are in contact with the solid are in the same condition as if the 
solid were absent; that is, the surface dividing the liquid from 
the solid has the same tension as the free surface of the liquid. 
The surface of the liquid must be parallel to that of the solid 
where the two come into contact ; for, if the liquid and solid 
surfaces were to meet at an angle, the liquid surface would 
exert a pull normal to the solid surface, and this pull could 
not be sustained in the absence of attraction between the 
molecules of the liquid and those of the solid. If the drop is 
small, it will assume an approximately spherical form; in 
this case the gravitational energy is very small, and equilibrium 
will be attained when the surface has the smallest possible area. 
‘If the drop is large, it will assume a form somewhat like that of 
a tea-cake (Fig. 130). 

Next, let it be supposed that a finite attraction is exerted by 
the molecules of the solid on those of the liquid. The free, 
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surface of the liquid may now meet that of the solid at a finite 
angle 6. Let S, denote the surface tension of the liquid; then 
S, ergs of work must be performed in increasing the free 
surface of the liquid by one square centimetre. With regard to 
the free surface of the solid, there is no difficulty in seeing that 
this may be the seat of energy; for a surface molecule is pulled 
toward the interior of the solid bya finite force, and therefore the 
surface of the solid is strained ; let it be assumed that S, ergs of 
work could be performed by each square centimetre of the solid 
surface, during the relief of this strain. When the liquid comes 
into contact with the solid, the surface of the solid will be partly 
relieved of its strain by the attraction of the liquid molecules ; 
let the remaining work which could be obtained from each 
square centimetre of the solid surface be denoted by S’. Let 
S’, ergs of work be obtainable from the molecules comprised in 
one square centimetre of the liquid surface where it is in 


Fic. 131.—Drop of liquid resting on a surface which it wets. 


contact with the solid. Then the total work obtainable from 
a square centimetre of the solid-liquid interface is equal to 
S’,+S’,; let this be denoted by Sjp. 

Now let it be supposed that a drop of liquid rests on a solid, the 
free surface AB (Fig. 131) of the liquid meeting the solid- 
liquid interface at an angle ABD=@. If the liquid spreads 
infinitesimally, so that its new surface acquires the section 
OEF, the angle EFB will be but slightly less than the angle 
ABD. Let any small surface element, of area a, be chosen on 
the surface OAB; if normals be drawn to the element around 
its boundary, these normals will cut the surface OEF in a curve 
which bounds a small surface element ; and it may be supposed 
that, during the spreading, the surface element of OAB moves 
normally outwards until it forms the corresponding surface 
element of OEF. Since the surface OAB is convex outwards, 
.the element of OEF will be slightly larger in area than the 
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corresponding element of OAB, and work must be done in 
increasing the area of the surface element. If the surface 
element of OAB is at a distance # below the flat upper surface 
OO’ of the liquid, the pressure tending to push the element 
outwards is equal to gp/, where p is the density of the liquid 
(p. 34); and the force tending to push the element outwards 
is equal to gpfa. Since the liquid is in equilibrium, the elas- 
ticity of its surface must pull the element back with a force 
equal to gpfa; and if the element moves through a distance 6 
during the incipient spreading of the drop, the work done 
against the elastic surface force must be equal to gpfad, and 
this is the value of the work done in enlarging the surface 
element. But ad is the volume of the liquid which must have 
flowed into the small space swept out by the surface element, and 
gpadh is the gravitational energy that would be lost by a volume 
ad of liquid, if it were removed from the surface OO’ and taken 
to a distance % below that surface (compare p. 34). Thus, 
the work done in enlarging each surface element of OAB, as it 
moves normally outwards to form an element of the new surface 
OEF, is just equal to the gravitational energy lost by the liquid 
that flows into the space swept out by the element. From B draw 
BG perpendicular to GF ; then the work done in converting the 
original boundary surface OAB, into the part OEG of the final 


' boundary surface, is just equal to the gravitational energy lost 


by the liquid that flows into the space BAOEG. 

During the spreading, a strip of the solid, of width FB 
and area a (say), is covered up ; the work done in enlarging the 
solid-liquid interface by a, is aSj,; and the mechanical energy 
gained by diminishing the area of the solid by a, is aS,._ Also, 
since GF=FB cos 4, it follows that the free surface of the liquid 
is enlarged by a cos 6, and therefore the work done during this 
enlargement is @cos@xS,. Thus— 


a(Sy cos 0+ S).—S,) = gravitational energy lost by the liquid which 
flows into the space BGF. 


The gravitational energy lost is equal to the work done by 
gravity if the space BGF were filled with liquid removed from 
the surface OO’. The area of the cross section BGF is equal 
to (1/2)BG x GF =3(FB sin 6)(FB cos 6), and a=FB x/, where 7 
is the peripheral length of the base of the drop. Thus the space 
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which has the section BGF, and extends all round the drop, 
has a volume equal to (1/2)(a?/Z) sin @cos @. In filling his space 
with the liquid, the gravitational energy lost is equal to 
(1/2)gph(a?/Z) sin @cos 6. Thus— 

a(S, cos 6+ Sy. — S,)=4gph(a?/Z)sin @ cos 0. 

S,cos 0+ Sy.—S,=4eph(alZ)sin @ cos 8. 
The term on the right hand side of the last equation can be 
made as small as we please, by making @ sufficiently small ; 
while the left-hand side of the equation is independent of the 
value given to a. Thus, when the spreading is infinitesimal, 
and a is therefore infinitely small— 


S,cos6@+S;,—-S,;=0 


cos @ = 2 a bs rodeteae whe ce: -(63)) 
LL S:-(S4+S'e) 
Se ¢ 


If there is no attraction between the molecules of the liquid and 
those of the solid, S’)=S,, and S’,=S,; in this case :— 
S,- (S$) _ 
2 
and @ = 180, Hence the form of the drop is that represented in 
Fig, 130. 
In the case of mercury in contact with glass, experiment shows that 


@ is equal to 140°, which indicates that S,—S,, has a negative value 
numerically less than S,. In this case— 


(S.+S’9-S,)<Sp5 

(S;-S‘}+5,-S’,)>0. 
Hence, when a free mercury surface is brought into contact with 
glass, a certain amount of mechanical energy is liberated. Conse- 
quently, there is some attraction between the mercury and the glass 
molecules; but the surface tension of pure mercury is very great 


(450 dynes per cm.); and therefore the attraction between two mercury 


molecules is very great in comparison with the attraction between a 
mercury and a glass molecule. 


In the case of water and most other liquids in contact with glass, @ is 
less than 7/2, and therefore— 


(S}-S’y—-S’g)<Sg; 
(S; - S4y)<(S,+8’,). 


cos 8 = -I, 


ee 
fe 
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Thus, when a water surface is brought into contact with glass, the 
mechanical energy given up during the relief of the strain in the glass 
surface, is less than twice the mean of the values S, and S’5. 

If (Sj —Sj)/Sy is greater than (+1) or less than (—1), there is no 
angle for which equation (1) is satisfied. In this case the liquid cannot 
form a drop on the surface of the solid, but spreads completely over the 
latter. 


When a drop of one liquid is placed on the surface of another 
liquid, similar conditions must be complied with. In this case, S, 
denotes the surface tension of the drop, S, denotes the surface 
tension of the liquid on which the drop is placed, and S,, denotes 
the surface tension of the interface between the two liquids. 
For the drop to be in equilibrium, there must be a definite angle 
of contact between the two liquids ; that is, (Sy—Syj.)/S, must be 
less than (+1) and greater than (—1). 

2°. (Sy —Syo)<Sq, and .*. (Sjg+So)>S). 

Also— 

(S1—Syo)>(—S,), and .*. (Sy+S5)>Sho- 

Thus the sum of any two of the quantities S,, S,, and S,,, must 
be greater than the third quantity. Hence, it must be possible to 
construct a triangle of which the sides are equal to S,, Sj, and 
Siz. This triangle is called Neumann’s triangle; if it cannot be 
constructed (that is, if one of the three quantities S,, S., and 
Sj, is greater than the sum of the other two), then it is im- 
possible for a drop of one of the liquids to be formed on the 
surface of the other. 


It has been found that for no two pure liquids can Neumann’s 
triangle be constructed; hence, a drop of a pure liquid spreads 
completely over the surface of any other pure liquid on which it may 
be placed. For instance, a drop of pure water, when placed on the 
surface of pure mercury, spreads over the entire surface. If, however, 
the mercury surface is greasy, a drop of water can collect on it ; for the 
grease diminishes the surface tension of the water, and so renders 
possible the construction of Neumann’s triangle. Similarly, a small 
trace of oil, when placed on pure water, spreads over the entire surface ; 
but if more oil is placed on the surface, it may collect in the form of a 
thin disc, owing to the fact that the first trace of oil has diminished the 
tension of the water so much that Neumann’s triangle may be con- 
structed. This explains the formation of discs of grease on the surface 


of broth. 
x 
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Expt. 39.—To determine the surface tension of water in contact 
with oil. 

Adjust the framework of platinum wire represented in Fig. 126, so 
that it dips into water in the manner explained in connection with 
expt. 31, p. 288; then cover the surface of the water with cil, to such a 
height that the oil extends up to the supporting filament. On 
immersing the rectangular framework in the water, and then carefully 
withdrawing it, a film of water is formed with its surfaces in contact 
with the oil. The method of measuring the surface tension of the 
oil-water interface is similar to that explained in 
connection with expt. 31. 


ExpeT. 40.—To determine the angle of contact 
of mercury with glass. 

Clean and dry the inside of a small spherical 
flask of about 4 or 5 cm. diameter. Pour clean 
mercury into the flask until it is nearly full, and 
then close the mouth of the flask. with a rubber 
stopper through which a thick piece of glass rod 
has been pushed. Invert the flask (Fig. 132), 
and adjust the glass rod so that the surface of the 
mercury is plane, up to the line in which it meets 
the glass: this adjustment can be made with 
great accuracy by observing the image of a sheet 


Fic. 132. —Angle of 3 ; eas é 
contact of mercury Of printed paper reflected at grazing incidence in 


with glass. the surface ; any distortion or ‘‘ fuzziness” in the 


image indicates that the surface is not plane. 
Measure the diameter d of the circle of contact of the mercury and 
glass by the aid of a pair of dividers and a centimetre scale; then, 
if @ is the angle which the free mercury surface makes with the mercury- 


glass interface— 
ad 
-= rcos(@ = =), 
2 2 


where ¢ is the radius of the spherical flask. 


Expt. 41.—To determine the angle of contact between pure water 
and clean glass. 

Fix a cork, by means of marine glue, to one side of a piece of plate 
glass about two inches square. Make a mop, by pushing part of a small 
bundle of cotton wool into one end of a piece of glass tube. Hold the 
plate glass by the cork, and scrub the free surface of the glass with soap 
applied to the mop. Well wash the surface with running tap water ; 
then, by means of a fresh mop, scrub the surface with strong nitric acid. 
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If the surface is once more washed with running tap water, and is then 
held so that its plane is vertical, the water will be seen to form a uniform 
film over the surface; this film becomes thinner and thinner, until at 
last the colours of thin films appear. The waer shows no tendency to 
collect into drops ; when such drops are formed, either the water or the 
glass surface is greasy. This experiment shows that (S,— Sj2)/Sp is 
either equal to, or greater than, unity. 


Relation between the surface tension and the dimensions of 
a drop of mercury supported on a solid.—Leta drop of mercury 
be supported on a clean 
surface, say that of a 
piece of plate glass. Let 
the drop be so large that 
the central part of its 
upper surface is practi- 
cally plane: this can be 
tested by observing the 
image ofa piece of printed 
paper reflected in the sur- 
face. Let an imaginary 
vertical plane divide the 
drop into halves at the Fic. 133.—Large drop of mercury supported on a 
section AB (Fig. 133); horizontal plane surface. (A slice cut from the 
and let a slice be cut drop is showa’ below) 
from one half of the drop 
by two parallel vertical planes, perpendicular to the plane through 
AB, and at a distance 6 apart; this slice is shown isolated in the 
lower part of Fig. 133. Next, let a horizontal plane HKL be drawn 
through the point H at which the surface is vertical. 

The upper portion CDLKH of the slice must be in equilibrium under 
the action of the forces acting on it. Let FK=4 ; then the liquid to 
the right of the vertical planes FL exerts a hydrostatic pressure, varying 
from zero at F to gph at K. Hence, the average pressure exerted on 
the plane FL is gp4/2; and since the area of the plane is 46, the total 
force acting on it, from right to left, is equal to gph?6/2. The surface to 
the right of the section FD exerts a force S, acting from left to right ; 
and since no other forces act parallel to HK on the portion COLKH 


of the slice— 


= sek 
Si= sit 
seh? 
S= a 


X 2 
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This equation suffices to determine the surface tension S, in terms of 
the distance / and the density of the mercury. 

The angle of contact between the mercury and glass can be deter- 
mined from the following considerations. Let the total height GD of 
the drop be denoted by H. Then the force, due to hydrostatic pressure, 
acting from right to left on the plane FG, is equal to gpH*6/2. If the 
free surface of the mercury makes an angle a with the free surface of the 
glass where the two meet, it is clear that @=7 - a, where 0 is the angle of 
contact of the mercury and glass (p. 301). Now, the free suxface of the 
mercury exerts a horizontal force S8 cos a on the surface of the glass, 
and an equal but opposite force is exerted by the glass on the mercury 
surface ; therefore the surface forces, acting from left to right on the 
slice CDGH, are together equal to S5(1+cos a), and 


opTl25 
$8(1+ cos a) a sels ; 
2 
oo H? 
aes cosa = AE ee 
* 29 


Expr. 42.—Determine the surface tension, and the angle of contact 
of mercury with glass, from observations made on a drop of mercury 
supported on a _ glass 
plate. 

A piece of plate glass 
must be supported on a 
small table provided 
with levelling screws ; 
when its surface is level, 
a drop of mercury about 
two inches in diameter 
may be formed on it. 
The thickness H of the 
drop may be measured by 
the aid of a spherometer. 
The value of 4 must be 
determined by the aid of 
a microscope, mounted 
Fic. 134.—Determination of the surface tension of so that its axis remains 


adrop of mercury. (Side view of experimental horizontal while it is 
arrangement above, plan below.) raised or lowered by 


means ofa screw provided 
with a graduated head. The chief difficulty is to determine the exact 
height at which the surface of the drop is vertical ; the usual method is 


to observe the profile of the drop, but by this means different observers 


IX LARGE BEAD OF MERCURY. 309 


Pe) 


of equal skill often obtain discrepant values of %. The following 
method can be used with advantage. A cap, which fits over the nozzle 


of the microscope, is cut away at an angle of 45°, and to this cap a 


piece of thin plate glass G (Fig. 134) is cemented. The axis of the 
microscope is directed toward the middle of the drop. A source of 
light A (such as a four-volt Osram lamp) is placed in the horizontal 
plane which passes through the axis of the microscope, and a lens L is 
used to focus the rays from A so that, after being reflected at an angle 


of 45° from G, they form an image of A on the side of the drop. On 


looking through the microscope, a thin horizontal luminous line is seen ; 
this.is formed by the rays which are reflected from that part of the 
surface of the drop which is vertical, and on adjusting the microscope 
so that the luminous line is focussed on the horizontal cross wire in the 
eye-piece, we may be certain that the axis of the microscope is directed 
toward the vertical part of the surface of the drop. The microscope 
may then be raised, and at the same time advanced toward the drop, 
until the image of a few particles of lycopodium, scattered on the 
horizontal part of the upper surface of the drop, are focussed on the 
horizontal cross wire. 

If a drop of mercury is formed on a piece of plate glass which has 
been dusted with lycopodium, in the manner described in connection 
with expt. 43, the mercury does not come into contact with the glass, 
and thereforea=o. Let the thickness H, of the drop be measured by 
the aid of a spherometer, then— 

25 = gel? 

Afterwards the thickness H of a drop formed on clean glass can be 

measured ; and the value of a can be determined from the equation— 
S(1+cosa) = sort : 

Expt. 43.—To determine the surface tension of a drop ot water. 

Warm a piece of plate glass, and coat it with paraffin wax ; keep the 
glass warm, and allow the wax to drain off until the layer left on the 
glass is yery thin. Then, before the wax solidifies, dust it with 
lycopodium powder. Place the glass on a table provided with levelling 
screws, and form a large drop of water on the surface which has been 
dusted. Measure H by the aid of a spherometer. In this case a=o 
(p. 308), therefore, since cos a=1, and p=1, it follows that 
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Expt. 44.—To determine the surface tension, and the angle of contact 
of a liquid that wets glass. 

For this experiment, a cell with parallel plane glass faces at front and 
back is required; the cell should also be provided with levelling 
screws. A lens about three inches in diameter, with a concave surface 
of about +100 to 200 cm. radius, is supported in the cell with the 
concave surface downwards; the lens may rest on three screws pro- 
jecting upwards from a brass plate which lies on the bottom of the 
cell (Fig. 135). Fill the cell with the liquid to be tested, and blow a 
large bubble of air underneath the lens; the bubble, which should 
extend as nearly as possible to the edge of the lens, can be blown by 
the aid of a piece of bent capillary tube connected to the pressure bottle 
described on p. 316. If the liquid used is water, the inside of the cell, 
and the surfaces of the lens, must be cleaned carefully with soap and 


U/ 


Fic 135.—Bubble of air formed beneath the concave surface of a lens 
immersed in a liquid. 


water, and then well rinsed with running tap water, before the experi- 
ment is commenced. 

Let 4 be the distance between that part of the edge of the bubble 
where the surface is vertical, and the lower surface of the bubble ; 
this distance can be measured in the manner described above, in con- 
nection with the mercury drop. The surface of the bubble comes into 
contact with the concave surface of the lens along a horizontal circle ; 
let H be the distance from the plane containing this circle to the 
lower surface of the bubble: H can be measured by the aid of the 
travelling microscope without difficulty. 

Let it be imagined that a slice (similar, if it were inverted, to that 
represented in Fig. 133) is cut from the bubble. The pressure of the 
air inside the bubble is uniform, and is equal to that of the liquid in 
contact with the lower surface of the bubble. Hence, if the lower 
surface of the bubble is at a distance D below the free surface of the 
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liquid, and if P is the atmospheric pressure, in dynes per sq. cm., then 
the pressure of the air inside the bubble is equal to (P+gpD). The 
plane surface corresponding to FL (Fig. 133) will be acted upon by a 
force equal to (P+gpD)43. The pressure on the external surface of the 
bubble varies with the depth; on the portion below the horizontal 
plane that cuts the edge of the bubble where it is vertical, the pressure 
varies from (P+gpD) to {P +¢p(D —4)}, and therefore its average value 


is equal to {P +s0(D-5)}. Thus the portion of the slice corre- 
sponding to CDLKH is acted upon by opposite horizontal forces, 
respectively equal to (P+gpD)25 and {P+so(D-2) haa, end the 
resultant of these forces is equal to gph?8/2. Then, as before— 

Sd = gph5/2, 


72 
and Si a 


The liquid intersects the glass surface at an angle 6, equal to the 
angle of contact of the liquid with glass. Reasoning similar to that 
employed on p. 308 shows that the surface of the bubble is subjected to 
a component force equal to S cos 4 per cm. in a direction parallel to the 
glass surface ; hence, if the latter is inclined at an angle ¢ to the hori- 
zontal along the circle of contact of the liquid, the horizontal force is 
equal to S cos @ cos ¢ per cm. Then it can be proved without difficulty 
that— ; 
gpl? 


S(1+cos@. cos ¢) = . 


When the radius of curvature of the glass surface is large, ¢ will be 
small, and cos @ will be practically equal to unity. Hence we arrive at 
the somewhat surprising result, that the thickness H of a fiat bubble 
of gas, situated below the surface of a liquid, is independent of the 
depth below the surface. An increase of pressure would merely 
compress the bubble laterally until it became approximately spherical, 
and then a further increase of pressure would diminish its dimension in 
all directions. 

Let @ be the diameter of the circle of contact of the liquid with the 
glass; then (@/2)=R sin ¢, where R is the radius of curvature of the 
concave glass surface. This equation suffices to determine 9. 


Conditions of equilibrium of a liquid in a capillary 
tube.—Let a tube, of small radius 7, be placed in a vertical 
position with its lower end immersed in a liquid of density p ; 
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and let the liquid rise in the tube until the lowest point of its 
curved surface is at a height # above the plane surface of the 
liquid outside the tube (Fig. 136). 
The liquid inside the tube is in 
equilibrium ; hence, no work will be 
done in raising its surface by an 
infinitesimal amount (p. 38). Let 
an imaginary plane, drawn horizont- 
ally through the lowest point of the 
curved surface within the tube, have 
a volume v of water above it. Then, 
if the surface within tne tube is 
raised through a very small dis- 
tance 6, we may suppose this to be 
= done by raising the volume v 
Fic, 136.—Rise of a liquid in a through a distance 6, and then insert- 
capillary tube. ing, between it and the liquid in the 
lower part of the tube, a volume 7776 
of the liquid obtained from the level of the plane surface of the 
liquid outside the tube. 

In raising the volume v through the distance 6, the work done 
against gravity is equal to pvgd. The volume 776 is raised 
through a distance # against the force of gravity, so that the 
work done is equal to pr7*gdh. In raising the surface through 
the distance 6,a strip of the internal surface of the glass, of area 
equal to 2776, is covered up by the liquid ; and in performing 
this operation the work done is equal to 2778 (Sj.—S,), (p. 303). 
Hence, for the total work done to be zero, 


2n75(Sy.— S))+ pgd(u+ 772k) =0. 


But (S,;—Sy)/S, = cos 6, where S, is the surface tension of 
the liquid, and @ is the angle of contact with glass (p. 304) 


— 27S, cos 0+ pg(v+ 72h) = 0. 


If the liquid wets the inside of the tube, =o. In this case, if the 
bore of the tube is very small, we may assume that the curved surface 
is practically a hemisphere of radius 7, and therefore wv is the volume 
contained between the walls of a cylinder of length 7 and radius 7, and 
a hemisphere of radius 7 Thus— 


3 
7? 
V = 17"¢ — 307% = —., 
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Thu 3 
; 2m7S2 = pg Es ee nh), 


ith 


When * is so small that 7* may be neglected, this result agrees with 
that obtained by a simple train of reasoning on p. 296. 
If the liquid is mercury, then @=140°, and cos @= -0'766. In 
this case— 
2717S q X 0°766 = — pe(vt+17°h), 


ie age ls 27 ee 
Se ; “532"7 ° (37 A+ Uv), 
or, neglecting v— ‘ 
eet ERLE: 
earito £5532) 


Now, Sy, the surface tension of the mercury, is essentially positive ; 
and for the right-hand side of the equation just obtained to be positive, 
A must be negative ; that is, the surface of the mercury in the capillary 
tube must be lower than the surface outside the tube. This 
phenomenon can be observed without difficulty by im- 
mersing the end of a capillary tube in mercury. 

If the inside of a capillary tube is coated with paraffin 
wax, and the lower end is immersed in water, it will be 
seen that the water surface inside the tube is lower than 
that outside the tube. 

If mercury be poured into a U tube, one limb of 
which is wide while the other is of capillary bore, it : 
comes to rest in the position represented in Fig. 137. pe Eo 
This method does not suffice,to determine the surface — cury in a ca- 
tension of mercury, unless the angle of contact of _ Pillary tube. 
mercury and glass has been determined previously. 

Water behaves in a similar manner when the inside of the tube has 
been coated with paraffin wax. 


Pressure in the space enclosed by a spherical liquid 
surface.—If the surface of a liquid is spherical, like that of a 
small bubble of air in water, or a small bead of mercury, the 
elastic properties of the surface tend to make it contract; in 
order that the surface may be in equilibrium, its tendency to 
contract must be neutralised by an internal pressure, which of 
itself would produce an expansion. Thus a soap bubble, blown 
on one end of a tube, will contract and expel the enclosed air if 
the other end of the tube be left open. 


314 GENERAL PHYSICS FOR STUDENTS CHAP. 


Let the radius of a spherical surface be R, and let the surface 
be cut into halves by an imaginary plane passing through the 
centre of the sphere (Fig. 138). Within 
the surface, let the fluid (gaseous or liquid, 
as the case may be) exert a pressure of 
P dynes per square centimetre ; then one 
hemisphere of the fluid exerts a force of 
PrR? dynes on the other hemisphere ; 
that is, the two hemispheres are urged 
apart by a force equal to PR? dynes. 
Also, they are pulled towards each other 
Pee) 38 Wee eeriator by the elastic surface ; each half of the 

a spherical liquid sur- surface exerts a force equal to 27RS 

a dynes on the other half, since the imagin- 

ary plane cuts the surface in a circle of 
radius R, and a tension of S dynes is exerted across each 
centimetre length of the circumference of this circle. Thus— 


27 RS =! Rms; 


aS 


fey 


Thus, the pressure is inversely proportional to the radius of the 
spherical surface. 


The same result may be obtained by another method. Let a cone of 
small vertical angle be drawn from the centre of the sphere, and let this 
cone cut off a small area a from the gpherical surface. An outward 
force, parallel to the axis of the cone, and equal to Pa, acts on this area. 
Let the spherical surface expand by an infinitesimal amount, so that its 
radius increases from R to (R +5); then the base of the cone increases 
in area from a to {a(R+5)?/R?, since the area of the base of a cone 
is proportional to the square of its altitude; thus, the increase of 
area is equal to— 


e a) a {(: ale ib oy 
a =a are — . = — 
R r R) ders 


when 6 is so small that its square may be neglected. Now, the work 
done in producing this increase of area is equal to 2Sa8/R (p. 287), 
and the work done by the force Pa acting through the distance 6 is 
equal to Pad. In order that the surface and its contents may be in 


des 
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equilibrium, the work done by the pressure must just suffice to increase 
the area of the element on which the pressure acts ; therefore— 


2Sa5 

leet R? 
28 
Ra 


It should be realised that a soap-bubble possesses two surfaces, each 
of which exerts a pressure equal 2S/R, so that the pressure within the 
soap-bubble is equal to 4S/R. 


A liquid boils when bubbles of vapour, formed in its interior, 
can rise through it and escape at its surface. Let R be the 
radius of a spherical bubble of vapour, at a distance D below 
the surface ; if denotes the atmospheric pressure (in dynes 
per sq. cm.) exerted on the free surface of the liquid, and p 
denotes the density of the liquid, then the pressure P of the 
vapour within the bubble is given by the equation — 

P=) + gpD + a8 
R 

If the pressure of the vapour within the bubble were less than 
this value, the bubble would collapse. Now, by making R small 
enough, we can make P as great as we please ; hence, for very 
small bubbles of vapour to be formed within a liquid, the 
pressure of the vapour must be very great, and therefore the 
temperature of the liquid must be extremely high—much 
higher than would be necessary to maintain large bubbles in 
equilibrium. 

If small pieces of capillary tube, sealed at one end, are immersed 
(while filled with air) in a liquid, the vapour can escape into their 
interiors, and form fairly large bubbles at their open ends, so that 
the temperature of the liquid need not rise perceptibly above its boiling 
point. Any porous substance, such as coke, acts in the same way as the 
capillary tubes. If a glass of aerated water is allowed to stand until 
effervescence has ceased, a piece of loaf sugar dropped into it will 
evoke a plenteous evolution of bubbles. When a liquid has no 
facilities for producing bubbles of vapour which are fairly large to start 
with, its temperature may rise far above the boiling point without the 
occurrence of boiling, and ultimately a large bubble of vapour may be 
formed, which throws the greater part of the liquid from its containing 
vessel. This phenomenon is known as bumping, 
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Expr. 45.—To determine the surface tension of a liquid in terms of 
the pressure required to form a spherical bubble in its interior. 

Let a tube of fine bore be placed in a vertical position with its lower 
end at a distance D below the surface of a liquid. The liquid rises in 
the tube, and its surface is approximately spherical (p. 312). If air is 
forced into the tube, the surface of the liquid is pressed downwards ; 
and as the pressure of the air increases, the surface sinks lower and 
lower, until finally a hemispherical bubble, of the same radius R as the 
orifice of the tube, protrudes into the liquid below. The pressure 
within the hemispherical bubble is greater than the atmospheric pressure 
by P, where— 

P= gpD + ae 
R 

At this stage the bubble becomes unstable, for a slight increase in its 
radius reduces the internal pressure necessary to produce equilibrium, 
and therefore if the pressure P remains constant the bubble breaks away. 


Fic. 139.—Experimental arrangement, for the determination of the surface 
tension of a liquid by blowing bubbles of air in it. 


Draw out a piece of glass connection tubing until its internal radius is 
about equal to half a millimetre. Cut off the capillary tube close to 
the wide tube, and wind a single turn of fine wire around the tube at a 
distance of about 3 or 4 cm. from its capillary orifice. Clamp the tube 
in a vertical position, with its capillary orifice below the surface of a 
liquid in a beaker (Fig. 139). Adjust the tube until the wire twisted 
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round it can just be seen on looking tangentially along the underside 
of the surface of the liquid ; this adjustment determines the value of D, 
the distance of the orifice of the tube below the surface of the 
liquid. Blow air into the top of the tube from a pressure bottle F 
(Fig. 139) made by closing the mouth of a Winchester quart bottle 
with a cork, pierced to receive two glass tubes: one tube allows the air 
to leave the bottle, and the other (called the inlet tube) allows air to be 
forced into a bottle by a bicycle pump. The inlet tube is provided with 
avalve V, made by sealing the end of the tube, blowing a small hole in its 
side, and covering this with a short length of thin-walled rubber tubing. 
Between the pressure bottle, and the experimental tube from which the 
bubbles are blown, is a water manometer which indicates the pressure 
of the air in the bubble; when the water surfaces in the two limbs of the 
manometer differ in height by H, the value of P is equal to gpH. 
Adjust the flow of air by the aid of a screw clip P, until a 
bubble is formed every two seconds. The pressure indicated by 
the manometer rises until the bubble becomes unstable, and then 
suddenly falls; place pieces of paper with straight edges behind the - 
limbs of the manometer, and adjust them until they mark the positions 
of the water surfaces just before the bubble bursts. The radius R of the 
capillary orifice of the tube must be measured by the aid of a travelling 
microscope. 

Determine the value of the surface tension of water at a number of 
different temperatures below its boiling point. Perform a similar 
series of experiments with relation to turpentine. The surface tension 
of a liquid can be measured accurately by this method. 


Pressure in the space enclosed by a cylindrical liquid 
surface.—Let the surface of a liquid form a circular cylinder of 
length 7 and radius R, and let the internal pressure, necessary 
to keep the surface in equilibrium, be P dynes per sq. cm. 
Divide the cylinder into halves by an imaginary plane through 
its axis; then the force tending to separate the halves of 
the cylinder is equal to P x/x2R, and equilibrium is produced 
by the tension 2S/ which pulls the halves of the cylindrical 
surface towards each other. 


250-2. 


S 


P=Q: 


In comparing this result with that obtained for the pressure 
within a spherical surface, it must be noted that the cylindrical 
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surface is straight along a section parallel to the axis, its 
curvature being in a section perpendicular to the axis ; while in 
the case of a sphere, the curvature is uniform for all sections 
drawn through the centre. 


A clear idea of the way in which pressure is produced by the 
curvature of a cylindrical surface may be obtained from the following 
train of reasoning. 

Let AB (Fig. 140) represent a perspective view of a strip of a 
cylindrical surface cut off by two planes per pendicular to the axis of the 
cylinder, and let the length 
AB of the strip be equal 
to /, its breadth being equal 
to 6. From A and B draw 
radii intersecting in C, the 
centre of curvature. The 
forces acting on the ends A 
and B of the strip lie in 
the plane ABC, and are 
respectively perpendicular 
to AC and BC; each force 
is equal to Sd. Through A 
and B draw lines DE and 


Mts DF perpendicular to AC 
ag and BC, and let these 
alas intersect in D. Make 

C DE=DF=Sé 5 then the 


Fic. 140.—Pressure due to the curvature of a resultant of the forces acting 
cylindrical surface. on the ends of the strip is 


equal to DK, the diagonal 
of the parallelogram EDFK. Also, the angle DFK is equal to the 
angle ACB, and the triangles DFK and ABC are similar. Thus— 


DK _ AB 
DAG 
Let DK be denoted by f and let the strip be so short that it 1 
7 is practically equal to the chord AB. Thos japan 


if Z Sél 
SB = R and P= —— 


Now, the force f is perpendicular to the surface ; and since the area 
of the surface is equal to 6/, the force per unit area is equal to S/R. 
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Hence, in order that the strip may be in equilibrium, it must be 
acted upon by a pressure S/R directed away from the centre of 
curvature C. 

Expt. 46.—To determine the surface tension of a liquid in terms of 
the mass of a drop that falls from a tube. 


If the orifice of a glass tube is coated with paraffin wax, water 
or an aqueous solution will not wet the tube; each drop, just 
before it breaks away, hangs suspended in the 
manner represented in Fig. 141. The exact calcu- 
lation of the mass of each drop that breaks away has 
been effected by Lord Rayleigh: it presents con- 
siderable difficulty, and so an approximate calculation, 
based merely on statical consideration, will be given 
here. 

Let R be the internal radius of the tube, and let it 
be assumed that the liquid below the orifice of the 
tube breaks away when the downward force acting Doe 
on it exceeds: the upward pull due to the tension of ter hang- 
the surface. Let the mass that breaks away be a 
denoted by #z; then the downward force of gravity on 
this is equal to wg. Let an imaginary plane be drawn horizontally 
across the orifice of the tube; then, owing to the cylindrical 
curvature of the surface ofthe drop where it leaves the tube, the 
liquid just below this plane exerts a pressure (S/R) on the liquid 
above it, and the upward force exerted is equal to 7R? x (S/R)= 
aRS. An equal reaction tends to push the drop downwards, 
away from the orifice of the tube. The upward force due to the 
tension of the surface is equal to 27 RS. Hence, for equilibrium 
to exist— 


2nrRS = tRS + mg, 
mg 


. «RS = mg, and. S = zk’ 


In the result obtained by Lord Rayleigh, 3°8 is substituted for 
a in the formula just obtained, so that— 


mg 


The liquid may be contained in a burette connected by a piece of 
rubber tube with the tube from which the drops break away. The 
speed at which the drops are formed can be regulated by a pinch-cock. 
Collect two hundred drops, formed at the rate of about one per second, 
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and weigh them ; thence calculate the value of #. The internal radius 
R of the tube should be about 0°5 cm. ; this can be measured with a 
travelling microscope. For liquids in which paraffin wax is soluble, a 
tube coated with that substance must not be used. 


QUESTIONS ON CHAPTER IX 

t. A U-tube is supported with its limbs vertical, and is partly filled 
with water. If the internal diameters of the limbs are respectively 
equal to I cm. and o'r mm., what will be the difference in the heights 
at which the water stands in the two limbs? 

(Surface tension of water=70 dyne/cm. ) 

2. A soap film, 0001 mm. thick, is at the temperature of melting 
ice. Calculate the fall in the temperature of the film due to 
stretching it adiabatically until its area is doubled. Assume that the 
specific heat of the soap solution, and its density, are each numerically 
equal to unity ; and that the surface tension of the solution decreases at 
the rate of o’15 dyne/cm. per degree C. rise of temperature. 

3. Calculate the energy per sq. cm. of a mercury surface at o°C., if 
the surface tension of mercury at this temperature is equal to 441 
dyne/cm., and its value decreases at the rate of 0°379 dyne/cm. per 
degree C. rise of temperature. 

4. Prove that it is impossible for more than three films of any 
substance to intersect in a single straight line, if the films are in stable 
equilibrium ; also, prove that three films, which intersect in a single 
straight line, can be in stable equilibrium only when the angle between 
each pair of films is equal to 27/3. Discuss the bearing of the results 
on the conditions of equilibrium of ‘‘soap suds” and the froth on 
beer. 

5. Aspherical bubble, situated just below the surface of water, has a 
diameter equal to 0‘o1 mm. What must be the pressure within the 
bubble, if the atmospheric pressure on the surface of the water is equal 
to 10® dyne/(cm.)?? 

(Surface tension of water=70 dyne/cm.) 

6. The lower end of a vertical capillary tube is immersed in mercury, 
and it is observed that the summit of the curved surface of the mercury 
within the tube is cm. below the plane surface of the mercury outside 
the tube. Calculate the value of the radius of curvature at the summit 
of the surface of the mercury within the tube. 

(Surface tension of mercury—450 dyne/em. Density of mercury 
=13°6 gm./(cm.)*. 

7. A spherical soap bubble, 10 cm. in diameter, is filied with air. 
Calculate the value of the mechanical energy that will be given up, if 
the bubble is allowed to contract isothermally until its diameter is 
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infinitesimally small ; and thence infer the value of the work done in 
blowing a spherical soap bubble 1ocm. in diameter. 

(The atmospheric pressure outside the bubble may be assumed to be 
equal to 10° dyne/(cm.)?. ‘The energy given up by the air originally 
contained in the bubble, as it expands to atmospheric pressure, may 
be assumed to be equal to the increase in the volume of the air multiplied 
by the mean of its original and final pressures. The air obeys Boyle’s 
law. The surface tension of the soap solution=45 dyne/cm.) 

8. A soap bubble is formed at one end of a long narrow tube, made 
from a substance which is an electric insulator. The bubble is placed 
in the middle of a large room, and is charged electrically to a potential 
V, measured in c.g.s. electrostatic units. Prove that the bubble will 
be in stable equilibrium when the tube is open to the atmosphere, if— 

V=4,/(2"7S) ; 
where ~ is the radius of the bubble, and S is the surface tension of the 
soap solution. 

(The electric lines of force terminating on a conducting surface charged 
with 6 c.g.s. electrostatic units per sq. cm., exert an outward pull, 
normal to the surface, equal to 275” dyne/em.” The potential of a 
sphere of radius 7, charged with Q c.g.s. electrostatic units, is equal to 

a) 
it A beaker is filled with water to a height of 1ocm., and at the 
bottom of the water lie some pieces of capillary tube, each sealed at one 
end and filled with air. The internal diameter of the capillary tubes is 
equal too'2mm. When the water boils, bubbles of steam are formed 
at the open ends of the capillary tubes, the radius of the bubbles when 
they break away being equal to that of the tubes. What is the 
temperature of the water at the bottom of the beaker when boiling is 
progressing, if the atmospheric pressure on the surface of the water is 
equal to that of 76cm. of mercury (equivalent to 10% dyne/(cm.)?)? 
(The surface tension of the boiling water is equal to 57 dyne/cm., and 
the vapour pressure of water increases at the rate of 2°7 cm. of mercury 
per degree rise of temperature, in the neighbourhood of 100° C.) 

10, How would you determine whether a water surface is con- 
taminated by contact with paraffin wax, vaseline, tallow, pitch, 
paraffin oil ? 


> 


CHAPTER: X 
SURFACE TENSION (continued) 


Pressure within a curved liquid surface. Let ABDE 
(Fig. 142) represent a cylindrical surface element, obtained by 
bending a flat rectangle, of breadth AB and length BD, about 
the straight line FG as axis. Let an imaginary plane, perpen- 


dicular to FG, be drawn so as to pass through the middle points * 


of the ends AB and ED of the element, and let this plane cut 
FG in C,. This plane may be called the plane of longitudinal 
bending : \et it cut the element in a circular arc of aradius Rj. If 
the surface element forms part of a liquid surface of which the 
tension is S dynes per cm., 
it follows that the pressure 
on the concave side of the 
element must exceed that on 
the convex side by S/R 
(p. 318). 

Now, a curve may be 
formed by joining an infinite 
number of short straight 
lines end to end; similarly, 
Fic, 142.—Surface element, curved only the surface element ABDE 

in one direction, might be formed by laying 

an infinite number of flat 

transverse strips side by side, as indicated in Fig. 142. Let one 
of these transverse strips be selected, and let a plane passing 
through FG be drawn so as to divide the strip into two equal 
parts; next, let the strip be bent uniformly about an axis 
perpendicular to this plane and at a distance R, from the strip ; 
the plane may be called the Plane of transverse bending. 


Finally, let each transverse strip be bent in a precisely similar 
322 
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_ manner ; then each strip has been converted into an element of 
a cylinder of radius Ry, and therefore the pressure on its concave 
side must exceed that which 


- existed when the strip was Se 

flat, by S/R, By trimming «a RS = 
the various strips, without ee +B if egy oD 
bending them any further, PN 8 eRe 
they can be made to fit to- RoR 
gether to form a continuous seas R ; 
curved surface (Fig. 143). BeOS pie 
Each plane of transverse 2 oan 
bending is obviously perpen- C, 
dicular to the plane of longi- Fic, 143.—Surface element, curved 
tudinal bending, and these synclastically, 


two mutually perpendicular 

planes cut the surface in curves which are called principal 
sections. The radii of curvature of the principal sections, 
(that is, R, and R,) are called the principal radii of curvature 
of the surface. When the concavities of the principal sections 
are both turned towards the same side of the surface, the 
curvature of the surface is said to be synelastic (compare 
p- 263). If the surface of a liquid is curved synclastically, 
the longitudinal bending produces a pressure S/R, on the con- 
cave side, and the transverse bending produces a pressure S/R, 
on the same side; hence, the pressure on the concave side 
exceeds that on the convex side by P, where 


The curvature of a curve is defined as the reciprocal of the radius 
of curvature of the curve. Thus, the curvatures of the two principal 
sections are equal to (1/R,) and (1/R,), and their sum is defined as the 
curvature of the surface. Hence, the pressure within a synclastically 
curved surface exceeds the external pressure by the product of the 
surface tension and the curvature of the surface. 

In the case of a sphere, the principal radii of curvature are equal, 
and therefore the internal pressure exceeds the external pressure by 
S{(1/R) + (1/R)} =2S/R, where R is the radius of the sphere (p. 314). 


When the concavities of the principal sections are turned 


towards opposite sides of the surface, the curvature is said to be 
¥2 
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anticlastic (compare p. 263). A surface, of which the curvature 
is anticlastic, is represented in Fig. 144. In this case, owing 
to the longitudinal bending 


\ \e2\ of the surface, the pressure 
un AN beneath it is greater than 
\\ SS S==>~ that above it by S/R,; and 
ROS ESS > D owing to the transverse 
Ness W bending, the pressure above 
WS \ vp the surface is greater than 
A Ns Vali that beneath it by S/R,: 
SON S pe the total pressure beneath 
AN rx the surface must therefore 
are exceed that above it by 

(S/R, — S/R»). 
Fic. 144.—Surface element, curved If it be decided to 


anticlastically. measure the radii of cur- 


vature from the surface 
to the corresponding axes of bending, then the signs of the 
radii will be different if the axes of bending are .on opposite 
sides of the surface, and if the sign of R, is positive, that of R, 
will be negative. When this convention is agreed to, the 
pressure in the space enclosed by the surface exceeds the 
external pressure by P, where— 


P = S{(1/R,) + (1/Re)}; 


and this formula applies both to surfaces curved synclastically 
and to those curved anticlastically. 


A model of a synclastically curved surface may be made by ~ 
supporting the corners of a duster in a horizontal plane, and placing 
some sand in the duster. By altering the positions of the points of 
support, the surface may be changed continuously from a part of a 
sphere to a part of a cylinder. 

A model of an anticlastically curved surface may be made by 
placing two glass shades with hemispherical tops at a small distance 
apart, and spreading a wet duster over them. The duster forms a 
saddle-shaped surface where it stretches from one shade to the other. 

General properties of a curved surface.—Let ABDE (Fig. 145) 
represent an element of a curved surface bounded by principal sections, 
and let the radius of curvature of the principal section BD be R,, while 
that of the principal section AB is Rz. From any point P draw a 


 toR. Then, if PS =a, it follows 
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normal PQ to the surface.’ Any section of a surface made by a plane 
passing through a normal to the surface is called a normal section. 
Let a plane through P cut the 
Surface in the normal section 
PS; if the length of the section 
is small it will approximate to a 
circular arc: let itsradius be equal 


that in passing from P to S we 
travel through a distance 
parallel to PQ, where— 

ae 
Beak 

Through P draw planes cut- 
ting the surface in the principal 
sections PM and PN; these Fic. 14s.—Curvature of a normal section 
planes must pass through PQ. of a surface. 
Let the plane that cuts the 
surface in the normal section PS be inclined at an angle @ to 
the plane that cuts the surface in the principal section PM; then 


h 


.PM=PS cos @=a cos 6, and MS=PS sin @=a sin 6. In passing from 


P to M we travel a distance (PM)?/2R, parallel to PQ ; and in passing 
from M to S we travel a distance (MS)?/2R, in the same direction. But, 
in passing from P to S, we must travel through the same distance 
parallel to PQ, whether we follow the direct path PS or the two paths 


PM and MS; thus— 


a a*cos*6 iF a’ sin? 0 


oy) ee 
ea Rae kos Ra oR 3 
Trosicos4i¢ yar sin®@ 
Ra R, 


This equation gives the radius of curvature R of any normal section,. 
in terms of the principal-radii of curvature R, and Ry, and the angle @. 
Now let the surface be cut bya plane through PQ, inclined at an angle 
{(2r/2) + 6} to that which cuts the surface in the principal section PM ; and 
let the radius of curvature of the normal section thus obtained be 


denoted by R’.. Then— 


of 2 int (2 ) 
ee Coe ees gti __ sin?@ , costd 
Rin’ Ry Ry * R, Ro ; 
I I 
—-+—= 


RihReeR, wR; 
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Thus, the sum of the curvatures of any two normal sections by 
mutually perpendicular planes, is equal to the sum of the principal 
curvatures of the surface. 

Let the surface be cut by two planes through PQ, inclined at the 
numerically equal angles (+@) and (—6) to the plane of the principal 
section PM. Then, since cos? (—@)=cos?0, and sin? (—6)=sin? @, it 
follows that the curvatures of these two normal sections are equal. If the 
numerical value of @ is very small, cos 20=1, and sin?@=o; thus in 
this case, the curvatures of the normal sections are both equal to Rj, the 
curvature of the principal section near to which they lie. If a plane 
through PQ rotates about that line, the curvature of the normal section 
in which it cuts the surface will vary ; but as the plane approaches the 
plane of the principal section PM, the curvature of the normal section 
varies more and more slowly, and becomes constant in the immediate 
neighbourhood of the principal section. Further, if the curvature 
increases as the plane of the principal section is approached from one 
side, the curvature must decrease as the plane of the principal section is 
left on the other side ; or, if the curvature decreases as the plane of the 
principal section is approached from one side, then the curvature 
increases as the plane of principal curvature is left on the other side. 
The same reasoning applies to the plane of the principal section PN. 
Hence a principal section is a section of maximum or minimum 
curvature. In the case of a synclastically curved surface, one principal 
section is a section of maximum curvature, and the other principal 
section is a section of minimum curvature ; for, if the plane through PQ 
rotates through 180° from the plane of the principal section PM, the 
curvature finally attains the value which it had originally ; and if PM is 
a section of maximum curvature, the curvature must decrease as the 
plane PM is left, and it must increase as the angular rotation approaches 
180°, so that in passing through the principal section PN the curvature 
must attain a minimum value. 

An important distinction between a normal section and a principal 
section can be understood by reference to Fig. 145. The line PQ is 
normal to the surface at P; that is, PQ is perpendicular both to PN 
and to PM, lines drawn on the surface in mutually perpendicular 
directions. The plane PSQ cuts the surface in the curve PS, and PQ 
is normal to this curve ; that is, PQ is normal both to the surface, and 
to the curve PS, At the point S, the normal to the curve PS will not 
generally be a normal to the surface at S. On the other hand, at 
the point M, the normal to the principal section PM will also be a 
normal to the surface at M (compare Fig. 143). Thus, two consecutive 
normals to a principal section are also normals to the surface; while 
only one normal to a normal section is a normal to the surface, 
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Fig. 146, which represents an anticlastically curved surface, is lettered 
to correspond with Fig. 145. The principal section PM is concave 
downwards, its radius of 
curvature R, having a posi- 
tive value; while the other A 
Principal section PN is con- 
cave upwards, its radius of 
curvature R, having a nega- 
tive value. Any normal sec- 
tion cut by a plane through 
PQ, inclined at an angle 0 
to the plane of the principal 
section PM, will possess a 
radius of curvature R given 


by the equation a oy 
Sig Q Ny 
Eugnicos: 0". sin? 6 


== as 

R R Ry Fic. 146.—Curvature of a normal section 
The principal section PM of a ‘surface, 

possesses the maximum 

downward curvature, while the principal section PN possesses the 

maximum upward curvature. As the plane through PQ rotates from 

the plane of the section PM to that of the section PN, the curvature is 

at first concave downwards, and is finally concave upwards. Thus, for 

some section PS between PM and PN, the surface must be cut ina 

straight line ; for this section R = , and— 


| 
| 
| 
| 


cos?@ sin? @ 


tan @ has a real value, since if R, is positive, R, is negative. When R, 
and R, are numerically equal, tan@=+ 1, and 6=+ 45°. Hence, when 
the principal radii of curvature of an anticlastic surface are 
numerically equal, the sections of the surface by planes which 
bisect the angles between the planes of the principal sections, are 
straight. This result has been obtained already in connection with 
the helicoid (p. 272). 


Possible forms of liquid surfaces.—The forms which 
possibly may be assumed by a liquid surface in a condition of 
equilibrium must now be studied. 

First, let the pressure have the same value on both sides of 
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the surface. In this case the surface may be plane, in which 
case all radii of curvature are infinitely great, and the curvature 
is equal to zero. A plane film may be 
formed by dipping a circular ring, or 
the mouth of a funnel, into a soap 
solution,! and withdrawing it edgeways. 

The curvature of the helicoid is equal 
to zero, and therefore a helicoidal film 
will be in equilibrium when the pressure 
has the same value on both sides of the 
film ; that is, when the film is formed in 
the open atmosphere. 


A helicoidal film may be formed by dipping 
a wire framework, such as is represented in 
Fig. 147, into a soap solution, and then with- 
drawing it. To make the framework, stretch 
a piece of copper wire so as to stiffen it (p. 224), 
wind it in the form of a uniform helix around 
a cylinder, and bend the ends so that they 
may be soldered to a straight wire which 
forms the axis. The curvature discussed on 
pp. 270-272 can be observed without difficulty. 


Fic. 147.—Helicoidal soap 
film. 


In calculating the pressure inside a spherical soap-bubble, it 
must be remembered that the soap film has two surfaces, both 
of which have the same radius R, and each surface exerts a 
pressure 2S/R, so that the total internal pressure is equal to 
4S/R. 

A spherical soap-bubble may be supported on a wire ring which 
has been dipped into soap solution; another ring, which has 
been wetted in a similar manner, may be pressed on the bubble, 
and thus a number. of most interesting surfaces may be formed 
(Fig. 148). The characteristic of all such surfaces is that the 
curvature is constant throughout, since the pressure within the 
bubble is uniform. The pressure within the bubble may be 


1 The following soap solution, due to Profs. Reinold and Riicker, is recommended 
by Prof. Boys. To a litre of cold distilled water, contained ina clean stoppered bottle, 
add 25 grams of oleate of soda, and let it stand fora day. Then add about 300 c.c. 
of Price’s glycerine, and well shake; let the stoppered bottle stand for a week in a 
dark place. Then, by means of a syphon, draw off the clear liquid, leaving the 
scum behind. Add two or three drops of liquid ammonia, and keep the bottle in a 
dark place. The liguid must not be warmed or filtered. 
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estimated by observing the curvature of the spherical cap which 
extends over each ring. 
Let a straight line, 
drawn through the 
centre of the two rings, 
be called the axis of 
symmetry of the sur- 
face. If the bubble is 
cut by an imaginary 
plane passing through 
the axis of symmetry, its 
section has the form 
generated by the focus 
of a conic section when 
the latter rolls along the 
axis of symmetry.! By 
pulling the rings apart, 
the film extending from 
one to the other may be made cylindrical (Fig. 149) ; the excess 
of pressure within the film is equal to 2S/R. When the 
rings have been drawn 
apart until the caps 
which cover them be- 
come flat, it is clear that 
the internal and external 
pressures must be equal ; 
the section of the sur- 
face extending from one 
ring to the other (Fig. 
150) now has the form 
of a catenary—the curve 
in which a chain hangs 
when its ends are sup- 
ported in a_ horizontal 
plane. The plane caps 
can be broken by touch- 
ing them with a needle that has been heated in a Bunsen 


Fic. 148.—Deformed soap bubble. 


Fic. 149.—Cylindrical soap bubble. 


1 For practical methods of forming bubbles of various shapes, the student may 
consult Prof. Boys’s volume on Soap Bubbles (Society for Promoting Christian 
Knowledge). 
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flame, and the remainder of the film still remains in equilibrium. 
Thus, the anticlastic surface represented in Fig. 150 (called the 
catenoid) has zero curva- 
ture; that is, at any 
point of the surface the 
principal radii of curva- 
ture are equal in mag- 
nitude but opposite in 
sign. 

Within a liquid drop 
the hydrostatic pressure 
varies, and the surface 
assumes a form which 
is determined by the 
condition that the pro- 
duct of the surface ten- 
m® sion and the curvature 

Fic. 150.—Soap bubble, having the form of at any point is equal to 

a catenoid. the hydrostatic pressure 
at that point. Thus, 
when a drop hangs from the lower side of a horizontal sheet of 
glass (Fig. 125), its surface, where it is in contact with the 
glass, is plane ; here the hydrostatic pressure is zero, and there- 
fore the curvature is zero. Ata small distance below the glass, 
the curvature is anticlastic, and has a small positive value. 
Further down the surface becomes cylindrical, and at this point 
the hydrostatic pressure is equal to S/R, where R is the radius 
of the cylinder. Still further down, the curvature of the surface 
becomes synclastic : at the lowest point of the drop, the surface 
is spherical ; and if 4 denotes the distance of this point from the 
glass, and p denotes the density of the liquid, the radius of 
curvature R at the lowest point is given by the equation— 


pgh = 28/R. 


Shape assumed by a deformed cylindrical bubble.—It 
has been proved that a cylindrical bubble is in equilibrium 
when the internal pressure is equal to 2S/R, where S is the 
surface tension of the liquid and R is the radius of the cylinder. 
The question now arises, is the equilibrium stable or unstable? 

To explain the character of the problem to be solved, let us 


x DEFORMED CYLINDRICAL BUBBLE 331 


consider the nature of the equilibrium of two spherical bubbles 
communicating with each other. By means of a branched tube 
provided with the necessary stop- 
cocks (Fig. 151), two spherical 
soap-bubbles of different sizes can 
be blown separately and then put 
in communication, connection 
with the external atmosphere 
being cut off. The small bubble 
has a greater internal pressure 
than the large one, since the 
pressures are inversely propor- 
tional to the radii of the bubbles ; eae ine pire rt 
therefore the air is forced from 

the small bubble into the large one, and it is clear that the 
combination of the two is unstable. If the bubbles are blown 
equal in size, the equilibrium of the combination is still unstable, 
for the slightest compression of one bubble renders its internal 
pressure greater than that of the other. 

Whena spherical bubble contracts or expands, it still remains 
spherical. Inthe case of a cylindrical bubble, if its ends are 
fixed, an expansion or contraction must involve a departure from 
the cylindrical form ; thus, before we can investigate the nature 
of the equilibrium of the bubble, we must determine the form 
assumed when aslight expansion or contraction occurs. 

Let AB and CD (Fig. 152) represent the section of a 
cylindrical surface by a plane 
passing through the axis XX’ 
of the cylinder. AB is called 
a generating line of the cylinder ; 
for the cylinder: may be gener- 
ated by the revolution of AB 
about XX’. Ifa circle, of radius 
equal to the distance between 
AB and XX’, is caused to roll 
along XX’, its centre willdescribe 


Fic. 152.—Generating lines of a : : 
cylindrical surface. the generating line AB. The 


circle is a conic section of which 
both foci coincide with the centre, and thus a circular cylinder 
is one of the forms which may be assumed by a soap-film 
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(p. 329). Now, any one form can be changed by insensible 
gradations into any other form possible to a soap-film. Ifa 
cylindrical surface changes slightly, then the form of its 
generating line must change ; and since an ellipse is the only 
conic section into which a circle can change directly, it follows 
that the generating line of the deformed cylinder can be 
described by a focus of a nearly circular ellipse which rolls 
along XX’. If the deformation of the ‘cylinder is very slight, 
the periphery of the ellipse will differ very little from a circle, 
but the focus will be at a small finite distance (say @) from the 
centre. Hence, to a close approximation, the generating line of 
the deformed cylinder can be described by a point at a distance a 
from the centre of a circle which rolls along the axis XX’(Fig. 153). 


Fic. 153.—Generating lines of a deformed cylindrical bubble. 


As the circle rolls along XX’ it rotates, and the tracing point 
revolves about the centre. Now a uniform revolution is 
equivalent to two mutually perpendicular simple harmonic 
motions differing in phase by 7/2 (p. 87). Let one of these 
simple harmonic motions be performed parallel to the axis XX’; 
this motion will not affect the form of the generating line to an 
appreciable extent, since it must be compounded with the uniform 
linear motion of the centre of the circle parallel to XX’. The 
other simple harmonic motion, perpendicular to XX’, combined 
with the uniform motion parallel to XX’, give a wave curve 
APEB (Fig. 153). One wave length of the curve will be 
described while the circle completes one rotation, that is, while 
it rolls through a distance equal to its circumference ; therefore, 
if vis the radius of the rolling circle, the wave length d of the 
curve is given by the equation— 


A = 207. 
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The centre of the rolling circle describes the straight line AB 
ata uniform distance ~ from XX’. If y denotes the distance 
PM of a point P on the curve, measured from the axis XX’, 
while x denotes the horizontal distance of P from A, then the 
equation to the wave curve AEB takes the form— 


=r+asin cba 
el N 
= r+ asin (x/r). 


This equation determines the shape of the generating line of 
the deformed cylinder. The surface generated by the revolu- 
tion of this line about XX’ must possess the property that its 
curvature (p. 323) has a uniform 
value for all points on the sur- 
face; an independent proof of 
this property will now be given. 
In the first place, the value of the 
radius of curvature at any point 
on the generating curve will be 
determined. 


Curvature of a wave curve. Let 
a point P on the curve have the co- 
ordinate x and y, while a neighbour- Fic. 154.—Angle of slope of a wave 
ing point has the co-ordinates (x + 8) SHENAE 
and y’, (Fig. 154). Then, if @ denotes 
the angle of slope of the curve between the two points, tan @=(y’ —y)/8. 
Since the angle of slope is small, tan @=@, to a sufficient degree of 
approximation, 


; ieee 
Now Wy =r + asin — 
B 


, ; (=) 
Vo 7 + asin Ye e—— 
y 
{ bres hi) AG a 
=a 4a) SIN — COS sr, COS — SIN = 
fe r x r 
{ Liat: leno ce! 
= 4+ @ Sin — + —COS — f. 
Reaper r 
since 5 is supposed to be so small that cos 8/7 = 1, and sin 8/7 = 8/r. 
5 Meal noid had 


fan.@ =) = = -—cos-. 
7) PP r 
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Let PQ (Fig. 155) represent a short arc of the curve, for which the radius 
of curvature R is equal to PC. 
Draw tangents to the curve at 
P and Q; then the inclina- 
tions of these tangents to the 
horizontal give the angles of 
slope of the curve at the. 
points P and Q. | At any 
point of the curve, the radius 
of curvature and the tangent 
are mutually perpendicular ; 
therefore, if the radii PC 
and QC are inclined to each 
other at an angle 9, the 
tangents at P and Q are 
also inclined to each other 
at an angle @; and if @ is 


SN the angle of slope of the 

“s\c@ curve at P, then the angle 

Fic. 155.—Radius of curvature of a of slope at Q is (0 - gy). The 
MS AES length of the arc PQ is 


equal to R@; and since the 
’ slope of the curve is small, R@ is practically equal to the increase 
in the value of x in passing from P toQ. Thus— 


Giz Scos = ; 
yah (x+R¢) 
r r 
“{ Ro R 
= — 4 cos—cos— — sin — sin — 
ie r 
=*{eost - 8? aZh, 
r 7 r 
a Ro ae 
o=- Si RoE 
I a SS 
and RA Sine = al —r) 


The curvature of a wave curve may be obtained by a geometrical 
construction which is very instructive. Let P (Fig. 156) be the tracing 
point, at a distance CP=a from the centre C of the circle which rolls 
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along the axis XX’; and let Q be the point at which the rolling circle 
touches the line XX’ at a given instant. Now, the normal to a curve 
is the perpendicular drawn to a small element of the curve ; and since 
the point Q of the rolling circle is 
stationary for an instant, the circle 
as a whole is rotating for an instant 
about Q; therefore, in the neigh- 
bourhood of P the curve described 
by the tracing point is perpendicular 
to the straight line joining P and Q, 
and PQ is the normal to the curve 
at P, The centre of curvature of a 
curve is the intersection of two con- 
secutive normals to the curve. Let 
the circle roll along XX’ for a very 
small distance, so that the tracing 
point moves to P’, and the rolling 
circle comes into contact with XX’ Fic. 156.—Radius of curvature of 
at the point Q’; then if a straight CEN ESLER. 

line is drawn through the points P’ 

and Q’, this line will be the normal to the curve at P’, and the point 
K, at which PQ and P’Q’ intersect, is the centre of curvature of the 
curve at P. The distance PK gives the radius of curvature of the curve 
at P. If CP is small, the line PK will be nearly perpendicular to XX’, 
whatever may be the position of the point P on the curve. 

As the tracing point moves from P to P’, let the rolling circle rotate 
through the small angle 6; then if the radius of the rolling circle is 
equal to 7, the distance QQ’ is equal to 75, and this is also the distance 
through which the centre of the rolling circle has moved parallel to 
XX’. The tracing point might have been brought from P to P’ by 
moving the circle forward through a distance 75, without allowing it to 
rotate ; and then rotating the circle in a clockwise sense through an 
angle 6, without allowing its centre to move. In the first of these 
operations, the tracing point is carried forward through the distance 75 
parallel to XX’. In the second operation, the tracing point moves 
through a distance a5 perpendicular to the line CP, and therefore in a 
direction making an angle {(7/2)— 2 PCA} with the line ACB drawn 
parallel ot XX’; the component displacement of the tracing point 
parallel to XX’ is equal to adcos{(7/2z)-— 2 PCA}=a5 sin 4 PCA=3dA, if 
h denotes {CP sin z PCA}, the distance of the point P above the line 
ACB. Hence, in bringing the tracing point from P to P’, its total dis- 
placement parallel to XX’is equal to 75+A45=(r+/)8. Since PQ is 
approximately perpendicular to XX’, the angle PKP’ is equal to 
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(7 +4)8/R; and this angle is also equal to QQ’) QK =r5/{R - (7 +A)f- 
Thus— ; 


(r+h)5 _ a) : 
Ri ©, RaW, 
R(r+h)-(r+h)P=Rr, 
so that Rh=(r+h)?; 
if h h 
and mae i-pEee Fae sepa thay (1) 


where #, in the denominator, is neglected in comparison with the much 
larger quantity ~ If we substitute (vy—7) for 2, we obtain the result 
already found by another method. Also, since 2mv=A, where A is the 
wave length of the curve, we have— 


i 2n\2 
naz) 


Curvature of the surface generated by the revolution of a wave 
curve. Equation (1) gives the radius of curvature at any point P of 
the generating curve AEB (Fig. 153). Let this curve revolve about XX’ 
through a small angle ; then asmall element of the curve near P will 
generate a surface element like ABDE, Fig. 143 (p. 323). The plane 
of the paper (Fig. 153) is one plane of bending for the element, and the 
radius of curvature R, in this plane is equal to R; the other plane of 
bending is a plane, perpendicular to the plane of the paper, drawn 
through the normal PN to the curve at P; and the radius of curvature 
R, in this plane is PN, which is practically equal to PM or y. 
Thus, the curvature of the surface element generated by the curve 
near P is equal to— 


ise! Ne Ai 
RPM pea 
Now, y-r=A; thus, the curvature at P is equal to— 
Bie, Mk A 
ro rth PF +h\(r—h) 
7h * 72 _ 72? 


and since 4 is small, 4? may be neglected in comparison with 72 in 
the denominator of the fraction (7— %)/(7*— 4), so that the curvature is 
equal to— 


h I 
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Thus, the curvature is uniform at all points of the surface, and has the 
same value as the curvature of the cylinder generated by the revolution 
of the straight line AB about XX’ (Fig. 153). 


Stability of a cylindrical bubble.—Let the length AE or EB 
(Fig. 153) of the generating curve be called a loop of that curve. 
Then the length of a loop is equal to half a wave length of the 
curye, or half the circumference of the rolling circle. 

Let ABDC (Fig. 157) represent the section of a cylindrical soap 
film, the ends AC and BD being fixed. If the film bulges slightly, 
the generating line of the surface must be part of a wave curve ; 
this curve must pass through A and B, and therefore the crest of 
the wave curve must lie midway between A and B. Now, a 
loop of the wave curve is equal to half the circumference of the 
rolling circle ; consequently, if AB. is less than mx (AC/2) (that 
is, if the length of the cylindrical film is less than half its 


Hi 


i. oy 
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Fic. 157.—Deformed cylindrical film, of which the length is less than 
half the circumference. 


circumference), it is clear that the generating curve of the 
deformed cylinder must comprise only a fraction of a loop of the 
wave curve, and the radius 7 of the rolling circle must be less 
than AC/2 (Fig. 157 (a)). The excess of pressure within the 
bulging film is equal to 2S/7, and the excess of pressure within 
the cylindrical film was equal to 2S/(AC/2) ; therefore, in order 
to make the cylindrical film bulge outwards, the pressure of the 
air inside the film must be increased. 

If the film bends inwards or develops a waist (Fig. 157(4)), its 
generating curve must be a fraction of a loop of a wave curve 
described by a rolling circle of which the radius 7 is greater 
than AC/2, and therefore the internal pressure must become 
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less in order that the film may develop a waist. Thus, if the 
length of a cylindrical film is less than half its circumference, 
the internal pressure 
must be increased in 
order to make the film 
bulge outwards, while 
the internal pressure 
must be diminished in 
order that the film may 
develop a waist. 

Now, let the length 
of a cylindrical soap 
film be greater than 
half the circumference 
of the cylinder. If the 
film bulges outwards, 
the generating curve 
must comprise. more 
than a loop of the wave 
curve, and _ therefore 
the radius ~ of the 
Fic. 158.—Deformed cylindrical film, of which the rolling circle must be 

length is greater than half the circumference. greater than AC/2 

(Fig. 158(a)). Hence, 
the bulging is accompanied by a decrease in the internal pressure 
of the film. If the film develops a waist (Fig. 158 (0)), the 
rolling circle must have a radius which is less than AC/2, 
and therefore the internal pressure must be greater than 
within the cylinder. Thus, if the length of a cylindrical film 
is greater than half its circumference, an increase in the internal 
pressure will cause it to develop a waist, and a decrease in the 
internal pressure will cause it to bulge outwards. 

These properties of cylindrical films can be made manifest by 
a beautiful experiment due to Prof. Boys. A branched tube 
(Fig. 159) has cylindrical ends of equal radii, and these ends 
are placed above cylindrical rings which dip into a soap 
solution. By lowering the branched tube, films may be formed 
between its ends and the rings below them ; and, by separately 
adjusting the pressures of the two films, by the aid of the stop- 
cocks shown, one film can be caused to bulge and the other to 
develop a waist. The upper stop-cock is now closed, and the 
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lower ones are opened so as to put the spaces enclosed by the 
films into communication. If the length of each film is less than 
half its circumference, the 
bulging film forces air into 
the one with a waist, and 
both become more nearly 
cylindrical (Fig. 159(a)). If 
the length of each film is 
greater than half its circum- 
ference, the film with a waist 
forces air into the bulging 
one, and this continues 
until the film with a waist 
collapses (Fig. 159 (4)). 

When the two films are 
putintocommunication with 
each other, they virtually 
constitute a single film, 
Hence, we may conclude 
that if a cylindrical film has 
a length less than its cireum- 
ference, the film will be 
stable; for, if one end 
bulges slightly and the 
other end develops a waist, 
air will be forced from the 
bulging to the constricted 
part of the film and the 
whole will straighten out Fic. 159.—Experiments on the stability of 
(Fig. 160). If, however, the cylindrical soap films. 
length of the cylindrical film 
is greater than its circumference, the film will be unstable; for, if 
a constriction is developed at one end and a bulge at the other, 
the air will be forced from the constricted to the bulging end 
(Fig. 161), and therefore the constriction and the bulge will both 
increase until the sides of the constricted part meet. 

Similar reasoning shows that any cylindrical surface of a 
liquid becomes unstable when its length is greater than its 
circumference. Thus, a jet of water breaks into drops. Ifa 
piece of very fine wire be dipped into water, and then 
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withdrawn and held in a horizontal position, it will be found 
that the water on the wire collects into small drops 


Expr 47.—Add carbon bi-sulphide to paraffin oil until the mixture is 
only slightly less dense than water. Into 
a tall beaker, pour some water until 
it stands at a height of an inch or 
so; then fill the beaker up with the 
paraffin mixture. Obtain a piece of 
glass tube about six or seven inches 
in length and half an inch in dia- 
meter; close one end with the finger 
Fic. 160.—Stable cylindrical soap and plunge the other end below the 
film. (Its length is less than its - 
circumference.) surface of the paraffin mixture, and 
into the water. On removing the 
finger the water rises in the tube. Now rapidly withdraw the tube 
in the direction of its length; a cylindrical column of water will 
be left surrounded by the 
paraffin. If the length of 
the cylinder is greater than 
its circumference, constric- 
tions and bulgings appear 
and develop, and the column 
finally breaks up into a 
number of drops. A small 
drop, called Plateau’s spher- Bic: 16, Unstabie cylindrical soap film. (Its 
? gth is greater than its circumference.) 
ule, is formed between each 
pair of larger drops. (Compare Fig. 125, p. 286.) 


Attraction between small bodies floating on a liquid.— 
If small light objects, such as match stems, are placed on the 
surface of water, they collect in groups; if the water does not 
fill its containing vessel, these groups finally find their way to 
the edge of the water. If the match stems are coated with 
paraffin wax, they still form groups, but these groups now 
avoid the edge of the water. If one match stem is coated with 
wax while another is wetted by the water, these two exhibit no 
attraction for each other; on the contrary, if they are placed 
near to each other, they quickly separate. These phenomena 
are due to surface tension, and can be explained in accordance 
with the principles already developed. 


Let Fig. 162 represent the section of a flat plate standing upright in a 
liquid which wets it. Ata distance from fhe plate the surface of the 
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liquid is horizontal, but near to the plate the surface curves upwards 
and meets the plate tangentially. Let the liquid commence to curve 
upwards at A; then, if a line be drawn 
through A, parallel to the plane of the plate, 
the surface to the left of this line exerts a force 
of S dynes per centimetre on the liquid to the 
right of it. Produce the horizontal plane of 
the liquid surface to meet the plate in a line 
parallel to the line drawn through the point A ; : 
then, the liquid above this plane is in equili- Fic. 162.—Curved surface 
brium, and therefore it must cling to the face oie baud, DEAT tO. 
is al plate which it 
of the plate with a force equal to that exerted wets. 
by the’ liquid surface to the left of the line 
through A. Thus, the direct force exerted on the plate by the 
liquid, has the same value as if the horizontal surface of the liquid 
were prolonged to meet the plate perpendicularly. 

Fig. 163 represents several pairs of parallel plates, standing upright 
ina liquid. In Fig. 163, the plates are wetted by the liquid. Thus 
the surface of the liquid outside the plates pulls them apart with a 
force of S dynes for each centimetre of the line of junction between 
the liquid and the plates. But at some point between the plates, 
the surface of the liquid must be horizontal; therefore, the surface 
between the plates pulls them towards each other with a force equal 
to that with which the outside surface pulls them apart. Hence, the 
attraction apparently exerted by one plate on the other must be due to 
some other cause, and this is easily found. 

The liquid rises between the plates and virtually hangs from the 
surface that joins them. Hence, the liquid between the plates is in a 
state of tension, its molecules being slightly displaced, just as those of a 
solid would be if its surface were pulled outwards in all directions. 
Since the liquid mole- 
cules attract the glass 
molecules, a pull will be 
exerted on the plates by 
the strained liquid be- 
tween them. This ex- 
plains why objects which 


AD B Cc Dp are wetted by a liquid 
Fic. 163.—Parallel flat plates, floating upright are attracted when they 
in a liquid. float near to each other 


on its surface. 
Fig. 163 B represents two flat plates, floating upright and parallel in a 
liquid which does not wet them, As before, no resultant force is 
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produced by the direct action of the surface; but the liquid between the 
plates stands at a lower level than that outside them (p. 313), and the 
hydrostatic pressure due to this difference of level presses the plates 
together. 

Now let one plate be wetted by the liquid, while the other is not. 
If we examine the section of the liquid surface between the plates 
(Fig. 163 Cc) it is seen to be concave upwards where it descends from the 
wetted plate, and convex upwards where it descends to meet the plate 
that is not wetted. Where the section changes from concave to convex, 
it must be straight. If the distance between the plates is sufficiently 
great, the straight part of the section will be horizontal ; and in this 
case there will be no apparent attraction or repulsion between the 
plates, for the forces exerted on either plate are due merely to the direct 
action of the liquid surface, and are the same as if the other 
plate were ‘removed. If the distance between the plates is small, the 
straight part of the section of the surface between them will be inclined 
to the horizontal at a finite angle, say @; and in this case the horizonta' 
force pulling one plate towards the other is equal Scos 6 dynes per 
centimetre length of the line of junction of the liquid and solid surfaces, 
while the force pulling them apart is equal to S dynes per centimetre. 
Hence, in this case the plates apparently repel each other (Fig. 163 pb). 


Force exerted by a drop of liquid between two parallel 
plates.—It is a matter of common experience that two wet 
sheets of paper cling together with considerable tenacity. If a 
drop of water is placed between two pieces of plate glass, the 
resulting attraction is so great that it is difficult to pull one 
plate away from the other in a perpendicular direction, although 
there is no difficulty in sliding one over the other. 

Let Fig. 164 represent a side view of the plates with a drop of 
water between them. The water spreads out into a circular 

disc of considerable 

j area, and the surface 

of the water is curved 

anticlastically (p. 324). 

| Let any plane, per- 

Fic 164.—Parallel plates with a drop of water pendicular to the glass 
between them. 

surfaces, be drawn 


; through the centre of 
the circular disc of water; this will be one plane of bending, 


and let the numerical value of the radius of curvature of the 
corresponding section be 7 A plane parallel to the glass 


EZZZZZZZZ 
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surfaces, and midway between them, will be the other plane of 
bending ; let the numerical value of the radius of curvature of 
the corresponding principal section be R. Thus, the pressure 
within the drop will be less than that outside it by— 


onrel 
s(4 - x) ; (see p. 324). 

If the plates are close together, the radius R of the circular disc of 
water will be very great in comparison with 7, and therefore 1/R may 
be neglected. Now the hydrostatic pressure within the drop will not 
vary appreciably ; hence, the pressure inside the drop is uniform, its 
value being less than the external pressure by S/7. Consequently, 7 is 
constant for all points of a section by a plane perpendicular to the glass 
plates and passing through the middle of the drop ; that is, the section 
by such a plane is a semicircle, and r=d/2, where d is the distance 
between the plates. 

Now, the direct pull exerted by the water surface on either plate is 
equal to 27RS (see the last section), and the difference between the 
external and internal pressures of the drop, acting over a circle of 
radius R, produces a force equal to tR? (2S/d), which draws the plates 
together. Hence, the total force F urging the plates toward each other 
is given by the equation ore 

F = 27RS + go 


When the plates are very near to each other, the second term on the 
right hand side of the equation is much greater than the first term, so 
that, to a sufficient degree of approximation— 
2mrR2S 
Zz 
If the surfaces are very nearly truly plane, the plates will 
approach each other until d becomes exceedingly small, and the 
force exerted may be sufficient to fracture the plates. In 
order to understand how such a great force may be exerted by 
a liquid, it must be remembered that the section of radius y=d/2 
tends to straighten out, and consequently the water is in a 
state of tension ; hence, the water suffers a dilatational strain, 
and in attempting to regain its original volume a considerable 
force is exerted on the surfaces of the glass. This experiment 
shows that water possesses very great tensile strength, and 
that the water molecules cling to the glass with great tenacity 
(see p. 282). 


r= 
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Problem.—A drop of water weighing o°1 gram ts introduced between 
two plane and parallel metal plates. What force will be exerted when 
the plates are at a distance of 00001 cnt, apart ? 

The volume of the drop iso*1c.c. .*, tR® x d=0'1. 

mR’@ S  2xo0'1x75 , er 
+ F=2.—— = == —_ = 18 x 10? dynes=1°5 tons (nearly): 

Mee 22 aa, (00001)? 5 y 5 

Force needed to pull a plate away from the surface of a liquid. — 
Let a plate, similar to that represented in the upper part of Fig. 165, 
be suspended so that its lower surface is in contact with a liquid which 
wets it. If the plate is pulled upwards, the liquid clings to its lower 


Fic. 165.—Plate being dragged away from the surface of a liquid. 
(Perspective view of plate above, sectional elevation below.) 


surface ; and thus an opposing force is called into play which tends to 
prevent the plate from leaving the surface of the liquid. 

At a given instant, let the lower surface of the plate be at a height % 
above the free surface of the liquid. Then, if P denotes the atmospheric 
pressure, the pressure on the underside of the plate is equal to (P — gpf). 
The pressure on the upper surface of the plate is equal to P. Thus, if 
the area of the plate is equal to A, the resultant force which urges the 
plate downwards is equal to gphA. This force, of course, is due to the 
tensile stress exerted by the liquid which hangs from the lower surface 
of the plate; its value must now be found, in terms of the surface 
tension S of the liquid. 

Let the circular disc of water that hangs below the plate be divided, 


aati 


— 


* 
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in imagination, into two equal parts by means of a vertical plane 


passing through its centre; and let a slice, of unit width, be cut 
symmetrically from one half of the disc, by means of two vertical planes 
perpendicular to the plane passing through the centre of the disc 
(Fig. 166). This slice must be in equilibrium under the action of the 
forces exerted upon it. 

Since the width of the slice is unity, the horizontal force exerted by 
the atmosphere on the curved surface is equal to PZ, and the oppositely 
directed force due to the tension of the surface is equal to 28. | Hence, 
the resultant force, tending to urge the slice from right to left, is equal 
to (PA-2S). 

The plane section at the opposite end of the slice is acted upon by a 
hydrostatic pressure, which varies from P at its lower edge, to (P —gph) 


Fic. 166.—Slice, cut from the liquid hanging below the plate in Fig. 16s. 


at its upper edge; the average pressure is equal to {P—(gph/2)}, 
and this produces a force equal to {P —(gph/2)}, tending to urge the 
slice from left to right. Thus, for equilibrium to be maintained,— 


Ph - 2S=Ph - 4egph?, 
sph? =4S, and (gph)’=4epS, 
gph=2 N/opS. 


Thus, the force that must be overcome, in order to pull the plate 
away from the liquid, is equal to A(gp4)=2A ,/(gpS). 


Vibrations of liquid jets and drops.—When a liquid 
issues from a circular orifice, at first its surface is cylindrical ; 
but a cylindrical surface which is longer than its circumference 
is unstable (p. 340), and therefore the jet ultimately breaks up 
into a stream of drops. If a musical note is sounded near the 
jet, the variations in the air pressure start bulgings and constric- 
tions in the surface, and since these occur at regular intervals, 
the drops ultimately formed are spaced regularly. Fig. 167 
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represents a jet breaking into drops under the action of a high 
note produced by blowing across a key. 
Before a drop finally breaks away, it is joined by a narrow 


Fig. 167. 
Liquid jet 
breaking 
into drops, 


neck to the liquid column above it. The tension of 
the neck pulls the drop into a shape resembling that 
of an egg, but as the neck becomes thinner, the pull 
exerted by it on the drop diminishes, and the tension 
of the surface of the drop tends to make it assume a 
spherical form, since a sphere has a smaller area 
than any other surface of equal volume. If the drop 
gains its freedom when its form is spherical, the 
various particles of the drop are in relative motion, 
and their kinetic energy carries the drop through the 
spherical form, and the drop becomes flattened in 
a vertical direction and expanded laterally. This 
process continues until the kinetic energy of the 
particles is used up in increasing the area of the 
drop, and then the drop once more contracts towards 
a spherical form and passes through this to the shape 
of an egg (Fig. 167). 


The way in which the period of oscillation ¢ of a drop 
depends on its radius 7, and the surface tension S and 
density p of the liquid, can be determined from the 
dimensions of the various quantities. Let ¢=47*S%p*, where 
& is a constant that does not depend on the units of length, 
mass and time. Then the dimension of ¢ is T, that of + 
is L; the dimensions of S are M/T? (p. 287), and of p are 
M/L*. Since both sides of the equation must have the same 
dimensions, and # has no dimensions, it follows that— 


racy (MY 


= L&-32 Mlytz) T-2y, 


—2y=1, andy=-}4 

ZO z=4+4 

L— se — Or x=+% 
Hence— 

A 2q 72 oes Ap 

B= TEES p =A, ‘Sc 
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The value of £ cannot be determined by the method of dimensions, 
but it has been found by the use of difficult mathematical analysis that 
& has the value r/N2, so that— 

re taecney ha 
nla NETS 

Hence, if one drop has four times the radius of another drop of the 
same liquid, the period of oscillation of the larger drop is eight times as 
great as that of the smaller drop. For a drop of water I inch (2°54 cm.) 
in radius at 0° C, the time of vibration ¢ is given by the equation— 


_ 314 | (2754) x1 
~—i4issV 76 
‘Lord Rayleigh has determined the surface tension of liquids by 
measuring the period of oscillation of a jet which issues from an 
elliptical orifice. The apparatus used is represented 
in Fig. 168. If the major diameter of the elliptical 
orifice is horizontal, the jet, when it issues from the 
orifice, is flattened vertically. The tension of the 
surface makes the section of the jet change toward 
the cylindrical form, then to become flattened hori- 
zontally, and so on; but as the liquid is moving 
horizontally with a velocity 2g, where / is the 
“head” of the liquid (see chapter XII), the jet 
presents an appearance resembling a string of sausages. 
One oscillation is completed between two con- 
secutive bulges, and the time required for the liquid 
to move over the distance between these bulges is 
known in terms of its velocity. The formula for the 
period of oscillation of the jet closely resembles that 
for the period of a drop ; 
the dimensional investigation 
given on p. 346 applies 
equally well to the jet, and 
hence the period of oscilla- Fic. 168.—Experimental arrangement for 
tion, 4, is given by the Hy aeecriine. of the surface tension 
equation— 


= 1°03 sec. 


Bok re 


in which ~ is the radius of the jet where its section is circular. 
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Stability of any liquid film. When a wire rectangle, such as 
that represented in Fig. 288, is dipped into and then withdrawn 
from a liquid, in some cases a stable film is formed (for example, 
when the liquid is a soap solution), while in other cases a film 
cannot be formed (for example, when the liquid is water). Let 
it be supposed that the film is stable when the rectangle is placed 
in a vertical plane, with one side of the rectangle, of length 4, 
horizontal ; then, if S is the surface tension of the liquid, the 
latter exerts an upward force equal to 2Sd on the lower side of the 
rectangle, and an equal downward force is exerted on the film. 
Let #z be the mass of the film ; then, for the film to be in 
equilibrium, the upward force exerted upon its top horizontal 
edge must be equal to 2S4+mg. But if the value of the surface 
tension is constant for all parts of the film, the upward force 
exerted by the top side of the rectangle is 254; equilibrium is 
impossible unless the surface tension is greater at the top than at 
the bottom edge of the film. For pure water, the surface tension 
is very nearly constant, and therefore a water film more than 
two or three millimetres in length cannot be formed. A slight 
trace of grease will give the water a variable surface tension ; if 
the surface tension at any point on the film is insufficient to 
produce equilibrium, the film stretches at this point, and the 
concentration of the grease is diminished, so that the surface 
tension increases automatically, and equilibrium is maintained. 

If the surface tension of a soap solution is measured by any 
statical method, it is found to be much less than that of pure 
water. Lord Rayleigh measured the surface tension of soap 
solutions by the jet method described in the last section, and 
obtained a value exactly equal to that of pure water. Hence it 
must be inferred that the freshly formed surface of a soap 
solution has the same tension as a water surface, but exposure 
to the atmosphere causes the surface tension of the soap 
solution to fall considerably. Even with pure water, Lord 
Rayleigh found that a freshly formed surface has a greater 
tension than one that has been exposed to the atmosphere. 
The great stability of a soap film is due to the wide variation in 
surface tension between freshly formed and long exposed parts 
of the surface ; any stretching of the film, due to insufficient 
strength, immediately increases the surface tension. 

Waves and ripples. Let Fig. 169 represent a vertical section 
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of a wave travelling over the surface of a liquid of density p, in 
the direction of the straight line AB ; the surface is supposed to 
be straight in a direction perpendicular to the plane of the 

‘paper. Let AQB be the level of the undisturbed surface of the 
liquid, and let PQ=z be the height of a point P of the wave 
surface, above the line AB. 


If the amplitude of the wave were to increase slightly, so as to raise 
the point P through an infinitesimal distance 8, a small surface 
element near P would move upwards against a force aS/R, where a is 
the area of the element, S is the surface tension of the liquid, and R is 
the radius of curvature of the surface at P (p. 318); the work done in 
stretching the surface would be equal to a5S/R. Let it be supposed 


Fic. 169.—A wave on the surface of a liquid. 


that the liquid required to fill the space a3, swept out by the displace- 
ment of the surface element, is obtained from the level AQB (compare 
p- 303); then the work done against gravity would be equal to adpgh. 
The total work done, or the total increase in the potential energy, 
would be equal to a8(gp4+S/R). The value of 1/R is equal to 417h/a?, 
where A is the wave length of the wave curve (p. 336). Thus the 
increase in the potential energy would be equal to— 


4n’S ‘. 4r’S 
a’( spi 4% cl i) =p (s aa “paz adh. 


When the crest of the wave rises the trough must sink ; a small area 
a of the trough, originally at a distance 4 below AQB, would sink 
through a distance 5, and the work done would be equal to the value 
just found, if the displaced liquid were raised to the level AQB so as to 
replace the liquid previously removed from that level. 


Thus, the effect of the surface tension is to increase the 
effective value of gravity by 4m?S/pA*.. It will be proved in 
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Chapter XIV. that waves of length A, under the action of 
gravity alone, travel over the surface of a liquid with a velocity 
V' given by the equation— 


val, 
27 


hence, we may infer that, under the combined action of gravity 
and surface tension, the velocity V is given by the equation— 


' Sf 4m?S 

The quantity under the radical sign is the product of two terms, the 
first of which (namely, A/27) becomes infinitely great when A is infinite, 
while the second (namely, 2+ 47?S/pa?) decomes infinitely great when A 
is infinitely small. Hence, a wave disturbance travels over the surface 
of a liquid with infinite velocity when the wave length is either infinitely 
great or infinitely small. Consequently, between these two extreme limits 
there must be some value, A,, of the wave length, for which the velocity 
has a minimum value; that is, as the wave length is diminished from 
infinity, the velocity diminishes and reaches its smallest value when 
the wave length is equal to A, ; it then increases to infinity as the wave 
length approaches zero. In the neighbourhood of Aj, the velocity will 
change very slowly with the wave length, and therefore the velocity 
will have equal values for the wave lengths A, and A, +8, if 5 is very 
small. Thus— 


Ay A =) _ At °( 4n2S 
BAe eS pAy y aoe Sim Ay 
4n?S 
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p Ay(A, + 8) 
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PEGS 


where 6 is neglected finally in comparison with A, in the denominator 
of the fraction on the right-hand side. Thus— 


47S 
f= 
pay 
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The minimum velocity of a wave disturbance, travelling over the sur- 
face of water, is equal to 23cm. per sec., and the wave length corre- 
sponding to this velocity is 1°7cm. A wave disturbance with a 
wave length less than that corresponding to the minimum velocity is 
said to consist of ‘‘ ripples” ; the propagation of ripples is chiefly due 
to surface tension. 


When ripples travel over the surface of a liquid, their velocity 
is so great that they cannot be observed by the unaided eye. 
But, if they-are viewed through a small aperture which is opened 
for an instant at intervals equal to the period of the ripples, then 
in each interval a ripple will travel over one wave length, and 
will acquire the position occupied by the preceding ripple at the 
commencement of the interval, and the ripples, as a whole, will 
appear to be stationary. Let a piece of tinfoil be fixed to each 
prong of a tuning fork, so that the two pieces of tinfoil overlap 
in the space between the prongs. If a small hole is pierced 
through both pieces of tinfoil where they overlap, this hole 
will be open whenever the prongs are in their position of 
equilibrium, but will be closed at other times during the vibration 
of the fork; that is, the aperture will be open twice in a 
complete vibration. Now, let ripples, generated on the 
surface of a liquid by a style which is attached to the prong of a 
vibrating tuning fork of frequency 7, be viewed through holes 
in two pieces of tinfoil attached to the prongs of a fork vibrating 
with a frequency 7/2 ; the ripples will appear to be stationary, and 
their wave length A can be measured. The density p of the 
liquid being known, the value of the surface tension S can be 
calculated. This method was first employed with success by 
Lord Rayleigh. 


MOLECULAR THEORY OF SURFACE TENSION. 


Molecular forces.—Laplace developed a theory which 
explains surface tension in terms of the attraction exerted on a 
molecule of a liquid by the molecules in its immediate neigh- 
bourhood. A brief sketch of this theory has been given already 
(p 289). Some of the quantitative relations deduced by Laplace 
and his followers will now be obtained by simple mathematical 
methods. 

It is assumed that a finite attraction is exerted between two 
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molecules of a substance when they are separated by a distance 
which is less than a certain small value, say c. Hence, if a 
sphere of radius ¢ be drawn 
around a molecule, this 
sphere will enclose all the 
molecules which attract, and 
are attracted by, the mole- 
cule at its centre. Hence, 
c is called the -radius of 
molecular attraction. 
When a molecule is in the 
interior of a liquid, it is 
surrounded on all sides by 
Fic. 170.—Molecules near to the surface attracting molecules, and 

of a liquid. therefore no resultant force, 

tending to move it in any 

particular direction, is exerted on it. When a molecule is near 
to the surface of the liquid the conditions are different. Let a 
molecule be at a point P (Fig. 170) below the surface AB of a 
liquid, and let its sphere of attraction extend above the surface 
into space which may be considered to be empty. Then the part 
of the sphere which lies above the surface contains no attract- 
ing molecules. At adistance below P, equal to the distance of 
P below the surface, draw a plane CD parallel to the surface ; 
then the molecules lying between this plane and the surface exert 
no resultant force at P, and therefore the resultant force on the 
molecule at P is due to the attraction of the molecules lying 
within that part of its sphere of attraction which lies below the 
plane CD ; this force tends to pull the molecule at P away from 
the surface into the interior of the liquid. Now, a molecule at 
P’, a point as far above the surface AB as P is below it, will be 
attracted toward the surface by the molecules which lie in that 
part of its sphere of attraction which lies below the plane AB; 
hence, we conclude that a molecule at a distance @ above the 
surface of a liquid is pulled towards the surface with a force 
equal to that which, at a distance d below the surface, pulls a 
molecule into the interior of the liquid. Therefore, the work 
done in bringing a molecule from the interior to the plane surface of 
a liquid, is equal to the work done in carrying a molecule from the 


surface into the space above the liquid, to a distance exceeding the 
range of molecular attraction of the molecule. 
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Latent heat of vaporisation.—We know so little about 
molecular forces, that it is useless to assume any law connecting 
the attraction between two molecules and the distance between 
them. If we suppose that the density of the liquid may vary, it 
is probable that the force acting on a molecule at a given 
distance from the surface is proportional to the density p of the 
liquid ; for, the number of molecules in the space between the 
plane CD (Fig. 170) and the sphere of attraction of the molecule at 
P, will be proportional top. Leta molecule, of mass m, be carried 
away frorn the surface into the empty space above it, to a 
distance exceeding the radius of molecular attraction c; work will 
be done on the molecule only while it is being carried over the 
distance ¢ from the surface. Let the distance ¢ immediately 
above the surface be divided into z elements of length, each 
equal to c/7 ; and let the force, exerted on the molecule while it 
traverses the first of these elements, be equal to #zpf,, while in 
traversing the remaining elements the force has the values pf, 
Wpigue = - Mpfy, Where ff, fo Jo. -~jn are in descending 
order of magnitude, and /, 1s practically equal to zero. Then 
the work done in traversing the path ¢ is equal to— 


c é c 
mop = + mpfr = IP we mpfn = 
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= mipft, 


where 77f denotes the average force exerted on the molecule while 
it traverses the distance ¢ immediately above the surface. An 
equal amount of work is done in bringing a molecule from the 
interior to the surface of the liquid; therefore, in bringing a 
molecule from the interior through the surface and beyond the 
sphere of attraction of the liquid, the work done is equal to 27zpfc. 

Let unit volume of the liquid comprise n molecules ; then the 
mass of unit volume of the liquid, or its density p, is equal to 
nz; and if K denotes the work done in carrying n of the 
molecules from the surface into the space above the liquid, 
K=nmpfc=p*fc. 

In vaporising unit volume of the liquid, the molecules 
that occupy unit volume in the liquid state, are carried from 
the interior through the surface and beyond the sphere of attrac- 
tion of the liquid; and since these molecules together possess 

A A 
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a mass p, the work done in the process is equal to 2p?/c=2K. 
Then, if L denotes the latent heat per unit mass of the liquid— 


pL] = 2K, 


where J denotes the mechanical equivalent of unit quantity of 
heat. 


Dupré neglected the work done in bringing a molecule from the 
interior to the surface of a liquid, and thus obtained the equation— 


pL] =K; 


it will be obvious that half the work done was neglected. 

The latent heat of water at 100° C, is 537 gram-calories per gram of 
water evaporated, and the density of water at 100° C. is about 0°96 or, 
roughly, 1°0 gm. per c.c. From the 537 heat units required to vaporise 
a gram of water at 100° C. we must deduct 39°7 heat units, which repre- 
sent the external work done in forcing the atmosphere back, and we 
then find that the internal latent heat L is equal to 497°3, or roughly 
500 gram-calories per gram. Thus— 


500 x 4°2 x 107 


3 = 1'05 x 10! ergs per c.c. 


Nees 

The latent heat of water increases as the temperature of vaporisation 

falls, so that at o° C., the value of K is 1'26x 10! ergs perc.c. This 
probably means that both 7 and c increase as the temperature falls. 


Tensile strength of a liquid.—Let AB (Fig. 171) repre- 
sent the section of an imaginary plane drawn in the interior of a 
liquid ; the tensile strength of the liquid 
may be measured by the force, say F 
dynes per unit area of AB, necessary to 
separate the liquid above from that 
below AB. 

The liquid below AB attracts all mole- 


Fic. 171.— Tensile 1 e ae : 
strength of a liquid. cules which le within a distance c above 


AB. The total force exerted across each 
square centimetre of AB is F, and therefore, if the liquid above 
AB is displaced upwar ds Sreceee avery small distance 6, the work 
done per unit area is Fé; and this is equal to the work done in 
overcoming the attraction, exerted by the liquid below AB, on 


1 See the Author's Heat for Advanced Students (Macmillan), p. 369. 
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the molecules comprised in a slice of unit area and thickness:c 
lying immediately above AB. Let the thickness c of the slice 
comprise 7 layers of molecules, each layer consisting of N 
molecules per unit area. Then, if #7 is the mass of each mole- 
cule, the mass of the slice of unit area is »Nzm, and this is equal 
to pX I X¢=pce grams. 

Let the force, exerted by the liquid below AB on each mole- 
cule in the first layer above AB, be equal to pf, and for the 
second, third... mth layers let the force per molecule have 
the values wzpfo, mpf3 . . . mpfy. While the displacement 6 is 
being produced between the liquid above and that below AB, 
each layer of molecules is displaced through a distance Sagainst 
the force which pulls it toward AB ; hence— 


FS = Nazpfh+Nmpfoit.... Nwzpf,d 
Rithietht«.- Sn 5 


72 


=nNmp. 
S=Iepr0 = N0s 
rae meml mace 1 


Hence, the tensile strength of a liquid is numerically equal to 
half the mechanical equivalent of the internal latent heat of 
vaporisation per unit volume of the liquid. 


Thus, for water at 100°C. the tensile strength should be equal to 
105 x 10! dynes per square centimetre. _ If a standard atmosphere is 
defined as 10° dynes per square centimetre, the tensile strength of water 
is equal to about 10,000 atmospheres, Since a ton is very nearly equal 
to a million grams, the force exerted by gravity on a ton is 10° dynes. 
Thus, the tensile strength of water should be equal to 10 tons per square 
centimetre. The tensile strength of steel pianoforte wire is 24 tons per 
square centimetre, and that of English steel wire about 10 tons per 
square centimetre. Thus, the tensile strength of water is about equal 
to that of ordinary steel wire, and half as great as that of pianoforte 


wire. 


Laplace’s theory was formulated before the kinetic theory of gases and 
liquids had been developed, and no account was taken of the motion 
of the molecules of the liquid. In accordance with the kinetic theory, 
the molecules of a liquid are not permanently in contact one with 
another, but each moves to and fro with great velocity, colliding 
continually with its neighbours. Now, collisions between molecules 
will occur in the plane AB (Fig. 171), and these collisions will tend to 
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separate the molecules on opposite sides of that plane; that is, the | 


motion of the molecules. produces an internal pressure which tends to 
make the liquid expand, just as the attraction between the molecules 
tends to make the liquid contract to its smallest possible dimensions. 
Hence, during the separation of the liquid on one side of the plane 
AB from that on the other side, the work done is diminished owing to 
the motion of the molecules; and the higher the temperature of the 
liquid, the greater will be the velocity of the molecules, and the 
smaller will be the tensile strength of the liquid. The kinetic theory of 
liquids will be developed further in the last chapter of the present 
book ; for the moment, it will be sufficient to notice that the value of K 
gives the upper limit of the tensile strength of the liquid, and that 
at high temperatures the tensile strength must fall short of this value. 


Determination of K from van der Waals’s equation.—A 
theory which postulates that the tensile strength of water is 
comparable with that of steel wire is so much at variance with 
popular preconceptions, that any independent confirmation of the 
result obtained is of the greatest value. Now, van der Waals! 
obtained an equation which expresses the relation between the 
pressure ~ and the volume wv of a substance, not only when it 
is in the condition of vapour or gas, but also when it is in the 
liquid state. This equation has the form— 


(+ Bo ~2) =a 


The term a/v? denotes the attraction, exerted across a plane 
of one square centimetre area, by the molecules on opposite 
sides of it ; thus, when the substance is in the liquid condition, 
a/v? and K denote the same quantity. If the above equation 
refers to a gram of a substance, 1/v is equal to the density 
p of the substance; and the previous investigation (p. 353) 
shows that K is proportional to p? or 1/v®. 


In order to determine the value of a/v? for water, it may be noted 
that 6 denotes a magnitude which is comparable with the volume 
actually occupied by the molecules comprised in one gram of water ; 
hence 4 must approximate to I c.c., and therefore it can be neglected in 
caiculations referring to water vapour. 

For saturated water vapour at 100° C., the pressure ¢ is equal to that 
of 76 cm, of mercury, and its value is therefore equal to 1°013 x 10° 


1 See the Author's Heat for Advanced Students (Macmillan . 308-3009 ; also th 
last chapter of the present bock, ‘ Wa ha tes 
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dynes per sq. cm. ; the volume! v of a gram of the saturated vapour is 
equal to 1672 c.c. Therefore, neglecting 6— 


(1-013 x 108 + aaa 1672:= 373K. 


“At 60°C, the pressure of saturated water vapour is 14°96 cm. of 
mercury, or 1°994 x 10° dynes per sq. cm. ; the volume of a gram of the 
saturated vapour is equal to 7671 c.c. Thus-— 


ace ee 
(7671)? 
Dividing one equation by the other in order to eliminate R, and 


solving for a, we find that— 
ALT x10" 


(1-994 » TO? + )r6rx = 3RRik 


Now a gram of water at 100° C. occupies a volume v of 1°04 c.c. 
Thus, for water at 100° C.— 
SAT: 


Ze (1-04)? 10! = 4°35 x 10! dynes per sq. cm. 


This value of K is of the same order of magnitude as that obtained 
from the latent heat of water, and, everything considered, the confirma- 
tion of the theory is very striking. Van der Waals, using other data 
for water vapour, found the value 1°05 x 10"? dynes per sq. cm. for a/v”. 


Surface tension.—If we separate the liquid above the plane 
AB (Fig. 171) from that below it, by a distance greater than c, 
we shall obtain two new surfaces, and the work done for each unit 
of area of AB will give twice the surface tension of the liquid, 
since the surface tension of a liquid is equal to the work done in 
extending its surface by unit area. Now, we have found already, 
(p. 355) that in separating the two parts of the liquid by a very 
small distance 6, the work done per unit area of AB is equal to 
K6. We cannot determine the work done in separating the two 
parts of the liquid by the relatively large quantity c, without a 
knowledge of the way in which the attraction exerted on a mole- 
cule depends on its distance from the plane AB. In the absence 
of this knowledge, we may assume that the force remains con- 
stant until the molecule reaches a distance ¢ from the surface 
AB, and then falls abruptly to zero ; by this means, although we 


1 See the table of properties of steam, due to Professor Callendar, in the Author's 
Heat for Advanced Students (Macmillan), p. 469. 
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shall be unable to effect an accurate calculation, we shall obtain 
some valuable information. : 

As the liquid above AB is displaced perpendicularly to that 
plane, one layer of molecules after another passes beyond the 
range of molecular attraction of the liquid below AB, until all the 
layers pass beyond that range when the displacement amounts 
toc. Therefore, during the displacement through the distance ¢, 
the average number of layers of molecules subject to the 
attraction of the liquid below AB is 2/2 (compare p. 355), and 
therefore the work done is equal to (K/2)x¢. Thus, if S 
denotes the surface tension of the liquid-— 


Rw Ke 
2 

_4 
SW 


This equation gives the lowest possible limit of c, the radius of 
molecular attraction ; for the molecular attraction unquestionably falls 
off as the distance from the plane AB increases, and the more quickly it 
falls off, the greater is the displacement that will give an amount of work 
equal to2S. For water at o” C. the value ofS is about 76 dyne/cm., and 
we have already found that the value of K is 1°26 x 10! dyne/(cm. )?. 
Hence, for water at o°C. the radius of molecular attraction is certainly 
greater than 304 + (1°26 x 10!”) cm., that is, it is greater than 2°4 x 10-§ 
cm., or 0°24 wu (a micromillimetre, wu, is a millionth part of a milli- 
metre). The above method of determining an inferior limit of ¢ was first 
used by Young. With reference to the value obtained, it may be remarked 
that Johannot has measured black soap films which were no more than 
6 wu in thickness. The value 0'24 uu may be considered to represent 
the major limit to the diameter of a molecule of water ; for if the diameter 
of a molecule were greater than the radius of its sphere of attraction, there 
would be no attraction between molecules, even when they were in 
contact. Other methods of estimating the diameter of a molecule show 
that this magnitude lies between the limits 0°005 wu and 0°5 uu. 


Velocity of a molecule that can escape from the surface 
of a liquid.—lIt is probable that a molecule could not reach 
the surface of a liquid, from a depth c below it, without colliding 
a number of tines with other molecules ;-at each collision the 
velocity of the molecule is changed, and therefore it would be 
impossible to predict, from the velocity of a molecule at a 
distance c below the surface, whether that molecule would or 


ate 
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would not be able to escape from the surface. If a molecule 
leaves the surface normally with a velocity v, it will escape if its 
kinetic energy exceeds the work that must be done in order to 
carry it beyond the range of molecular attraction of the liquid. 
Let be the mass of the molecule ; in carrying unit volume, or a 
mass p of the liquid, from the surface into the space above it, the 
work done is equal to K (p. 354), and therefore, in carrying a 
molecule of mass 7 from the surface, the work done is (7/p) K. 
Thus, the molecule will escape if— 


m 
4mv?>— K, 
p 


that is, if v>N(2K)/p. 
Therefore, for water at o° C— 
v> N2x 1°05 x 10! = 145 x 10°, 


The average velocity of a hydrogen molecule! at 0° C. is equal to 
1°8x 10° cm. per second. As the velocity of a molecule varies 
inversely as the square root of its mass, and the molecular weights of 
H, and H,O are respectively equal to 2 and 18, it follows that the 
average velocity of a molecule of water vapour at o° is equal to 
(1°8 x 10°) + NV 9= 6 x 10 cm.’per second. Thus, if the velocity of 
a water molecule has the same value in the liquid as in the gaseous 
state, it follows that a molecule cannot escape from the surface unless 
its velocity exceeds the average velocity of its neighbours. 


Vapour pressure above the curved surface of a liquid.— 
When a molecule travels outwards from the surface of a liquid, 
it will escape if its kinetic energy is sufficient to carry it beyond 
the range of attraction of the liquid (p. 358) ; otherwise it will 
be pulled back into the liquid. At any point in its path, the 
molecule is pulled back towards the surface by those molecules 
of the liquid which lie within the sphere of its attraction ; hence, at 
a given distance from the surface, the force pulling the mole- 
cule back will depend on the shape of the surface of the liquid. 
If the surface is convex upwards the force will be less, and if 
the surface is concave upwards the force will be greater, than if 
the surface were plane (Fig. 172). Thus, it becomes evident 
that a molecule, moving with a velocity which would enable it 


1 See the Author's Heat for Advanced Students (Macmillan), p. 296. 
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to escape from a plane surface, might be unable to escape from 
a concave surface ; while a molecule moving with a velocity too 
small to enable it to escape from a plane surface, might escape 
from a convex surface. 

The rate of escape of molecules from the free surface of a 
liquid is influenced, in another and more important respect, by 
the curvature of the surface. On an average, the molecules of a 
liquid move with a constant velocity which depends only on the 
temperature of the liquid ; therefore, the average frequency with 
which a molecule collides with its neighbours will be increased 
if the liquid is compressed, since a compression must diminish 
the space over which a molecule travels between two successive 
collisions. Now, the greater the frequency of collision between 
the molecules, the more frequently will molecules move outward 


Fic. 172.—The escape of a molecule from the surface of a liquid. 


across the free surface of the liquid ; and it may be assumed that 
a certain fraction of the molecules that move outwards will possess 
a velocity sufficient to enable them to escape, so that it follows 
that the greater the compression of the liquid, the greater will 
be the number of molecules that escape in a given time. It 
must be remembered, however, that a very great pressure is 
needed in order to compress a liquid to any appreciable extent 
(p. 281). Ifthe curvature of the surface is sufficient to produce 
a difference of pressure which compresses or distends the 
liquid to an appreciable extent, the rate of escape of molecules 
from the surface will be affected. If the surface is convex, the 
internal pressure will compress the liquld and augment the 
number of molecules that escape ; if the surface is concave, the 
internal tension will distend the liquid and diminish the number 
of molecules that escape. 


~ 


eae 
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Hence, it may be inferred that, at a given temperature, the rate 
of escape of molecules from a liquid with a convex surface is greater 
than if the surface were plane ; and the rate of escape from a concave 
surface is less than if the surface were plane, 

If a closed vessel contains a liquid and its vapour, equilibrium 
will be attamed when the number of molecules escaping from 
the liquid is equal to the number re-entering it per second. At 
a given temperature, the number of molecules re-entering the 
liquid per second is proportional to the vapour density above its 
surface, and the vapour density is proportional to the vapour 
pressure. Hence, the vapour pressure is proportional to the 
rate of escape of molecules from the surface of the liquid, and 
therefore above a convex surface the vapour pressure must be 
greater, and above a concave surface it must be less, than that above 
a plane surface of the liquid. Thus, if the vapour pressure above 
a plane surface of a liquid is equal 
to P, the vapour pressure above a 
curved surface will be equal to (P+), 
where the value of # depends on the 
curvature of the surface. 


The value of # can be determined by the 
following train of reasoning due to Lord 
Kelvin. Let the lower end of a vertical 
capillary tube dip into a liquid contained 
in a closed vessel (Fig. 173), the space 
above the liquid being occupied only by 
the saturated vapour of the liquid. Let 
the internal radius of the tube be equal to 
R, and let the liquid wet the tube so that 
its surface within the tube stands at a 
height 4 above the plane surface of the 
liquid. Owing to the weight of the vapour, Fic. 173. — Vapour _ pressure 
its pressure will be greater just above above a curved liquid surface. 
the plane surface of the liquid than at an 
height 2 above that surface. Let the pressure just above the plane 
surface be equal to P, while at a height 4 above the surface it is equal 
to P—#; then g=goh, where o is the density of the vapour. 

The surface ef the liquid within the capillary tube will be practically 
hemispherical, since the hydrostatic pressure does not vary appreciably 
over that surface. Hence, since the radius of the hemisphere is equal to 
the internal radius of the tube, the pressure just below the hemispherical 
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surface is less than that above it by 2S/R, where S is the surface tension 
of the liquid (p. 314). Thus, the pressure just below the hemispherical 
surface is equal to {P—p—(2S/R)}. 

At a point within the tube, in the same horizontal plane as the flat 
surface of the liquid, the pressure must have the same value as in that 
surface ; that is the pressure must be equal to P. But the point in 
question is at a distance 4 below the hemispherical surface of the liquid 
in the tube; therefore at this point the pressure must exceed that just 
below the hemispherical surface by gp/, where p is the density of the 


liquid. Hence— 


2S 
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Thus, for equilibrium to exist between @ liquid with a concave 
surface and the vapour above it, the vapour pressure just above the 
surface must be less than that above a plane surface of the same 
liquid by {o/(p-.«)}(2S/R). If the vapour pressure above the concave 
surface exceeds (P —f), the rate at which vapour molecules enter the 
surface will be greater than that at which they leave the surface, and 
progressive condensation will occur. If the vapour pressure above the 
surface is less than (P —), progressive evaporation will take place. 

Now let it be supposed that the liquid does not wet the tube ; for 
instance, if the liquid is water or an aqueous solution, it may be 
supposed that the tube is coated internally with paraffin wax. The 
surface within the tube will now be a hemisphere with its convex side 
upwards, and the surface will be at a distance 2 below the general 
surface of the liquid; consequently, the vapour pressure above the 
convex surface will be equal to (P+), where # has the value already 
obtained. 

Thus, if a liquid has a convex surface, equilibrium between it 
and its vapours can exist only: if the pressure of the vapour is 
equal to (P+). Progressive evaporation will occur if the pressure of 
the vapour is less than (P+), and progressive condensation will 
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occur if the vapour pressure is greater than (P+/). Thus, if a 
small drop of water lies just above the plane surface of water in a - 
vessel, equilibrium is impossible ; for, if the vapour is in equilibrium 
with the plane surface of the water, the vapour pressure is not large 
enough to produce equilibrium with the drop, and therefore the drop 
will evaporate and condensation will occur at the plane surface. On 
the other hand, porous substances which can be wetted by water always 
tend to condense aqueous vapour in their pores; each pore is virtually 
a very fine tube, and a water surface formed in such a tube will be 
concave outwards, so that if the surrounding space is saturated with 
aqueous vapour, the vapour pressure within the pores is too high for 
equilibrium to exist. The tendency of cotton and linen fabrics to 
become damp is due to a great extent to this cause. 

|The vapour pressure necessary to produce equilibrium with a drop of 
water of any size can be calculated easily. Let the radius of the drop 
be o’ooI mm., and let the temperature be o° C. ; then the density o of 
saturated aquecus vapour at O° is equal to 4°8x10-8 gm. per c.c., 
and the density p of water is practically equal to unity. Thus, since S 
is equal to 76 dynes per cm.— 


AIO LOM ee 20070 
— x 
I LO 


p = 7°3 dynes per sq. cm. 

The pressure P of saturated aqueous vapour at o° C. is equivalent 
to 4°6 mm. of mercury, or 6x10 dynes per sq. cm. Hence, in this 
case the vapour pressure above the drop is greater than that over a 
plane surface by about one part in a thousand. If, however, the radius 
of the drop were Ix 107-8 mm. (I wu), equilibrium could only exist if 
the vapour pressure above it were 7°3 x 10° dynes per sq. cm. in excess 
of the pressure of normal saturated vapour. 


Conditions necessary for the condensation of vapour.— 
From the reasoning used above, it appears that a very small 
drop of water would evaporate if it were placed in a space 
saturated with aqueous vapour ; hence, if a space is filled with 
saturated aqueous vapour, it must be impossible for a few vapour 
molecules to combine to form a very small drop of water, for if 
such a drop were formed it would evaporate immediately, 
Hence, for aqueous vapour to condense, one or other of the 
following conditions must be complied with :— 


1. Condensation may occur in porous bodies, even when the 
vapour is unsaturated. 
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2. Condensation may take place on a flat or nearly flat sur- 
face when the vapour is saturated. 


3. If the initial stage of condensation involves the formation 
of very minute drops, then the vapour must be super-saturated 
before such drops can be formed. 


If compressed air, contained in a vessel, is allowed to expand 
suddenly, a fall of temperature is produced ; if the air is saturated 
with aqueous vapour before the expansion, it must be super- 
saturated afterwards. Aitken found that if the air contains small 
dust particles, a cloud is formed when the expansion occurs ; 
the dust particles form nuclei around which the vapour can 
condense to form drops which are initially of finite dimensions. 
If the mist is allowed to settle, the dust particles are carried 
down by the water drops formed around them; if the air is 
again compressed, without allowing dusty air to enter the vessel, 
another expansion will remove the dust particles left after the 
first one. When the air is once free from dust particles, a small 
expansion will produce no cloud: the nuclei being absent, the 
air is not super-saturated to a sufficient extent for condensation 
to occur. If the volume of the air is increased suddenly to 1°4 
times its original value, condensation is produced even when 
the air is free from dust; in this. case the super-saturation is 
sufficient to admit of the formation of drops which at first are 
very small. Clouds and mists are aggregates of minute water 
drops which, in general, are formed around dust particles as 
nuclei. When the nuclei are absent, the air may be super- 


saturated without the formation of a mist; in this case the- 


vapour often condenses as dew on solid bodies. 


Relation between surface tension and temperature.—If 
the molecular weight of a substance be divided by the density 
of that substance, we obtain a magnitude which is proportional 
to the average space allotted to each molecule of the substance ; 
let this be denoted by V. Eétvos found the value of the pro- 
duct SV? for a number of different substances, and observed 
that the rate at which this product decreases per unit increase 
of temperature is constant for all those substances, and has the 
value 2:1. If we apply this result to water it is found that 
between 100° and 200° C. the rate of decrease of SV3 is the same 
as for other substances, provided we assume the molecular 
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weight of water in the liquid state to be 36 instead of 18. 
Hence, it was concluded that between 100° and 200°C. each 
molecule of water in the liquid condition has the composition 
2H,O. For temperatures between 0° and 100°C., the composi- 
tion of water must be 7H.O, where z is greater than 2. 

From the result obtained by Eédtvos, it follows that for any 
substance— 


SV8. = 2:1(T -2), 


where ¢ denotes the centigrade temperature of the substance 
and T is a constant for that substance. When ¢=T the surface 
tension S must have zero value ; hence, we may conclude that 
T approximates to the critical temperature of the substance. 
For ether, the value found for T is 180° C., and van der Waals 
estimated the critical temperature of ether to be 190°C. For 
alcohol the value of T is 295°C., and the value of the critical 
temperature is 256°C. For water the value of T is 560° C., and 
the critical temperature is 390° C. 


QUESTIONS ON CHAPTER X 


1. Calculate the difference between the pressures inside and outside a 
spherical soap bubble of 1 cm. radius, if the surface tension of the soap 
solution is-45 dyne/em. 

2. The interiors of a cylindrical and a spherical soap bubble are put 
into communication ; determine the ratio of the radii of the sphere and 
the cylinder, in order that the bubbles may be in equilibrium. 

3. A soap bubble of 1ocm. radius, is filled with air at 20°C., the 
barometric pressure being equal to that of 76cm. of mercury. Calculate 
the mass of air that is expelled when the bubble contracts until its 
radius is equal to 5 cm. 

(Density of dry air at o° C. and a pressure of 76cm, of mercury= 
0'00129 gm. perc.c. Density of mercury=13°6gm. perc.c. Vapour 
pressure of soap solution at 20° C. = 17°4 mm. of mercury.) 

4. One gram of mercury is placed between two plane sheets of glass 
which are pressed together until the mercury forms a circular disc of 
uniform thickness, and 5cm. radius. Calculate the value of the pressure 
exerted by the mercury on the upper glass plate. (Density of mercury 
=13°6 gm. perc.c, Surface tension of mercury=450 dyne/cm, Angle 
of contact between mercury and glass= 140°.) 

5. A circular flat plate has a radius of 5cm. Calculate the value of 
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the force that is needed,to pull this plate away from the surface of 
water. 

(Surface tension of water=70 dyne/cm.) 

6. A drop of water of great lateral dimensions, rests on a flat hori- 
zontal surface which it does not wet. Determine, by a graphical 
method, the form of the profile of the drop. 

(Surface tension of water=70 dyne/cm.) 

7. A flat plate is placed upright in water. Determine, by a graphical 
method, the section of the surface of the water in the neighbourhood of 
the plate, (z) when the water wets the plate, and (4) when it does not 
wet the plate. 

8. A flat plate is placed upright in a liquid, and is not wetted. 
Prove that the horizontal force exerted on the plate is exactly the same 
as if the surface met the plate at right angles. 

g. Determine the diameter of the largest steel needle that can be 
supported by the surface of water, and draw a diagram showing the 
position of the needle relatively to the surface of the water. 

(Density of steel=7°7 gm. per c.c. Surface tension of water = 
70 dyne/cm.) 

10. A steel needle, 0°4 mm. in diameter, floats on the surface of 
water: determine its position relative to the surface of the water. 

11. Water trickles slowly over a spherical surface, which it wets, and 
forms drops which break away below the sphere; by the method of 
dimensions, determine the way in which the mass of a drop depends on 
the radius of the sphere. 

12. A small drop of water has a radius equal to xcm. ; calculate the 
decrease in the surface energy of the drop when its radius is diminished 
by a small quantity, 6cm., due to evaporation ; and find the condition 
that the surface energy lost may suffice ‘to provide the latent heat 
necessary for the evaporation. 

13. Calculate the radius of the largest drop of water that can 
evaporate at o° C. without heat being communicated to it. 

(Surface energy of water at o° C.=117 ergs/(cm.)?._ Latent heat of 
evaporation of water at o° C.=606 gram-calories per gram.) 


CHAPTER XI 
THE MOTION OF FLUIDS 


Viscous and inviscid filuids.—When a portion of matter 
cannot retain its shape without lateral support, it is said to be 
fluid ; in other words, matter is fluid if it needs a containing 
vessel to prevent it from flowing. The rate at which a fluid flows, 
when it is deprived of lateral suppcrt, varies with the nature 
of the fluid. That property of a fluid which retards its flow is 
called wzscosity,! and a fluid which cannot flow quickly is said 
to be viscous or viscid. All material fluids are viscous, to a 
greater or less degree ; but in some fluids the viscosity is so much 
less than in others, that it is convenient to divide them into two 
classes ; one class comprises gases and vapours, as well as the 
liquids ether, water, mercury, etc., which are said to be 
relatively inviscid; the other class contains substances such as 
treacle, pitch etc., which are said to be v7scows. In this and the 
next chapter the properties of inviscid fluids will be analysed ; 
later, the properties of viscous fluids will be dealt with. 
Although no fluid is absolutely inviscid, many fluids possess so 
little viscosity that their flow differs but little from that of an 
ideal inviscid fluid ; hence, the results derived in this and the 
next chapter will apply, with a close degree of approximation, to 
those material fluids which are classed as relatively inviscid. 
The approximation will be closest when the fluid is of great 
volume, and will be less exact when the volume of the fluid 
is small ; thus, a large piece of pitch flows perceptibly in the 
course of a day, while a small fragment of pitch can retain 
its shape almost unaltered for an indefinite time. 


1 Latin viscum, the mistletoe ; the berries of this plant contain a sticky liquid. 
367 
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Linear motion of a fluid as a whole.—When a closed 
vessel is entirely filled with a fluid, the motion of the whole in 
a straight line is subject to the laws of mechanics developed 
in Chapter I. : 


Expr. 48.—Fill a glass flask with water, and, without disturbing the 
water, introduce a drop of the aniline dye known as soluble blue ; 
then cork the flask, and leave it for some hours. It will be found that 
the blue colouring matter has spread into a wonderful tree-like form, 
each “twig” ending in a swelling, shaped like a mushroom. The 
flask may be moved in a straight line without distorting the tree-like 
form, provided that the water entirely fills the flask up to the cork, 
In such cases the liquid behaves like a rigid solid; that is, there is no 
relative motion of its parts. 


Let a liquid be moving in a horizontal straight line, in such 
a manner that there is no relative motion of its parts, while 
its velocity as a whole varies from instant to instant. Within 
the liquid, let a small imaginary circular cylinder be described, 
the area of its base being a, while its length is 7; and let the 
axis of the cylinder lie in the direction of motion. The pressure 
acting on the curved surface of the cylinder is perpendicular 
to the direction of motion, and therefore cannot influence the 
motion. Let the density of the liquid be p; then the mass of 
the liquid contained within the imaginary cylinder is equal to 
pal, and when its acceleration is equal to a, it must be acted 
upon by a resultant force, in the direction of the acceleration, 
equal to pa/a (p. 19). Let Z, be the pressure on the rear surface 
and # that on the front surface of the cylinder; then the 
resultant horizontal force acting in the direction of motion is 
equal to (f;-f,) a. Hence— 


(Ai — 2 )4 = pala. 
TENET, 

iin a 
Thus, along any straight line in the direction of motion, the 
pressure must vary; the pressure gradient (increase of pressure 
per unit distance) is equal to pa, the direction of increase of pres- 

sure being opposite to that of the acceleration. 

Let the upper surface of the liquid be free, the atmospheric 
pressure to which it is exposed being equal to P dynes per 
sq. cm. Then, ata distance / below the surface, the pressure is 
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equal to (P+ gph) (p. 34). For the pressure to vary along a 
horizontal straight line, the free surface must be inclined to the 
: horizontal ; if the end of the cylinder, on which the pressure 
is f,,1s at a distance /, below the free surface, then the opposite 
end of the cylinder, on which the pressure is #,, must be at a 
different distance /, below the surface (Fig. 174), 


Pee a 
and pe eithe eB 


ie hy, -h 
AP) = gp IS 2 = pa, 


The free surface of the liquid slopes down- 
wards in the direction of the acceleration, and 
its inclination 6 to the horizontal is given by 
the equation — 


tan @ = hy ~hy = ' Fic. 174.—Vessel 


a 
Fy ae and its contained 
2 liquid, moving in 
If the velocity of the liquid is uniform,  %;,S%a'sht tne 
a=o, and the free surface is horizontal. If tion. 
the velocity is increasing, a is positive, and 
the surface is inclined to the horizontal, and slopes down- 
wards in the direction of motion ; if the velocity is decreasing, 
ais negative, and the surface slopes up- 
wards in the direction of motion. Thus, 
a glass of water supported in a railway- 
carriage will indicate every alteration in 
the velocity of the train, provided that the 
jolting of the carriage is inappreciable. 


(R An ordinary engineer’s spirit level can be 
used to measure the acceleration of a vehicle, 

provided that there is little or no jolting. A 

spirit level consists of a glass tube, bent into 

Pee ee Ntessurement an arc of a circle of large radius, say R; the 
of acceleration by the tube is closed, and contains a liquid (such as 
aid of a spirit level. alcohol, or ether!) and a bubble of air (Fig. 
175). When the spirit level is stationary, 

the bubble rises to the highest possible point; let this point be A, 
in the middle of the tube. If we draw the radius of curvature 
AC, this will be vertical, and it indicates the direction of maximum 


(o) 


1 These liquids are less viscous than water, and thus the bubble can move very 
Quickly when its position of equilibrium is altered. 
BB 


370 GENERAL PHYSICS FOR STUDENTS CHAP. » 


increase of pressure within the liquid. The pressure increases in a 
vertical direction, at the rate of gp dynes per unit distance, measured 


downwards. When the spirit level is moving, with acceleration a, in the . 


direction of the arrow, there will be an additional increase of pressure 
in a horizontal direction, from right to left, at the rate of pa dynes per 
unit distance; hence the direction of maximum increase of pressure will 
now be parallel to BC, where— 


nea == 


The bubble will move to a position B, such that the radius of 
curvature BC is parallel to the direction of maximum increase of 
pressure. Hence, if R=AC is large, and x is the horizontal component 
of the displacement of the bubble— 

x a x 
R = z 7. a= ER 

Rotation of a fluid as a whole.—Let the flask containing 
the “tree” of colouring matter described on p. 368 (expt. 48) 
be rotated slowly about a vertical axis. At first it will be 
observed that the “tree” remains stationary in space ; hence, 
the water does not at once acquire the rotational motion of the 
vessel which contains it. After a time, those “twigs” which are 
nearest to the walls of the flask become bent in the direction of 
motion of the latter, and this bending gradually increases and 
extends to twigs nearer to the centre of the flask, until finally 
the whole of the contained water rotates at the same rate as the 
flask, when no further deformation of the “tree” is produced. 
In this condition the water is rotating like a solid body, the 
relative positions of any two particles remaining unaltered. If 
the rotation of the flask is now stopped, it will be observed 


that the contained water continues to rotate for some time, the - 


part which is nearest to the walls coming to rest first, and the 
central portion last. 

When a liquid with a free surface rotates as a whole, the 
surface becomes curved, its lowest point lying on the axis of 
rotation. This can be observed when tea in a cup is set in 
rotation by a spoon ; it is due to the centrifugal force which acts 
on each revolving particle of water, and tends to carry it away 
from the axis of rotation: equilibrium can be attained only 
when motion away from the axis is opposed by a pressure 
gradient, which urges each particle of water toward the axis, 
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__ Let Fig. 176 represent a vertical section of a cylindrical vessel which, 
together with the contained liquid of density p, is rotating uniformly about 
the axis AB of the vessel. Describe an imaginary 
horizontal tube CD, of very small sectional area a, 
so that its axis cuts AB at right angles immediately 
beneath the lowest point of the free surface of the 
liquid. From this tube, cut off an element by 
means of planes, perpendicular to CD, at distances 
%q and «, from the axis of rotation; then the mass 
m of liquid contained by this element is equal 
to pa(*,—*a); and in order that this mass may 
revolve in a circle about AB, it must be urged is 
toward the axis AB by a horizontal force equal 5 176 — Cylia? 
to (x, +%q)w?/2, where (x)+%qa)/2 is the distance — drical vessel and its 
of its centre of gravity from the axis, and wis the  comtained _ liquid, 
' ra rotating uniformly 
angular velocity of the liquid (p. 74). about its axis of 
Let yz and 7, be the vertical distances of the Symmetry. 
ends of the element below the free surface of the 
liquid ; then the difference between the pressures on the two ends or 
the element is equal to g»(y»—ja), and therefore the resultant force 
urging the liquid contained by the element toward the axis of rotation 


is equal to gp(yy—jpa)a. Thus— 


a wo” 
Eps — Ja) = palxy — Xa)(Xp + Xa) So 


w 5 
Oe ey ya a (x — xq”). 
> 


Divide the tube CD into elements, by means of planes at distances 
Xo) Lj) Ly, Vy, ++ + Xp» from the axis ; and, at ‘these distances from the 
axis, let the heights of the free surface of the liquid above the tube CD 
be equal to 7,, 91) Vo) +++ In Then we have— 


ants 2 
$3 i er xe —«,"), 
Ss 
re 
pre: 
OES sa pea ams )s 
w 
= cya aay 2 
Di ti ae" Xn-1 Is 
Then, (compare p. 49)— 
Ti Se 9 
Wee cios = ape os ). 


Now, let x,=0; then y,=0. Writing y for y,, and x for xp, we 
BB2 
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obtain the equation to the section of the surface by the plane of the 
paper in the form— 


This represents a parabola, of which AB is the axis; hence, since all 
sections through the axis of rotation will have identical shapes, the 
surface has the form of a paraboloid of revolution. This surface could 
be generated by rotating the parabola ECF about the axis AB. 

Lateral pressure, and longitudinal tension, of a rotating 
cylinder of liquid.—It is clear from the above investigation, 

' that the pressure acting on the curved 
sm walls of the cylinder, in an outward 
2 direction, is greater than if the liquid 
HH were at rest. 

i 

| a 


Let Fig. 177 represent a cylindrical 
portion of liquid, rotating as a whole about 
the axis of symmetry AB, with an angular 
velocity w. Describe an imaginary tube, 
of small sectional area a, which extends 
perpendicularly from the axis of symmetry 

plz to the curved surface of the cylinder. The 
liquid, contained by ar element of this tube 
re ane ee hig me er which lies between distances a, and x, from 
its axis of symmetry. the axis, must be urged toward the axis by 
a force equal to pa(x;?-2xq?)u?/2. Let 

f» and fa be the pressures on the ends of this element ; then—_~ 


(A peya = (2-2-2) 


Divide the imaginary tube into elements, by planes at distances 


X,, X1, Yg, +--+ %, from the axis, and let the pressures at these sections 
be equal to Z,, fi, Zo - + + fn. Then— 
2 
pw,» 9 
Pie he oe Fas (xy? -,"), 
pa 
Pay oe vere (x9? — 34°), 
mS 
@ 
bn = Pn—1 = — (Xn? — Xn, 1’) 
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- Now let «,=0, while +,=7, the radius of the rotating cylinder of 
liquid. Then (f,~-/,) gives the difference between the pressure at a 
point on the axis of rotation, and that at a point in the same cross 
section but lying on the curved surface of the cylinder ; that is, it gives 
the additional pressure on the curved surface of the cylinder, due to 
the rotation of the liquid: call this 2. Then— 


2 
pw? 
Ree ey : 
Z 


Hence, for the rotating cylinder of liquid to be in equilibrium, its 
curved surface must be subjected to a uniform pressure J =(pw?/2)72, 
in addition to the pressure that would produce equilibrium if the 
liquid were at rest. In other words, the rotation of the liquid 
generates a lateral pressure P= (po?/2)r*, which tends to make 
the cylinder expand radially ; when the liquid is in equilibrium, 
this pressure must be balanced by an equal pressure acting 
inwards on its curved boundary. 

If the liquid had a free upper surface, this would be pulled down- 
wards in the neighbourhood of the axis of rotation ; hence we 
may conclude that the rotation of the. liquid produces a 
longitudinal tension which tends to shorten the cylinder. 


Let the cylinder of liquid be bounded by plane circular ends, 
perpendicular to the axis of symmetry. Divide one of these ends into 
strips by means of concentric circles of radii 7,, %, 72)... %. Then 
the strip bounded by the circles of radii 7, and 7, has an area equal to 
a(v,2—7.7), and is acted upon by an internal pressure equal to (pw*/2)r?, 
where r? denotes the average value of 7? between the limits 7) and 7; 
we may write r?=(7,2+7,°)/2 (compare p. 48). Then the force , 
acting on this strip, tending to lengthen the cylinder, is given by the 
equation— 


1w2 
fia m= ror tr) 

2 

= ae (73 - a) 

Similarly, if A, 7. - «Jn» denote the forces acting on the remaining 
strips, we have— ‘ 

Tpw~ 

i tay ts (74-744), 


Te = 4 rs e tage): 


} 
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Let F denote the resultant force acting on one of the plane ends of 
the cylinder, tending to lengthen the cylinder. Then— 


F=ftht.-> tf 
Tpw- 
Py hog) Ves : 
4 ( a) ri 


Thus— Hi 


since 7,=7, while ~,=0. 


Let the cylinder be maintained in equilibrium by applying a uniform 
external pressure P to its plane ends, which may be supposed to be 
bounded by rigid circular discs. Then F=27*P, and therefore— 


pape 
a 


Thus pat; that is, the pressure applied to the ends of the cylinder 


must be only half as great as that applied to its curved surface. If we 
suppose the rotating cylinder of liquid to be subjected, as a whole, to a 
uniform external pressure =(pw?/2)7*, while a tensile stress P=(pw?/4)7” 
is applied to its plane ends, then the cylinder will be in equilibrium ; for 
the curved surfaces are subjected to a pressure equal to (pw?/2)7?, while 
the plane ends are subjected to a pressure (pw?/2)/”, together with a 
tensile stress equal to (pw’/4)7*, so that the resultant applied pressure, 
tending to shorten the cylinder, is equal to (pw*/4)7*, and this is equal 
to the internal pressure tending to lengthen the cylinder. 


Vortex filaments.—A vortex! filament is a cylindrical 
portion of fluid, rotating like a solid with uniform angular 
velocity, in the midst of the surrounding fluid. The surrounding 
fluid is in motion, but it moves without rotation. The character- 
istics of irrotational motion will be studied subsequently ; at 
present, we may confine our attention to the conditions essential 
to the rotational motion of the vortex filament. 

In the first place, a vortex filament will be in equilibrium if 
its boundaries are subjected to a uniform pressure equal to 
(pw?/2)r? while its ends are subjected to a tensile stress equal to 
(pw?/4)7*. From this it follows that a vortex filament cannot be 
permanent, unless its ends lie on the bounding surface of the 
surrounding fluid; for it is only in this case that the tensile 


wee 


1 Latin vertere, to turn. Strictly speaking, a vortex filament should be infinitely 
small in diameter ; Lord Kelvin used the expression “‘columnar vortex” for a vortex 


of finite diameter. In this book, the expression ‘vortex filament” will be used for 
vortices of all diameters. 
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stress, necessary to the equilibrium of the filament, can be applied 
to its ends. 

If one end of a vortex filament lies on the free surface of a 
liquid, the surface is pulled downwards as we have seen already 
(p. 371). In rowing, a vortex filament is often formed bya stroke 
ofan oar. The surface of the water is drawn downwards, and 
air bubbles often lie along the core of the vortex ; but the 
filament is not permanent, since its lower end lies within the 
water, and thus it is continually drawn upwards until it reaches 
the surface. When the ends of a vortex filament lie on solids, 
the adhesion between the liquid and the solids supplies the 
necessary tension; the longitudinal tensile stress of the filament 
tends to draw the solids towards each other, and hence the 
solids apparently attract each other. 


According to the modern electro-magnetic theory due to Faraday and 
Maxwell, the attraction between dissimilarly electrified bodies is due to 
tubes of force which extend from the positively to the negatively charged 
body. These tubes of force tend to expand laterally and to contract 
longitudinally, and so far resemble vortex filaments, which might be 
supposed to be formed in the ether between the charged bodies. But 
in the tubes of force, the longitudinal tension is equal to the lateral 
pressure ; or we may consider that the medium is subjected to a general 
hydrostatic pressure #, combined with a longitudinal tensile stress 
numerically equal to 2%. In the case of a vortex filament, if the 
hydrostatic pressure is equal to g, the longitudinal 
tensile stress is equal to f/2. 


The winding of rivers.—When a liquid 
rotates within a stationary cylindrical vessel, 
the liquid immediately in contact with the walls 
is motionless, so that on proceeding outwards 
from the axis of symmetry, the velocity of the 
liquid at first increases, reaches a maximum Fic. 178. — Liquid 
value at some distance from the axis, and then {onary cylindsi. 
decreases toward zero as the walls of the «al vessel. 
vessel are approached. Hence, the surface of 
the liquid will possess a shape somewhat like that repre- 
sented in Fig. 178; it is lowest whére it is cut by the axis, 
and rises toward the walls of the vessel, but it meets the 
walls almost at right angles, since the water near the walls 
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is almost stationary, and no pressure gradient is required 
to keep it in equilibrium. The shape of the surface indi- 
cates how the pressure varies beneath it. Near to the bottom 
of the vessel the liquid is stationary, while the pressure 
gradient would suffice to keep it in equilibrium if its motion 
were the same as that immediately beneath the free surface, 
Hence, the pressure gradient causes a flow along the lower 
surface of the vessel, from the walls of the vessel toward the axis ; 
and to supply this flow, the liquid near to the free surface streams 
away from the axis, and descends along the side walls of the 
vessel. 


Fic. 179.—A typical river bend in a flat country. 


Expr 49.— Drop some powdered chalk into a beaker which contains 
water, and then set the water in rotation by stirring it with a rod ; it will 
be seen that the particles of chalk are carried toward the axis by the 
radial flow described above, and are heaped up there (Fig. 178). 


The winding of rivers is proverbial ; the sinuous course of 
the river Meander in Asia Minor, has caused the name of that 
river to be transformed into a verb expressive of devious motion 
Many causes may be assigned for this winding; but in flat 


. . . . a 
countries it is due in great part to the principle explained above. 
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If there is a small bend in a river, the water must follow a 
curved path in rounding it, and the surface becomes somewhat 
higher on the concave than on the convex side of the bend. 
Near the bed of the river, the water is stationary ; and thus there 
is a continual flow, downward on the concave side, and across 
the river bed to the convex side of the bend. This flow carries 
away the substance of the banks on the concave side, and 
deposits it as mud on the convex side of the bend. A character- 
istic form of river bend is represented in Fig. 179 ; the convex 
side is shallow and muddy, while the concave side is deep and 
the neighbouring bank is undermined. Any bend ina river tends 
to increase continually ; and, in a straight part of a river, any 
accidental circumstance, such as the falling in of the banks, may 
produce an incipient bend, which becomes more and more 
pronounced as time goes on. 

Sources and sinks.—Let it be supposed that, at certain 
points in a large volume of fluid, there is a continuous and 
uniform creation of fluid; while at other points there is a 
continuous and uniform annihilation of fluid. The points at 
which fluid is created are called sources, while those at which it 
is annihilated are called sinks. 


These conceptions are ideal, since we have every reason to believe 
that matter can be neither created nor destroyed; but it is easy to 
devise a means by which a state of affairs, in all essential points 
identical with that imagined, may be realised. For instance, by means 
of narrow tubes, fluid may be conducted from an external reservoir to 
each source, and discharged there into the surrounding fluid; and in a 
similar manner, fluid may be conducted away from each sink and 
discharged outside the volume of fluid which we are considering. In 
this case, the tubes will modify, to a slight extent, the motion of the 
surrounding fluid; but if the tubes are very narrow, the modification 


will be insignificant. 


The creation of fiuid at the sources, and its annihilation at the 
sinks, will produce motion in the surrounding fluid ; and at any 
given point, the velocity of the fluid will have a definite value. 
The conditions which govern this flow must now be considered. 

In the first place, within any element of volume which does 
not contain a source or a sink, there will be neither creation nor 
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annihilation of fluid. Hence, in an incompressible fluid, the 
volume of fluid that enters an element of volume that does not contain 
a source or sink, is equal to the volume that simultaneously leaves it. 


Imagine an incompressible fluid to be flowing uniformly along a 
cylindrical straight tube; then if the area of the tube is a, and the 
uniform velocity of the fluid is V, it follows that the volume of the 
fluid that passes through any cross section in a second is equal to Va. 
For, in a second, each particle of the fluid moves through a distance V, 
and therefore every particle that was at a distance less than V behind 
the section at the beginning of the second, will pass through that section 
during the second. 

Now imagine an incompressible fluid to be flowing along a tube of 
variable cross-section ; in this case the velocity of the fluid will have 
different values as it crosses different sections. Let two imaginary 
parallel planes cut the tube transversely, the distance 7 separating the 
planes being so small that between them the cross-sectional area of the 
tube is sensibly constant and equal toa. Let the fluid, which is found 
in the space between these planes at a given instant, just leave the 
space in a time ¢; then, in the time /, a volume a/ of fluid passes 
through the plane section by which the fluid leaves the space, and 
therefore the fluid flows across the section at the rate of (a//¢) units of 
volume per second. But 7 is the distance through which each particle 
of the fluid has travelled in the time ¢, and therefore (d/¢) is the velocity 
V with which the fluid is flowing in the neighbourhood of the section ; 
thus the volume of fluid that flows across the section in a second is 
equal to Va. 

Thus we obtain the general law: if the velocity of a fluid, perpen- 
dicular to any element of area a, is equal to V, then the volume of 
fluid that crosses the element of area per second is equal to Va. If 
the density of the fluid where it crosses the element of area is equal 
to p, then the mass of fluid that crosses the element per second 
is equal to pVv. 

Let an imaginary surface enclose an element of volume within 
an incompressible fluid ; and let the flow of the fluid be such, that fluid 
enters this element through an area a, with a velocity V,, and leaves 
the element through an area a, with a velocity Vj. Then, there is 
neither destruction nor creation of fluid within the element, and 
no accumulation of fluid can take place within it, since the fluid is 
incompressible ; thus it follows that— 


7 — 
V4 aq, = V2. 


If the fluid were compressible, it would be possible for the mass of fluid 
that enters an element to be uneaual to that which leaves it in unit time 3 
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in this case, the fluid within the element would become progressively 
denser or rarer as time went on, and a progressive change of this 
character could not be permanent. When the flow becomes permanent, 
the fluid within the element acquires a permanent density, and the mass 
of fluid that enters the element is equal to the mass that leaves it per 
unit time. Thus, if a compressible fluid enters an element through an 
area a, its density being p, and its velocity V, ; and leaves the element 
through an area ap, its density being p, and its velocity Vz; it follows 
that— 
PrV 1, = PoVnd- 


If a fluid is enclosed within rigid walls, the flow at any point 
depends, not only on the sources and sinks within the fluid, but 
also on the shape and position of the walls ; for there can be no 
flow across the walls, and this condition modifies the flow 
throughout the fluid. But if the enclosure is very large, 
the flow at any point at a great distance from the walls’ will 
depend, to a close approximation, only on the sources and sinks 
within the enclosure. If we are concerned with the flow near 
to a source or sink which is not only far from the walls, but also 
far from any other sources or sinks, then this flow can be 
determined, to a close approximation, without reference to the 
distant sources or sinks. 

Strength of sources and sinks.—Let us’consider a source 
which is at a great distance from the boundaries of the fluid 
and from any other sources or sinks. The fluid must travel 
away from the source as fast as it is created there, and when the 
flow is permanent, the mass of fluid which enters any element 
of volume near to the source, must be equal to the mass that 
leaves the same element in unit time. The fluid must travel 
away from the source uniformly in all directions, for there is no 
reason why the flow in one direction should differ from that in 
any other direction. 

The strength of a source or sink may be defined as the mass of 
fluid created or annihilated per second. A positive sign is 
prefixed to the strength of a source, and a negative sign to that 
of a sink. 

If an imaginary surface encloses any combination of sources 
and sinks, it follows that the net mass of fluid that flows across 
the surface per second is equal to the sum of the strengths of 
the enclosed sources and sinks. The net flow across the 
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surface will be from within outwards, or from without inwards, 
according as the sum of the strength of the sources and sinks 1s 
positive or negative. 


Describe a sphere’ of unit radius about a source as centre; this sphere 
has an area 47m, and if g denotes the strength of the source, g units of 
mass must pass outwards through the surface of the sphere during each 
second. Since the flow is similar in all directions, it follows that 
g/4m units cross each unit of area of the spherical surface during each 
second ; hence, if p; is the density and V, the velocity of the fluid as it 
passes through. the spherical surface, it follows that— 


Piva x = re 


Now describe another sphere, of radius 7, with the source as centre. 
This sphere has an area 4n7”, and therefore g/477* units of mass cross 
each unit of its area per second; and if p is the density and V the 


velocity of the fluid as it passes through the spherical surface, it follows 
that— 


pV ae Nina pe 
4m 4mpr? 

If the fluid is incompressible, p is constant. In this case, the velocity 
of the fluid varies inversely as the square of the distance from 
the source, its direction at any point being away from the source, along 
the straight line drawn from this to the point. If we prefix a negative 
sign tog, we obtain the velocity at a distance 7 from an isolated sink of 


strength (—g); in this case, the direction of the velocity is along the 
straight line drawn from the point to the sink. 


Lines and tubes of flow.—If we draw a number of straight 
lines radiating from an isolated source or sink, each of these lines 
will represent a line of flow or stream-line ; that is, a line along 
which a particle of the fluid travels. Ifa particle commences 
to travel along a given straight line drawn from an isolated 
source, we assume that it will continue on that straight line ; 
this condition, which is not exactly complied with in practice, 
is one condition that the fluid shall be what is called “ perfect” ; 
hence, in a perfect fluid, all particles that commence to travel along 
any line of flow, continue on that line throughout their subsequent 
course. As we shall see presently, the lines of flow are curved 
when the flow is due to two or more neighbouring sources or 
sinks ; but if the fluid is perfect, the lines of flow are definite, 
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and each line is traversed from end to end by all particles that 
commence to travel along it. Two lines of flow can never cross 
each other; for the line of flow passing through a point 
indicates the direction of motion at that point, and it is obvious 
that the resultant motion at a point cannot have two directions. 
Thus there can be no flow across a line of flow. 

We may select a number of lines of flow which together 
bound a tube, called a tube of flow. Thus, if a conical surface 
be described, with an isolated source or sink as apex, any 
straight line drawn on the conical surface will radiate from the 
source, and constitute a line of flow. Since there is no flow 
across any line of flow, there can be no flow across the lateral 
boundaries of a tube of flow. 

If a fluid is bounded by rigid walls, and the flow has become 
permanent, the mass of fluid within the walls must be constant ; 
hence, whatever quantity of fluid is created at the sources, an 
equal quantity of fluid must be annihilated at the sinks within 
the boundaries. A tube of flow must start from a source and 
end at a sink; for there can be no flow across the lateral 
boundaries of a tube, and there can be’ no progressive accumu- 
lation of fluid within a tube. Thus, if a given quantity of fluid 
enters one end of a tube at a source, an equal quantity must 
leave the other end of the tube ata sink. It follows, of course, 
that a tube of flow can never extend from a source to a source, 
or from a sink to a sink.. When we speak of an isolated source 
or sink, we mean that it is at so great a distance from other 
sources or sinks, and from the boundaries of the fluid, that its 
tubes of flow are conical within the part of the fluid which we 
are studying. 

Velocity-potential.—At any point within an incompressible 
fluid, the velocity due to an isolated source varies inversely as the 
square of the distance from that source. In this respect the 
velocity resembles the gravitational attraction at a given distance 
from an isolated mass of matter (p. 192) or the electric field at a 
given distance from an isolated electric charge. Now, just as 
problems connected with gravitation can be simplified by 
introducing the idea of gravitational potential (p. 195), and 
electrical problems can be simplified by introducing the idea of 
electric potential, so problems connected with the flow of 
fluids can be simplified by introducing the idea of velocity- 
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potential. The difference of velocity-potential between two neigh- 
bouring points is defined as the product of the component velocity 
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Fic. 189.—Lines of flow and equipotential surfaces, 
due to an isolated source. (he equipotential 
surfaces near to the source are omitted, to avoid 
overcrowding.) 


along the line joining 
the points, and the dis- 
tance separating the 
points. Further, the 
velocity-potential  di- 
minishes along the 
direction of motion. 
Thus, if the compo- 
nent velocity along 
a short straight line 
AB is equal to V, and 
the distance AB is 
equal to d, the differ- 
ence of velocity-poten- 
tial between A and B 
is equal to Vd; and 
if the direction of the 
component velocity is 
from A to B, the velo- 
city-potential at A is 


higher than that at B. If, from a point-A in the neigh- 
bourhood of a source, we draw a line to an infinite distance 
(where the velocity will be equal to zero), divide this line into 
elements, calculate the difference of velocity-potential between 
the extremities of each element, and then sum the results, 
we obtain the velocity-potential at the point A; the velocity- 
potential at a point is generally indicated by the Greek letter y. 
We agree that the velocity-potential at an infinite distance’is 
equal to zero. By a method similar to that employed on p. 193, 
it can be proved that, in an incompressible fluid, the velocity- 
potential at a distance 7 from a source of strength g is equal to 


(g/4mpr). Hence, if we draw a spherical surface of radius 7 


about an isolated source of strength g as centre, the value of y 
at any point on this surface is equal to (g/4mpv). The spherical 
surface is thus a surface of equal velocity-potential, or, in short, 
an equipotential surface (Fig. 180). There can be no flow along 
any line drawn on an equipotential surface ; for, when there is any 
velocity along a line, the extremities of the line are at different 
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velocity-potentials. From this it follows that the flow at any point 
in a fluid is perpendicular to the surface of equal velocity-potential 
drawn through that point; in other words, a line of flow, or a 
stream-line, must pass perpendicularly through all equipotential 
surfaces which it penetrates. 


Let a point A lie on a surface of constant potential y,, while a 
neighbouring point B lies on a surface of constant potential ,; then if 
AB=4d, it follows that the component velocity V along AB, from A to 
B, is given by the equation— 


W-%.= Vad; .. V = (4 — W)/d. 


Hence, if surfaces of constant velocity-potential can be described 
throughout a fluid, the velocity of the fluid at each point can be 
determined with ease. 


Principle of superposition.—No material fluid possesses 
properties in exact agreement with those already assigned to a 
perfect fluid ; but the agreement is so close, that many results 
determined for a perfect fluid can be used to predict, to a close 
approximation, the motion of a material fluid. A further 
property of a perfect fluid must now be postulated. 

At any point within a perfect fluid, a definite velocity of flow is pro- 
duced by each source or sink, independently of the remaining sources 
and sinks; and the resultant velocity is found by combining the 
component velocities, just as in the cases of forces, etc. (p. 22). This 
is called the principle of superposition : it is realised in material 
fluids to about the same degree of approximation as the principle 
of lines of flow (p. 380). 

An expression for the velocity-potential at any point in an 
incompressible fluid can now be obtained, in terms of the 
strengths and positions of the sources and sinks within the 
fluid. Call the point P, and draw a line from P to an infinite 
distance ; then if V,,V.,V3.. . etc., are the component velocities 
(due respectively to sources at points A,B,C, ... etc., within the 
fluid), resolved along an element of length d of the line, the differ- 
ence of potential between the ends of the element is equal to 
(V,+V,+V;+..)¢. Hence, the resultant difference of po- 
tential between the ends of a line-element, is equal to the sum 
of the differences of potential between the ends of the element, 
due to the various sources taken singly. From this it follows 
at once that the resultant potential at the point P is equal to 
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the sum of the potentials that would have been produced there 
by the various sources taken singly. Hence if AP=7, while 
the strength of the source at A is g,, and BP=”, while the 
strength of the source at B is 9g», etc., etc., then the resultant 
potential y at P is given by the equation— 


ee ee res 1. 
Amp tay) To 3 


Sinks are treated merely as negative sources. 


From the reasoning explained above, it follows that when the flow 
is due entirely to source and sinks, there will be one, and only one, value of 
W at each point of the fluid: this is generally expressed by saying that 
the velocity-potential due to any combination of sources and sinks is a 
single-valued function of the position of the point at which the 
potential is measured. 


Lines of flow due to particular combinations of sources 
and sinks.—The electric potential y’ at a point P, at distances 


1\, % %;,...from electric charges of which the magnitudes 
are Q,, Qo, Q,... (measured in electrostatic units), 1s given by 
the equation— 
oO ; 
yo, Se, @, Suwon 3 
ry Yo 73 


Hence it appears that, if we know the electric potential y’ ata 
point in the neighbourhood of any combination of electric 
charges, we can determine the velocity-potential W at a point inan 
incompressible fluid, situated similarly with respect to a com- 
bination of sources of which the magnitudes are numerically 
equal to the electric charges ; for ~=(1/47p)y’. In the electric 
problem, the lines of force cut the lines of equal potential at 
right angles; and in the problem in fluid motion, the lines of 
flow cut the lines of equal velocity-potential at right angles. 
Thus, the lines of force due to any combination? of electric 
charges are precisely similar to the lines of flow (or stream- 


lines) due to a corresponding combination of sources and 
sinks. 


Fig. 181 represents? the lines of force due to two dissimilar charges of 
equal magnitudes, or the lines of flow due to a source and a 


1 See Magnetism and Electricity for Students, by H. E. Hadley (Macmillan), 
p. 136. 


~— 
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numerically equal sink. In the electrical problem, the shaded circles 
represent spheres on which the charges reside; in the problem 
on fluid motion, the 
shaded circles represent 
spherical surfaces through 
which fluid is extruded 
(in the case of the circle 
marked +) or absorbed 
(in the case of the circle 


marked —). Thus, the ) ia 
“ye PAL OTA RS ns 
positively charged sphere f ee 
. U 
corresponds to a finite ; Avleiietay ss 
. : CAPT al 
spherical source, while , iad \ 
the negatively charged Aten te Ssigen els /28 1 rly 
‘ * ® TSS os | eed 2 


sphere corresponds to a 

finite spherical sink. The Fic. 181.—Lines of flow due to a source and a 
lines of force correspond, numerically equal sink. 

in shape and in direction, 

to the lines of flow. In a similar manner, Fig. 182 represents the 
lines of flow due to two finite spherical sources of equal magnitudes. 
The lines of flow due to two finite spherical sinks of equal magnitudes 
would be similar in shape to those represented in Fig. 182, but the 
direction of flow would 
be opposite to that in- 
dicated by the arrow- 
heads, ! 


* Curl.” —- Describe 
any closed linear cir- 
cuit within a fluid, 
divide this circuit into 
elements, and, taking 
each element in turn, 
let the difference of 


Fic. 182.—Lines of flow due to tw : 
Sources. potential between its 


ends be determined; 


then, if the differences of potential are measured so that the 
circuit is’ traversed continuously in one direction, their sum 
gives the difference of potential all around the circuit« this 
sum is called the curl of the velocity around the given circuit. 
1 For a geometrical method of drawing lines of force and equipotential surfaces, see 
Hadley’s Magnetism and Electricity for Students (Macmillan), pp. 51, 57, and 150. 
GiG 
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In the case of fluid motion due to any combination of sources 
and sinks, the potential at any given point has a definite value 
(p. 384), and therefore if we start from a point and traverse any 
closed circuit, and so return to the point from which we started, 
the total difference of potential around the circuit must be zero ; 
that is, the curl of the velocity around the circuit is equal 
to zero. 

Now let us suppose that a vortex filament is cut by an 
imaginary plane perpendicular to the axis of the filament, and 
let us determine the curl of the velocity around the circuit 
which is formed by the circular boundary of the section. If 7 is 
the radius, and the angular velocity of the filament, the 
velocity at each point of the circle is equal to 7, and at any 
point this velocity is parallel to the element of the circle passing 
through that point. Hence, in passing once around the circular 
circuit in a direction opposite to that in which the fluid is 
moving, the potential increases by 277 x rw@ =277"w ; hence, the 
curl of the velocity around the circuit is equal to 277%. But 
nr* is the cross-sectional area of he filament ; hence, if the 
cross-sectional area of a vortex filament is denoted by a, the 
curl of the velocity around the circular boundary of the cross- 
section is equal to 2am. The quantity 2aw is called the strength 
of the vortex filament. Hence, the curl of the velocity around the 


circle which bounds the cross-section of a vortex filament is equal to 
the strength of the filament. 


Let it be agreed that, in obtaining the curl, a circuit shall be traversed 
always in a certain sense, say in an anti-clockwise sense. When the 
rotation of a vortex filament is in a clockwise sense, the difference of 
velocity-potential due to traversing the circular boundary of the cross- 
section of the filament in an anti-clockwise sense is positive, and the 
curl is therefore positive. When the direction of rotation is anti- 
clockwise, the circuit is traversed in the direction of the flow, and the 
difference of velocity-potential is negative, so that the curl is negative. 
Hence, when one end of a vortex filament is viewed normally, the 
strength of the vortex filament is positive or negative, according as the 
rotation observed is in a clockwise or an anti-clockwise sense. From 
this it follows, that a vortex filament will have a positive or negative 
strength according to the end of the filament which is viewed; but 


when we deal with a number of vortex filaments, all must be viewed in 
the same direction. 
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When the motion of a fluid is such that the curl of the velocity 
around every small closed circuit that may be drawn in the fluid is 
equal to zero, the motion is said to be irrotational. It has been 
proved already that the motion due to any combination of 
sources and sinks complies with this condition. 

Experiments made on material fluids show that there is never 
any abrupt change of velocity in passing across the imaginary 
boundary which separates two contiguous layers of fluid; in 
other words, there is no slip between contiguous layers of fluid. 
Applying the same principle to a perfect fluid, 


we see that the fluid immediately surrounding © 8 _F 
a vortex filament must be in motion. re ay 
A C 
Let Fig. 183 represent the circular cross section of Re | 
H D G 


an isolated vortex filament enclosed by a square 
circuit which touches the filament at the points 
A, B,C, and D. By definition, the motion inside Fic, 183. 

2 3 é Square circuit, 
the vortex filament is rotational; outside the filament — enclosing a vor- 
the motion must be irrotational, for if it were tex filament. 
rotational there would be more vortex filaments, 
which is supposed not to be the case. Then, in passing round 
the circuit ABEA, the curl is equal to zero; and similarly with the 


circuits BCFB, CDGC, DAHD. Hence— 
Curl ABEA + curl BCFB+ curl CDGC+curl DAHD =o, 


But, in obtaining this sum, we have passed once completely round 
the circle ABCDA, in a clockwise sense, and once along the square 
EHGFE in an anti-clockwise sense. Hence— 


curl ABCDA +curl EHGFE=o0. 


In reversing the direction in which a circuit is traversed, we obviously 
reverse the sign of the curl ; hence— 


curl ABCDA = curl EFGHE. 


Thus, if a small square be drawn so that its sides touch the boundaries 
of the cross section of a vortex filament, the curl of the velocity along 
the square circuit is equal to the curl along the circular cross section of 
the enclosed vortex filament. A similar result would have been 
obtained if we had drawn a triangular or, indeed, any other form of 
circuit, around the cross section of the filament. 


Draw any circuit ABCA (Fig. 184) within a fluid, and divide 
this circuit into meshes by means of two sets of mutually perpen- 
Cc2 
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dicular lines. If we find the value of the curl around each mesh, 
traversing all meshes in the same sense, and sum up the 
results, it is clear that this will give us the 
curl around the boundary ABCA. For, in 
traversing any two contiguous meshes, the 
straight line that separates them from each 
other is traversed, first in one and then in 
the opposite direction, so that the net result 
is equal to zero; the lines which are traversed 


Cin cou any. in one direction only, are the elements into 
closed circuit. which the boundary is divided by the two sets 


of straight lines. Hence, the curl along the 
boundary is equal to the sum of the curls around the 
meshes into which the enclosed area has been divided. 
Now, if any mesh encloses a vortex filament, the curl around 
the mesh is equal to the strength of the enclosed fila- 
ment; if no filament is enclosed, the curl around the mesh 
is equal to zero. Hence we arrive at this important Jaw: 
the curl of the velocity around any closed circuit in a fluid, is equal 
to the algebraic sum of the strengths of the vortex filaments which 
are encircled by the circuit. 

Constant strength of a vortex filament.—Let / be the 
length, ~ the radius, and » the angular velocity of a vortex 
filament in a perfect inviscid fluid. The strength of the 
filament is equal to the curl of the velocity around the circular 
cross-section of the filament ; thus if the strength is denoted 
by m, we have— 

Mt = 1H X 27, = 2772. 


It will now be proved that the strength of the filament cannot 
be altered by human agency. For simplicity, the proof will be 
confined to the case where the fluid is incompressible. 

If we could apply the necessary forces to the individual 
particles of a fluid, we could modify their motion at pleasure ; 
but in practice we can apply mechanical forces only to the 
boundaries of a fluid, and thus the modifications which we 
can produce are limited. It is impossible to apply any 
tangential force to the bounding surface of an inviscid fluid; 
and even if the particles which lie in the boundary could be set 
in motion at pleasure, no tangential forces would be transmitted 
to the contiguous layers of the fluid. Hence, tangential forces 
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cannot be applied to the boundaries of a vortex filament formed 
from an inviscid fluid. The moment of momentum of the 
filament about its axis cannot be altered without the application 
of a torque about the axis (p. 61), and the application of such 
a torque is impossible without using tangential forces ; therefore 
the moment of momentum os the filament about its axis cannot be 
altered. 

It is possible, operon to elongate or shorten the filament ; 
the effects produced by a small elongation will now be studied. 

The energy possessed by the filament is wholly kinetic, and 
is due to the rotation of the filament about its axis. Since the 
filament rotates like a solid body, its kinetic energy is equal to 
(1/2)lw?, where I denotes the moment of inertia of the rotating 
cylinder about its axis. Now, the moment of inertia of a 
cylinder of radius 7, and length 7, about its axis, is equal to 
(1/2)nr,7pr,? =(1/2)mpir,;*, where p is the density, and 77,*/p is 
the mass of the cylinder (p. 51). Thus, the kinetic energy of the 
rotating cylinder is equal to— 

tmplrtw 
Now let it be supposed that the filament suffers a small 
elongation 6; during the elongation, the average value of the 
external tensile stress acting on each end of the filament is equal 
to (1/4)p7,?w?, (p. 374), and this stress acts through a distance 6 ; 
hence the work done by the oes which pede ® the 
elongation is equal to m7,?x(1/4)p72w? x 8=(1/4)mpd7;4@?, and 
this expression gives the increase in the energy of the filament 
due to the elongation 6. Since the fluid is supposed to be 
incompressible, the volume of the filament cannot change, and 
therefore no work is done by the pressure acting normally over 
the whole surface of the filament (p. 374). Thus, after the 
extension, the kinetic energy of the filament must be equal 
to— 
drplrsw* + dmpdr4w? = 4mp(/+ 8)7;40? 

consequently, the elongation of the filament by 5, increases its kinetic 
energy in the ratio (7+56)/Z: let this ratio be denoted by & 

As to the condition of the filament after the elongation, it is con- 
ceivable that it might no longer be rotating like a‘solid body: the 


various particles might be revolving about the axis, each with its own 
angular velocity, Let the filament be divided into particles of masses 
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My, Moy Mg,» . and let the radii of the circles in which these particles 
revolve be respectively equal to Rj, Re, Rg... + before the elongation, 
and to R,, Ry, Ry... . after the elongation. Before the elongation, 
all of the particles revolve with the common angular velocity » ; after 
the elongation, let them revolve with the respective angular velocities 
21, Qo, A3,.... Then, before the elongation, the kinetic energy of 
the filament is equal to 


4 {70 Ry2w? + M7gRow? + 2.06 = tempo, 


where the symbol 3 is an abbreviation for the expression ‘‘the sum of 
terms of the type.” 
After the elongation, the kinetic energy of the filament is equal 
to 
£472,R20;? + m R07 + ..... 1 = $37R702. 


The condition that the increase in the kinetic energy of the 
particles is equal to the work done on the filament during its 
elongation, is expressed by the equation 


Sy2R702— 2S 712RE wae i ee es) 


where £ denotes the ratio of the final length to the original length of 
the filament. : 

The condition that the moment of momentum of the filament is 
left unchanged by the elongation is easily expressed. Before the 
elongation, the momentum of the particle 7, was equal to 77,R,#, and 
its moment of momentum about the axis was equal to 77,R,2e. After the 


elongation, the moment of momentum of the same particle is equal to 
mR,°2,. Then 


My Ry? O, + m2gRe? MQ. + . . . = ,R2w t MgR2wt ... 
277 Oh == 777 Rc (2) 


Since the fluid is incompressible, the volume of the filament is left 


unchanged by the elongation. If 7, and 7» denote the original and final 
radii of the filament, we have 


aryl = mrXl+8)3 2°. r/o = (14+ 8)/1 = &. 


If M denotes the total mass of the filament, its moment of inertia 
is equal to M7,?/2 before the elongation. The moment of inertia of 
the filament is merely the sum of the terms obtained by multiplying the 
mass of each particle by the square of its distance from the axis; since 
this sum is independent of the angular velocities of the particles, it 


follows that the moment of inertia of the filament after its elongation 
is equal to Mv,2/2. 


XI VORTEX FILAMENTS 391 


Then, since 


My? 
2 ri? 148 
= <= kh, 
Mr? Uo) Z 
Zz 


it follows that 
Am Ry + mR + .. .} = mR? + 7gRet+ ... 
PARE OTE oN a BG daee (G8) 


Equations (1), (2), and (3) suffice to determine the exact condition of 
the filament after its elongation. 

To solve these equations, multiply equation (2) by a, and equation (3) 
by 4, (where a@ and 4 may have any values except zero), and add the 
results to equation (1). 

Then 

SnR720? + asmR70 + bkEmR? 


= EMR? w* + asm R2w + bSmR? ; 


={mR(0? + a0. + bk); = SiR(hw*® + aw + 5) 


sy) éb 
= ={mxte. (a + Go + 5) pile Se cae ie tah C9) 


The meaning of equation (4) must be remembered carefully. The 
left-hand side of the equation represents a series of terms of the 
type 

2yRy?(04? + aO, + BR) + m2yRy?( Og? + AN + bh) + 
where 01, M, s,.... may possibly have unequal values. On the 
right-hand side of the equation, is constant for all particles. 

Equation (4) is true forall finite values of a@ and 4. Choose the values 
of aand 64 so that the right-hand side of (4) becomes equal to zero. 
This condition will be complied with if 


5 =H 2; and a= — 2, 
é b A . 
while Za oy and 6 = kw"; 
6 
for then G aft af re z= igi ao Ree ee 


Substituting these values of a and 4 in the left-hand side of (4), we 
obtain the equation 
={mR(0? — 20kD + Fw?) = EnR(0 — kw)? = 0. 
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This result means that 
m1, Ry2( Ay — Rw)? + 2g Ro(Qg—-kw)?+....- =e) 


Each term in the series comprises two factors, neither of which can 
have a negative value ; for #R,” is essentially positive, while (Q, —kw)* 
is a square and cannot, therefore, be negative. But the sum of a series 
of terms, none of which is negative, cannot be equal to zero unless 
each term is equal to zero. Hence we see that each term must be equal 
to zero, and since the factors z,R,2, 7 R,”, etc., cannot all be equal to 
zero, it follows that 

n, —2w = 0, 
N,-kw = 0, &e. 


Hence, the effect of stretching the filament to # times its original 
length, is to increase its angular velocity of rotation # times ; after 
the elongation the filament still rotates like a solid, since 2,= 
Q,=...=ho. Thus, for a given vortex filament, the angular 
velocity of rotation is directly proportional to the length of the 
filament. 

Since the moment of momentum is unchanged by the elonga- 
tion, we have— 


where M denotes the mass of the filament, 7, and 7, its radii 
before and after the extension, while » and © denote its angular 
velocities before and after the extension. 


ZT w= 2Trow, 


so that the strength of the filament is not altered by the elongation. 
Hence, the strength of the filament cannot be changed by human 
agency. 


In an inviscid fluid, we could neither produce nor destroy vortex 
motion; that is, a vortex filament would be uncreatable and indestructible. 
A vortex filament once in existence, we could alter its angular velocity, 
but not its strength, by elongating or shortening the filament ;. but 
we could not impress an initial angular velocity on the stationary fluid. 
All material fluids are viscous, and their viscosity enables us to set them 
in rotation by means of tangential forces applied to their boundaries ; 
hence, we can produce vortex motion in a viscous fluid. Viscosity, 
which enables us to produce vortex motion, ensures the decay and final 


disappearance of this motion on the cessation of the forces cop 
produced it. 
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Stresses in a fluid which contains vortex filaments. 


Problem.—4 cylindrical volume of fluid contains a number of similar 
infinitely thin vortex filaments, which are distributed uniformly with 
thetr axes parallel to the axis of the cylinder. Determine the velocity 
of flow at a distance r from the axts of the cylinder, and from this result 
calculate the value of the forces that must be applied to the ends of the 
cylinder in order to produce equilibrium. 

The strength 7 of a vortex filament is equal to 2772w=2aw, where a 
is the sectional area, 7 is the radius, and w is the angular velocity of the 
filament. If @ is extremely small, the filament may still possess a finite 
strength if is sufficiently large. The force acting on the end of each 
filament must be equal to (1/4)ap7*7*w? = pa?w?/4m, and the stress on the 
end of the cylinder, due directly to the enclosed vortex filaments, will 
be equal to Npa*w?/4m=Npm?/16m, where N denotes the number of 
vortex filaments that cross each unit of area of the cross section of the 
cylinder. 

In any imaginary cross-section of the cylinder, draw a_ concentric 
circle of radius 7,; there can be no average flow, either outwards 
or inwards, across the circumference of this circle, for there are neither 
sources nor sinks within the cylinder. The flow along the circumference 
of the circle may vary slightly, according as it is measured at a point 
near to or far from a vortex filament; but if the vortex filaments are 
numerous, the velocity will have a constant average value along each 
short element into which the circle may be divided. Let the average 
velocity along the circumference of the circle be denoted by V. Then 
the curl of the velocity around the circle is equal to 277,V. The 
sum of the strengths of the filaments enclosed by the circle is equal to 


Nw. 17,°, and thus— 
anryV = Naw. 17,7; 


Se) A Sen Oe 


Thus, the average velocity ata distance 7, from the axis is proportional 
to 7,; that is, the velocity is the same as if the cylinder were rotating 
like a solid with an angular velocity equal to (N7/2). 

From reasoning precisely similar to that used on p. 373, it follows that, 
for the fluid within the cylinder to be in equilibrium, it must be 
subjected to a general pressure # given by the equation — 


Nit eee Penree ory s 
n= b (Me) R= g N*mtR", 


where R denotes the radius of the cylinder ; together with a longitudinal 
tensile stress of which the average value is equal to #/2. 
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Hence, the ends of the cylinder must be subjected to an average stress 
equal to— 
B 2 P N2y2R2 
—— Nw? + — N?m?R?. 
167 16 
If N is very large, the second term (which is proportional to N?) will 
be very large in comparison with the first (which is proportional to N) ; 
in these circumstances we may neglect the first in comparison with the 
second term. 


The tensile stress in an electric field is proportional to the 
square of the number of lines of force per unit area,! and to this 
extent resembles the tensile stress obtained above, which is 
proportional to N? when R is constant. But, in the problem 
just solved, the average stress is proportional to N?R%, and if a 
similar condition applied to the electric field, the pull per unit 
area on either plate of a charged condenser would depend, not 
alone on the surface density of the charge, but also on the area 
of the charged plate, and this is not the case. Here again, 
therefore, the vortex theory of the electric field breaks down 
signally (compare p. 375). For similar reasons, the properties of 
the magnetic field cannot be explained by assuming that 
magnetic lines of force are vortex filaments. 

There is yet another respect in which the properties of an 
electric field are incompatible with the hypothesis that electric 
lines of force are vortex filaments. Imagine an air condenser 
to consist of two plane parallel circular plates at a small 
distance apart. When the condenser is charged, lines of force 
extend from the positively to the negatively charged plate. If 
these lines of force were vortex filaments, all of them would be 
revolving about the axis of the discs, due to the rotational 
motion imposed on the surrounding medium. But the late 
Prof. Rowland proved experimentally, that when electric lines 
of force are set in motion in a direction perpendicular to their 
lengths, they produce a magnetic field ; and no magnetic field 


has been observed in the space between the stationary plates of 
a charged condenser. 


Flow of the fluid which surrounds a vortex filament. 


Problem.— Determine the velocity of flow at a point in the fluid which 
surrounds a long isolated vortex filament. 


1 See Magnetism and Electricity for Students, by H. E. Hadley (Macmillan), 
p- 144. 
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Within a vortex filament the motion is rotational, while the motion of 
the surrounding fluid is irrotational. Ina plane, perpendicular to the 
axis of the filament, draw a circle of radius 7, with its centre on 
the axis of the filament. By reasoning similar to that employed 
previously, the circle will be a stream-line: let the velocity tangential 
to the circle be equal to V, The curl of the velocity around the circle 
is equal to 2mrV, and since only one vortex filament of strength 7 (say), 
is encircled, it follows that— 

anrV =m; 
m 


anr 

Thus, outside the filament, the velocity varies inversely as the distance 
from the axis of the filament. 

At a distance ~ from the axis of a long straight wire along which flows 
an electric current C (measured in c.g.s. electro-magnetic units), the 
magnetic field is equal to (2C/7) dynes per unit pole. Hence, the lines 
of flow around a long, straight, isolated vortex filament, are similar to 
the lines of force around a long, straight conductor along which an 
electric current flows. 

The lines of flow depicted in a diagram obviously represent the 
sections of tubes of flow by the plane of the paper. In dealing with 
circular motion about an axis perpendicular to the plane of the paper, 
we may postulate that two sides of a tube of flow are generated by 
adjacent lines of flow when the diagram is displaced through unit distance 
perpendicular to the plane of the paper, the remaining sides being flat and 
coincident respectively with the original and final planes of the diagram. 
In this case, if 7, and 7, are the radii of two successive circular lines of 
flow, the cross-sectional area of the corresponding tube of flow is equal 
to (%,-7;)* 1. Now, the volume of incompressible fluid that passes per 
second through any cross-section of a single tube of flow is constant, 
(p. 378), and it is convenient to choose the boundaries of all tubes of flow 
so that the flow of liquid per second through each and every cross- 
section is constant. Subject to this convention, the lines of flow in the 
fluid surrounding a linear vortex filament can be represented by 
concentric circles of which the radii increases in geometrical progression. 
To prove this, let the line of flow immediately encircling the vortex 
filament have a radius 7, and let the remaining lines of flow have radii 
kr, Rr, R®r,.., where &>1. Then the average velocity in the th 
tube of flow, counting the tube nearest to the vortex filament as the 
first, will be equal to— - 


Tietz), ET I = int (=) 1 
2) omer | ee) gee Ve)? 


and the volume of incompressible fluid which flows per second through 


396 


GENERAL PHYSICS FOR STUDENTS 


CHAP. 


any cross-section of the tube is equal to the product of the average 
velocity and the area of the cross-section (p. 378), that is, to— 


b m (k2?-1 
ae rr) x kt (kr—r) = u(e) 
47 rh" \ k 4r\ & 


Since this value is independent of 2, it follows that equal volumes of 


fluid flow through all of 


\ - H Het f the tubes ; and by choos- 
» a Se r 
as Bg ing a suitable value of 
\ . 
vii aX \ / are k, the diagram can be 
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\ . . 
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Fic. 185.—Lines of flow, and equipotential surfaces, 
in the fluid surrounding a vortex filament. (To 
obtain the tubes of flow, imagine the diagram to 
be displaced through unit distance, perpendicular 


viously straight and radi- 
ate from the axis of the 
vortex filament, since 
there is no radial flow 


to the plane of the paper.) (p. 383). The velocity in 


any tube of flow is in- 
versely proportional to the length cut off from an equipotential line, by 
the two lines of flow which form the sections of the boundary of the tube. 
Single and multiple-valued potentials.—If we start from 
a point in a fluid, and traverse any closed circuit which 
encircles a vortex filament, the difference of potential all round 
the circuit is equal to the strength of the encircled filament. 
But in traversing a closed circuit, we finally return to the point 
from which we started; therefore, after traversing a closed 
circuit, the potential of the point, from which we started and at 
which we stopped, is increased by the strength of the vortex 
filament encircled. Hence, at any point in a fluid in which 
there are vortex filaments, the potential is indeterminate. When 
the flow of a fluid is due entirely to sources and sinks, the poten- 
tial at each point is definite and single-valued (p. 384). 
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For somewhat similar reasons, in travelling from one point to another 
in a plane, we suffer a resultant displacement definite in magnitude and 
direction, and the positions of all points in the plane may be defined by 
their vector distances from some fixed point ; but if we start from a 
point on the equator of the earth, and travel continuously in a westerly 
direction, we shall arrive at the point from which we started after 
traversing the equatorial circumference of the earth. 


QUESTIONS ON CHAPTER XI. 


1. As the earth travels around its elliptic orbit, its velocity alternately 
increases and decreases. Would it be possible to measure the corre- 
sponding accelerations by the aid of a suitable spirit level ? 

2. A closed cylindrical vessel with plane ends is filled with water in 
which are immersed several small bodies, some denser, and others less 
dense than water. Prove that when the cylinder is rotating steadily 
about its axis, the lighter bodies will take up positions near to the axis 
of rotation, while the denser bodies will take up positions as far from 
the axis as possible. 

3. A cylindrical beaker containing water is supported concentrically 
on a table which can be rotated about a vertical axis. Some powder 
lies at the bottom of the beaker; prove that this powder will move 
away from the axis of the beaker when the speed of rotation of the 
table increases; and will move towards the axis when the speed of 
rotation decreases. 

4. A uniform straight tube is immersed in a liquid; and when the 
tube is filled with the liquid, its ends are closed by means of plane 
diaphragms. The tube is constrained to move uniformly parallel to its 
length until a given instant, when it is brought to rest, the diaphragms 
at its ends being simultaneously removed. Prove that, if the liquid is 
inviscid, and can slip freely over the surfaces of the tube, the ultimate 
flow in the surrounding liquid will be the same as if there were a source 
at one end, and a sink at the other end, of the tube. 

5. Tubes of flow are described in a liquid, in such a manner that 
their cross-sectional areas are everywhere inversely proportional to the 
velocity of flow. Surfaces of equal velocity-potential are described in 
such a manner that the velocity-potential increases by a constant 
amount when we pass from any equipotential surface to the next. Prove | 
that the equipotential surfaces divide the tubes of flow into cells which 
contain equal amounts of kinetic energy. 

6. Aliquid is bounded above and below by plane surfaces, and extends 
to an infinite distance in all other directions. A vortex filament 
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extends vertically from one plane bounding surface to the other ; prove 
that the kinetic energy of the liquid as a whole is infinitely great. 

7. Two straight and parallel vortex filaments, separated bya distance 
b, are situated in the midst of an infinite ocean of incompressible fluid. 
The strengths of the filaments are numerically equal, but they differ in 
sign. A line is drawn perpendicularly from one filament to the other, 
and on this line produced, a point is chosen, at a distance d from the 
nearer filament; finally, a circle of radius R is described about this 
point as centre. Prove that the circle will be a line of instantaneous 
flow, if R?= d (d +.6). 

8. A sphere, situated in an infinite ocean of incompressible fluid, is 
expanding uniformly. Prove that the flow in the surrounding fluid is 
the same as if the sphere were removed, and a source of strength 
q = 4mpr*v were placed at the point previously occupied by the centre 
of the sphere ; where x denotes the instantaneous radius of the sphere 
and vw denotes the velocity with which each element of the surface of 
the sphere is moving outwards. 

g. A line is drawn from a doublet in an incompressible fluid, in a 
direction making an angle @ with the axis of the doublet; and a 
point P is chosen on this line, at a distance from the doublet. Prove 
that the component velocity at P, resolved along the chosen line, is 
equal to 25 cos 6/4mp7*, while the component velocity at P, resolved per- 
pendicular to the line, is equal to s sin 6/4mp7*; where s denotes the 
strength of the doublet, and p denotes the density of the fluid. ; 

(A doublet is defined as the combination of a source and a numeri- 
cally equal sink, situated at a very small distance apart. The axis of 
the doublet is the straight line joining the source and sink; and the 
strength of the doublet is the product of- the strength of the source 
(p. 379) and the distance between the source and the sink. ) 

10. Prove that, at a distance 7 from a long linear source of strength 
qg, the velocity is equal to g, /2mpr. 

(A linear source consists of a number of contiguous point sources 
arranged in a straight line. The strength of a linear source is equal 
to the mass of fluid created per second per unit length of the line.) 

11. Prove that, at a distance » from a linear doublet, the radial 
velocity is equal to 5, cos 6/2mpr*, while the velocity perpendicular to 
the radius is equal to s, sin 0/2mp7*; where s, is the strength of the 
linear doublet, and @ is the angle that the radial line makes with the 
axis of the doublet. 

(A linear doublet consists of a linear source, say of strength g,, placed 
parallel to and at a small distance 5 from a numerically equal sink. 
The strength of the linear doublet = 7,5. The axis is a straight line 
drawn perpendicularly from the source to the sink.) 


CHAPTER XII 
TRANSFER OF ENERGY BY THE STEADY MOTION OF A FLUID 


Comparison between perfect and material fluids.—A 
fairly clear idea of the properties of a perfect fluid can now be 
formed. 

(1) A perfect fluid is inviscid. 

(2) The motion of a perfect fluid, when steady, occurs along 
definite and permanent lines of flow, or stream-lines (p. 380). 

(3) At any point in a perfect fluid, the component velocity due 
to each source, sink, or vortex filament is equal to the velocity 
that would have been produced at that point by the source, 
sink, or vortex filament in question, if there had been no other 
sources, sinks, or vortex filaments in the fluid. The resultant 
velocity at the point is obtained from the component velocities 
by the general method used in connection with displacements, 
velocities, accelerations, and forces (p. 9). 

(4) There is no slip between contiguous layers of a perfect fluid. 
Hence, a layer never glides with finite velocity over another 
layer which is at rest; and the velocity changes gradually in 
passing from one point to another. 

No material fluid complies exactly with the ideal conditions 
prescribed for a perfect fluid. For instance, no material fluid 
is absolutely inviscid ; and, further, we must not assume that the 
fluids which are most nearly inviscid are those which comply 
most nearly with conditions (2), (3), and (4) above. The 
molecular structure of material fluids prevents condition (2) 
from being fulfilled, for the straying of molecules, due to 
diffusion, renders the formation of perfect stream-lines impos- 
sible. In a liquid, viscosity tends. to retard diffusion, and 
therefore tends to make the stream-lines more perfect ; thus, 
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Prof. Hele Shaw has obtained perfect stream-lines by forcing 
glycerin to flow, in a very thin layer, between two sheets of 
glass; coloured glycerin, introduced at suitable points, was 
drawn out into lines which indicated the stream. lines. 

When the velocity in a fluid is very great, there is a tendency 
for the motion to become unstable. Prof. Osborne Reynolds 
has compared the motion of a material fluid to that of a 
regiment of imperfectly trained soldiers, who can execute slow 
manceuvres in perfect order but fall into confusion when quick 
manceuvres are attempted. 


The laws already derived from the properties of a perfect fluid are 
for the most part purely geometrical, and are useful in the same sense, 
and subject to the same limitations, as other geometrical laws. Their 
usefulness is proved by the fact that by their aid we can, in many 
instances, predict the motion of a material fluid, and afterwards verify 
our prediction experimentally. 

Many attempts have been made to explain the phenomena of 
magnetism and electricity on the assumption that the ether is a perfect 
fluid, and that the phenomena in question are due to its motion ; several 
of these attempts have been alluded to in the last chapter, and some 
will call for discussion subsequently; but it may be said here, that 
all attempts made up to the present time have proved unsuccessful. 


We shall now determine the dynamical conditions which 
must hold when a perfect fluid flows steadily in accordance with 
the geometrical laws already derived. 

Transfer of energy along tubes of flow.—Since the 
lateral boundaries of a tube of flow are permanent, and there is 
no flow across them, it follows that the surrounding fluid might 
become solid without disturbing the motion within the tube, 
provided that there were nothing resembling friction between 
the fluid and its solid boundaries. If the surrounding fluid ° 
were solidified, no mechanical energy could be transmitted 
through it, for work entails motion; and since the motion 
within the tube is not modified by the solidification of the 
surrounding fluid, it follows that there is no transfer of mechanical 
energy across the lateral boundaries of a tube of flow. 

If the fluid within the tube is acted upon by gravity, the 
potential energy of a particle of the fluid will increase or 
decrease according as the particle rises from, or falls towards 
the earth, and this increase or decrease in the potential energy 
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of the particle must be balanced by a loss or gain of some other 
kind of energy, such as kinetic energy. 

Let fluid enter one end of a tube of flow at a pressure #, and 
with a velocity V, (Fig. 186); then the fluid just about to enter 


the tube acts like a piston 
a 
ie 


urged forward by a force 
Wa, where a, is the area of <a 
the orifice of the tube. In Bs AA 
a very short interval of time 7 
Z, the piston moves forward * 
through a distance Woe and Fic. 186.—Part of a tube of flow. 
the work done on the fluid 
within the tube is equal to Z,a,V,4, so that, due to this cause, 
energy enters the tube at the rate of £,@,V, units per second. 
Further, the fluid which enters the tube possesses kinetic 
energy. Since the mass of fluid which enters per second is 
equal to p,a,Vj,, (p. 379) where p, is the density of the fluid which 
enters, it follows that kinetic energy is entering the tube at the 
rate of (1/2)p;a,V,V,2._ Hence, the total rate at which energy 
is being transferred across the mouth of the tube is equal to 
4V,{21+(1/2)p,V77} units per second. 
When #, is measured in dynes per sq. cm., p; in grams per c.c., Vy 
in cm. per sec., and a in sq. cm., the rate at which energy enters the 
tube is obtained in ergs per sec. 


Let the fluid leave the other end of the tube with a velocity 
V., a pressure #,, and a density p,; the area of the tube where 
the fluid leaves being @. Then the rate at which energy 
leaves the tube is equal to 2)V2(f.+(1/2)p.V2"). 

After the flow has become steady, the amount of energy 
within the tube must remain constant. For, if the energy 
within the tube were to increase, it would continue to increase 
at a constant rate, since no alteration occurs in the flow; and 
in the end there would be an infinite accumulation of energy 
within the tube. If the energy within the tube were to decréase, 
it would continue to decrease at a constant rate, and this could 
occur only if the original store of energy within the tube were 
infinitely large. 

As the fluid traverses the tube, it may gain energy in two 
If the fluid is descending under the action of gravity, its 

DD 


ways. 
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gravitational energy diminishes, and an equivalent quantity of 
some other kind of energy must be gained by the fluid. 

Let it be supposed that no heat passes through the lateral 
walls of the tube, that is, that the flow is adiabatic ; then the 
fluid may gain energy at the expense of some of its own thermal 
energy which disappears. 

The rate at which mechanical energy leaves one end of the 
tube can exceed the rate at which mechanical energy enters the 
other end, only by the rate at which the fluid gains energy in 
passing through the tube. Hence— 


a2V (Do + 4poVo") — 4 Vy(2, +401 V1) = energy gatned by the mass 
1%, V1 = pxtyVo, at the expense of gravitational or thermal energy 
which disappears. 


This equation expresses the dynamical condition which the motion of 
a perfect fluid must comply with. In certain cases some of the terms 
of the equation become equal to zero. For instance, if the fluid is 
incompressible, its density cannot alter ; that is, the fluid can neither 
expand nor contract, and in this case its thermal energy cannot alter 
when the flow is adiabatic. Again, if the fluid is a gas, its gravitational 
energy is inconsiderable, and any change in this can be neglected. In 
the case of a liquid, there can be no net gain or loss of gravitational 


energy, if the entrance and exit of the tube are in the same horizontal 
plane. 


It is obvious that the results of the above investigation will 
apply, not only to the whole, but to any part of a tube of flow 
cut off by two equipotential surfaces, if a, and the other 
quantities with the subscript, refer to the section where the 
fluid enters the portion of the tube, and a, together with the 


other quantities with subscript 4 refer to the section where the 
fluid leaves the portion of the tube. 


In considering the motion of a material fluid, it must be remembered, 
in the first place, that some mechanical energy is transformed into heat, 
owing to the viscosity of the fluid; in other words, the thermal energy 
of the fluid within the tube increases at the expense of its mechanical 
energy. If it be remembered that a gain is equivalent to a negative 
loss, it will become clear that the mechanical equivalent of the rate of 
gain of thermal energy must be subtracted from the right-hand side of 
the fundamental equation. 


In the second place, the motion of a material fluid does not, in all 
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circumstances, occur along definite stream-lines; when the motion 
does not occur along stream-lines, it is said to be turbulent. Some 
idea of the nature of the turbulent 
motion of a material fluid within a 
rigid tube may be gained as follows. 
Imagine a rubber ring, such as is 
used on umbrellas, to be fitted within 
a tube, the plane of the ring being Fic. 187.—To explain the nature of 
5 : turbulent motion in a tube. 

perpendicular to the axis of the 

tube, and the outer periphery of 

the ring being in contact with the tube. Now, imagine a long rod to be 
fitted within the rubber ring ; if the rod is pushed through the tube, the 
rubber ring will roll along the inside of the tube, and there will be no 
slip at the line of contact of the ring and the tube, and no slip at 
the line of contact of the ring and the rod (Fig. 187). The ring 
as a whole will advance along the tube at a rate equal to half the 
velocity of the rod ; for at any instant the ring is rolling with a definite 
angular velocity about its line of contact with the tube, and if the centre 
C of the cross-section of the ring is at a distance x from the surface of 
the tube, the line of contact of the ring and rod will be at a distance 27 
from the surface of the tube. The turbulent motion of a fluid within 
a tube is somewhat similar in character; the fluid in contact with the 
tube forms rings which roll along the tube, while the fluid that travels 
along the axis follows an approximately straight path. The kinetic energy 
of the fluid within the tube will be due, partly to translation along the 
tube, and partly to rotation ; if the rolling motion is generated within 
the tube, the average translational velocity along the tube will be less 
than that calculated on the assumption that there is no rotation, just as 
the velocity of a body that rolls down an inclined plane is less than that 
of a body which slides freely down the same plane (p. 59). 


Flow of an incompressible fluid along a uniform tube, of 
which the axis is horizontal.—Since the bore of the tube is 
uniform, and the product of the velocity and the sectional area 
is constant (p. 378), it follows that the velocity i i$ constant. 

If the fluid is perfect, there is no loss or gain of thermal energy 
in traversing the tube ; since the tube is horizontal, the gravi- 
tational energy of the fluid is constant. Substituting a,V,;=a@2V» 
and V,=V, in the fundamental equation, and remembering that 
the right-hand side of the equation is equal to zero, we have— 


p2— pi =? 
Hence, there is no pressure gradient along the tube, 
DD2 
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If the fluid is material, there will be a certain loss of energy 
due to viscosity and turbulence. Let e denote the loss of 
energy sustained by unit volume of a liquid in traversing unit 
length of a tube ; then, if the subscript numbers , and , refer 
to sections at a distance / apart, the loss of energy of a volume 
@,V,=aV., in traversing the length Z of the tube, is equal to 
ea,V,l. Hence— 


A,V y Po + (1/2)pVort — a Vi {1 + (1/2)pVy"} = — ea V2 5 
And since V2=Vj, and a,V,=a,V,, we have—, 
Po- b= — 3 
a YE 


the Pas SE 
In this case, there is a pressure gradient which slopes downwards 
in the direction of the flow; the 
value of the pressure gradient is 
equal to the loss of mechanival 
energy sustained by unit volume 
2 of the liquid in traversing unit 
= length of the tube. If vertical 
= glass tubes are fixed into aper- 
SR an 8, Tr eg aaNet ses tures in the horizontal tube, the 
horizontal tube. pressure gradient along the 
tube will be indicated by the 
heights at which the liquid stands in the glass tubes (Fig. 188). 


mS 


When an electric current flows along a uniform wire, there is a 
dissipation of electrical energy which results in the production of heat, 
and the energy dissipated per unit quantity of electricity in traversing 
unit length of the wire gives the potential gradient, or the fall of 
potential per unit length of the wire. In this respect, the flow of 
electricity and the flow of a material fluid resernble each other; but we 


shall see that the resemblance between the two extends very little 
further. 


Flow of an incompressible fluid in a constricted tube.— 
Let the axis of a constricted tube be horizontal, and let 
Fig. 189 represent its vertical axial section. Let the transverse 
area of the tube diminish regularly from a, at the section A, to 
a, at the section B, and then increase regularly to a, at the 
section C. Let the pressure and velocity of the fluid which tra- 
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verses the tube be equal respectively to 4, and Vv, at A, and p, 
and V, at B. Then for there to be no progressive increase or 
decrease in the volume 
of fluid between the 
sections A and B, we 
must have (p. 378)— 


V {aq = Volo. 


Since ay is less than 
@, it follows that the 
velocity V, at the 
section B is greater 
than the velocity V, 
at the section A. 
Consequently, as a particle of fluid travels from the section A, to 
the section B, its velocity must increase ; that is, the motion of 
the particle is accelerated. Hence, the pressure behind the 
particle must exceed that in front of it, (compare p. 368), and 
we conclude that the pressure must diminish as we pass from 
A to B. 

Now, the velocity of the fluid at the section C must be equal 
to that at the section A, since the tube has equal cross-sectional 
areas at these two sections ; therefore, as a particle travels from 
the section B to the section C, its velocity must decrease from 
V.,to V,; and for this to be possible, the pressure in front of the 
particle must be greater than that behind it. Hence, we 
conclude that, in passing from the section A to the section C, 
the velocity of the fluid increases and its pressure decreases, 
until B, the section of minimum area, is reached ; and then the 
velocity decreases and the pressure increases until the section A 
is reached. From this we may make the important general- 
isation : when a fluid traverses a constricted tube, and there is no 
loss or gain of gravitational or thermal energy, the pressure is 
greatest where the velocity is least. 

Writing zero for the quantities on the right hand side of the 
fundamental equation (p. 402), we have— 

AyV (P+ (1/2)pVg") - @ Vy (py + (1/2)p V1") = 

Since a,V,=a,V;, we have V2=(q,/a2)V,. -Thus— = 


Fic. 189.—Flow of an incompressible fluid in a 
constricted tube. 
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This equation serves to determine the velocity V, in the wide 
section of the tube, in terms of the differences of pressure between the 
wide and constricted sections, and the areas of these sections. 


This result is utilised commercially in the Venturi water meter ; 
water flows through a horizontal constricted tube, and the 
pressures at the wide and constricted sections are determined 
by means of vertical gauge tubes (Fig. 189) in which the 
water rises to heights proportional to the pressures at the 
corresponding sections. 

The investigation of the flow of a compressible fluid, such as 
a gas, is more difficult than that of the flow of an incompressible 
fluid ; a particular problem will be solved 
subsequently, but at present it will suffice to 
say that when the variation of pressure is not 
very great, the general conclusions arrived 
at above still hold. The student will be 
familiar with many appliances which depend 
for their action on the principle that the 
pressure is least where the velocity is greatest. 
Fic. 190.— Match For instance, in the Bunsen burner, the gas 

box, supported by : z s 

blowingdownwards eSCapes from a narrow tapering jet into a 

upon it. chamber below the tube at the top of which 

the gas is burnt. The pressure of the gas 
where it leaves the jet is very low, owing to the high velocity 
attained ; consequently, air is drawn in through the lateral 
apertures in the chamber, and thus a mixture of air and gas, 
which can burn with a smokeless, non-luminous flame, reaches 
the top of the tube. 


Expt. 50.—Fit a piece of glass tubing, of about 4mm. diameter, in a 
hole bored through the centre of a flat circular piece of wood. Arrange 
that the end of the glass tube does not project through the wood, but is 
just flush with the surface. Place the wood just above the upper surface 
of a match-box which is laid on the table, and blow downwards through 
the tube. The match-box will be drawn upwards, and supported so 
long as the blowing continues. (Fig. 190.) 


In this case the air travels horizontally outwards from the 
aperture of the tube, through the narrow space between the 
wood and the match-box. Since the flow is radial, the tubes of 
flow must increase in area from the centre to the circumference 
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of the air space, and therefore the velocity diminishes from the 
centre to the circumference. At the circumference the pressure 
is equal to that of the atmosphere; therefore, nearer to the 
centre the pressure is less than that of the atmosphere. 


Expt. 51.—Obtain a piece of glass tube, about 6 inches long and of 
about 4 inch internal diameter, and draw this out near its middle to 
form a constriction of about #5 inch internal 
diameter. Connect one end of the glass tube 
to the water supply, by means of rubber 
tubing. Hold the glass tube with its open end 
inclined upwards, and slightly open the water 
tap, so as to fill the tube with water. Now 
turn the tap fully on, and place the open end of 
the glass tube below the surface of the water 
ina beaker. (Fig. 191.) 

A hissing sound is heard, and the water which 
enters the beaker presents a foggy appearance. 


Fic. 191.—Water, at the 


The pressure in the constricted section of the temperature of the 
tube is so much reduced that the air dissolved room, boiling in the 
: ‘ ; é constriction of a glass 
in the water separates out, just as it would if the tube, 


water were placed in a partial vacuum; the 

fogginess of the water which issues from the tube is due to minute 
bubbles of air distributed through it. The hissing sound is due, partly 
to the formation of the bubbles of air, and partly to the boiling of the 
water at the constricted section, and may be compared with the singing 
of a kettle. The hissing of water which issues from a partially-opened 
tap is due to similar causes. When the velocity of the water js very 
high, the phenomena described above are not observed ; in this case the 
motion becomes turbulent (p, 403) and the results deduced from the 
theory of motion along stream-lines become inapplicable. 

Expt. 52.—Select a child’s rubber balloon which, when inflated, is 
approximately spherical in shape; strike it with the hand so as to 
project it through the air witn combined rotatory and translational 
velocities. 


It will be observed that the path described depends on the 
magnitude and direction of the rotatory motion imparted to the 
balloon. If the balloon is struck below its horizontal diametral 
section (that is, if it is under-cut) it is set in rotation about a 
horizontal diameter perpendicular to its direction of translation, 
the motion being forwards on the lower surface of the balloon, 
and backwards on the upper surface. In this case the balloon 
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soars upwards, and afterwards may travel backwards over the 
experimenter’s head, and fall behind him. Golf ‘and tennis 
balls exhibit similar peculiarities of movement when they have 
been set in motion by a “cutting ” stroke. 

Fig. 192 @ represents a sphere rotating about a diameter 
perpendicular to the plane of the paper; the air surrounding 
the sphere is set in motion, its stream-lines being concentric 
circles in planes perpendicular to the axis of rotation. Fig. 192 4 
represents a sphere travelling in a straight line from left to 
right, without rotation ; the air, pushed forwards in front of the 
sphere, flows backwards on either side, and ultimately travels 
up towards the rear surface of the sphere. Fig. 192¢ represents 
a sphere which is rotating about a diameter perpendicular 
to the plane of the paper, and, in addition, is moving bodily 
from left to right; the stream-lines of the surrounding air are 


Fic. 192.—Stream lines in air, due to the motion of a sphere. 


the resultants of those depicted in Fig. 192 aand 4. On the 
side of the sphere where the flow, indicated in Fig. 192 a, is 
opposite to that indicated in Fig. 192 4, there is but little motion 
in the air ; while on the opposite side of the sphere the velocity 
of flow of the air is considerable. The pressure is least 
where the velocity is greatest ; thus the pressure of the air, on 
the side of the sphere where the component velocities reinforce 
each other, must be less than that on the side where they 
wholly or partially neutralise each other, and a resultant 
difference of pressure must act on the sphere tending to urge 
it from the side on which the velocity is least to that on which 
the velocity is greatest. Consequently, the path of the sphere 


is curved, being convex toward the side where the pressure is 
the greater. 
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Let it be supposed that a spherical bullet is fired from a 
gun with a barrel bent downwards, as in Fig.. 193. In 
traversing the barrel, the bullet is deflected downwards, and 
rolls along the concave side of the barrel; it issues from 
the muzzle with a rotatory motion which causes its subsequent 
path to curve upwards. Even if the barrel were straight, 
some accidental circumstance might impart a_ rotatory 
motion to the bullet, and then the path of the bullet through the 


Fic. 193.—Path of a spherical bullet fired from a gun witb a bent barrel. 


air would be curved, and accurate marksmanship would be 
impossible. For this reason, spherical bullets have been 
discarded in favour of cylindrical projectiles which are set in 
rotation about their axes by a screw thread cut inside the 
barrel of the gun; in this case, the rotation is about an axis 
which coincides with the direction of motion, and thus produces 
no lateral difference of pressure on opposite sides of the bullet ; 
the gyrostatic property (p. 71) of the rotating projectile ensures 
that the axis of rotation shall not change in direction. 

When an electric current flows along a constricted conductor, 
there is no rise of potential in passing in the direction of the 
current from the constricted to the 
wider section of the conductor. 

Flow of a liquid from an orifice in 
a tank.—Let Fig. 194 represent a tank 
from which a liquid is issuing by way 
of a small orifice C, at a distance % = 
below the free surface AB of the con- Dies Sot Se Oe 
tained liquid. If the flow is not too tank. 
rapid, it will occur along permanent 
stream-lines ; these stream-lines must all start from the 
free surface of the liquid, for no sources are present: a 
continual flow away from the bounding walls of the tank is 


AY B 


= 
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impossible, since if it occurred the space near the walls would be 
left empty. Outside the orifice, where the section of the issuing 
jet has become uniform, the internal pressure is equal to the 
atmospheric pressure P ; for the curved boundary of the jet is 
flexible and extensible, and any difference between the internal 
and the external pressures would produce lateral contraction or 
expansion. (It is assumed that the section of the jet is so large 
that the internal pressure due to surface tension (p. 345) is negli- 
gible.) At the free surface of the liquid within the tank, the 
pressure is also equal to P. 

From the form of the stream-lines, it is obvious that, near 
the surface AB, the section of a tube of flow is very great 
in comparison with the section of the same tube at the orifice C ; 
and as the velocity is inversely proportional to the cross-section 
of a tube of flow (p. 378), it follows that the velocity at the surface 
AB is inappreciable in comparison with that at the orifice C. 
If a is the area of a tube of flow at the orifice, where the velocity 
is equal to V, we may write a for a, and V for V, in the funda- 
mental eqation on p. 404. Also a,V,;=a,V,=aV, and ~,=f~,=P, 
while the gravitational energy lost by a volume aV of the liquid, 
in its descent from the free surface AB to the orifice C, is equal 
to gpeaVh. Thus— 


aV(P +(1/2)pV?) —aV(P +0) =epaVh ; 
(1/2)V2=eh, and V=N2¢h. 


Owing to the viscosity of the liquid, some mechanical energy is con- 
verted into heat within the tube of flow, and this will cause the velocity 
of the issuing jet to be somewhat less than that obtained above. 

The cross-section of the issuing jet, at a small distance beyond the 
orifice, will not be exactly equal to the cross-section of the orifice ; this 
is due to the fact that lines of flow must be continuous, and cannot be 
deflected abruptly, so that the flow from the orifice resembles that repre- 
sented in Fig. 195. The contraction of the jet on leaving the orifice 
shows that the velocity in the plane of the orifice must be slightly less, 
and the pressure slightly greater, than at a short distance beyond the 
orifice where the section of the jet has become uniform. 

The external pressure on the jet is everywhere equal to that of the 
atmosphere ; thus, near to the orifice the pressure inside the jet is 
greater than that outside, and the excess of the internal over the external 
pressure tends to make the jet expand laterally ; but the momentum of 
those parts of the liquid which are moving towards the axis of the jet, 
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carries them on, until that part of their kinetic energy which is due to 
their radial velocity has been lost, and meanwhile the axial velocity of 
the liquid has increased owing to the excess of the pressure behind it. 
When the liquid reaches the section beyond which no further contraction 
occurs, the internal pressure is equal to the 
external pressure ; it is to this section that the | 
value of V obtained above refers. 


SS 


From the equation— 
4V2=ch. 


which applies to an inviscid liquid, it 
appears that the work done on each unit 
mass of liquid before it issues from the 
orifice, imparts to it an amount of energy 
which would suffice to raise it to a height in 
h above the orifice. Hence, if the orifice ee ra epee 
is fitted with a nozzle which is turned in the wall of a tank. 
vertically upwards, the liquid jet rises to 

a height 4 above the orifice (Fig. 196). The viscosity of aliquid 
will prevent the jet from rising exactly to the level of the free 
surface of the liquid within the tank. 


Now let it be supposed that a long vertical tube is connected with the 
orifice, as shown in Fig. 197. In the first place, let the tube be empty, 
and let the orifice be closed. On opening the 
===) , orifice, the liquid commences to rise in the tube, 
and will continue to rise until the gravitational 
energy of the liquid within the tube is just equal 
to the work done on that liquid before it issued 
from the orifice ; when this condition has been 
attained, the liquid in the tube will be stationary for 
an instant. Let a be the sectional area of the tube, 
, ._, and H the height to which the liquid rises in it; 
Fic. 196. — Vertical sans sata Pew 
jet of liquid issuing then the gravitational energy of the liquid within 
from a tank, the tube is equal to paH x (gH/2), since the centre 
of gravity of the liquid in the tube is at a height 
(H/2) above the orifice. The work done on the masspaH before it 
issued from the orifice is equal to paH x gh, and thus— 


o; 2 
ee 
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and the liquid rises in the tube to a height 4 above the free surface of 
the liquid in the tank (Fig. 197). The liquid then flows back into the 
tank until the tube is emptied ; and in the absence 
of viscosity, the tube would be alternately filled to a 
height H, and then completely emptied, at regular 
intervals. This reasoning applies to a perfect 
inviscid liquid; the losses of energy which always 
occur during the flow of a material liquid, damp 
the oscillations down, and the liquid in the tube 
finally comes to rest with its free surface at the 
same level as the surface of the liquid in the tank. 
In this case the gravitational energy of the liquid 
in the tube is equal to pakx(gh/2), and this is 
only one half of the work done on the same liquid 
Fic.197.—Oscillatory before it issued from the orifice: hence, half of the 
motion of a liquid energy imparted to the liquid which finally remains 
in a vertical tube . ae ‘ 
connected to a in the tube, has been dissipated in the form of heat. 
tank, An analogous phenomenon occurs in connection 
with the charging of an electric condenser from a 
battery of constant E.M.F. Let the condenser require a charge 
Q to raise its potential to that of the battery, E; then the energy 
lost by the battery during the charging of the condenser is equal 
to EQ, and the energy finally stored in the charged condenser is 
equal to (EQ/2), so that half of the energy supplied by the battery 
has been dissipated. During the charging of the condenser, electrical 
oscillations are produced, which bear a general resemblance to those 
discussed above: that is, the potential of the condenser varies between 
zero and a value a little less than 2E ; but the oscillations have a very 
high frequency, and die down rapidly. 


Devices for obtaining a constant flow of water.—In many 
physical experiments a constant flow of water is required. If 
the flow occurs from an orifice below the surface of water in a 
vessel, the velocity of efflux decreases as the surface of the 
water in the vessel descends ; the surface may be maintained 
in a stationary position by allowing water to flow into the vessel 
from the supply mains, the superfluity being discharged by a 
spout, or a tube near the top of the vessel ; this arrangement 
ensures a very steady outflow from an orifice near to the bottom 
of the vessel. 

Another device is represented in Fig. 198. Water is contained 
in a large bottle provided with a discharge tap ; the neck of the 
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bottle is closed with a cork bored to receive an open tube 
which descends to a point at a short distance above the level of 
the tap. When the flow has become 
steady, air is sucked into the bottle by 
way of the tube, and the water at the 
bottom of the tube is at atmospheric 
pressure; hence, the flow depends only 
on the vertical distance from the bottom 
of the air-inlet tube, to the bottom of the 
tube attached to the tap. 

Radial flow of a liquid.—Let a liquid 
flow between two parallel horizontal 
plates, toward a hole in the middle of 
the lower plate, where it is discharged 
by a vertical pipe (Fig. 199). The flow 
must be radial, from the circumference Fic. 198. — Arrangement 
to the centre of the space between the late aa a aie 
plates; hence, the lines of flow are bottle, 
radial, and if @ is the distance between 
the plates, and @ is the angle between two neighbouring lines 
of flow, the sectional area of the corresponding tube of flow, at a 
distance ~ from the centre of the outlet 
hole, is equal to @v@. Let R be the radius 
of either plate, and let P be the pressure 
along the circumference of the space be- 
tween the plates ; then, if J is the pressure 
at a distance » from the middle of the 
outlet hole, we have (p. 402)— 


a,Vo( p+ 4oVe?) — yVy(P + 4pV;") =0. 


Further a,V,=a@,V;, and a,=dré, while 
a@,=aRO6. Therefore— 
P -p=to(Ve-V)=4V,2(4 - 1). 


Fic. 199.—Radial flowof Thus, the pressure falls as the outlet 
a liquid. (Vertical sec- 5 e : z 

tion above, plan below.) Orifice is approached ; and if vertical gauge 

tubes were fitted into the upper plate, the 

water in these would stand at heights corresponding with the 


pressures calculated from the equation just obtained. 
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When water is allowed to escape from the central hole in a lavatory 
basin, the surface of the water is drawn downwards over the hole, and 
sometimes air is sucked violently into the discharge pipe. Occasionally 
the water in the basin is set in rotation, but the negative presssure at 
the hole is due essentially to the radial flow of the water. As the 
liquid descends in the vertical discharge pipe, it fills less and less of the 
cross-section of that pipe ; for the velocity of the liquid increases as 
kinetic energy is gained at the expense of gravitational energy which 
disappears. 

If, in Fig. 199, the flow had been up the vertical pipe, and radially 
outwards between the plates, a similar negative pressure would have 
been produced in the middle of the space between the plates. (Com- 
pare exp. 50, p. 406.) 


Force transmitted across the cross-section of a tube of 
flow.—The fluid, just about to pass through any cross-section 
of a tube or flow, acts like a piston, and exerts a force equal to 
pa on the fluid on the opposite side of the section, where 7 is 
the pressure at the section and a is the area of the section. 

Further, if the fluid is flowing across the section with a 
velocity V, a mass paV of fluid, possessing a velocity V, crosses 
the section in a second (p. 378), and the momentum carried 
per second through the section is equal to paV x V=paV?. 
Now, a change of momentum at any section is equivalent to a 
force equal to the rate at which the momentum changes (p. 19) ; 
therefore a force equal to paV? acts, in the direction of the flow, 
on the fluid that has crossed the section already ; and an equal 
force (the reaction) acts, in a direction opposite to that of the 
flow, on the fluid that is just about to cross the section. 

Hence, on either side of any cross-section of a tube of flow, the 
fiuid is acted on by a resultant force of which the magnitude is 
equal to a(f+pV"); the fluid that has crossed the section 
already is urged onwards, and the fluid that is~ just about 
to cross the section is urged backwards, by a force of this 
magnitude. : 

The forces acting across the transverse section of a tube of flow, due 
respectively to the pressure of the fluid and to the transfer of momen- 
tum across the section, must be clearly distinguished from each other. 
The pressure acts equally in all directions (p. 34) ; but the force due to 
the transfer of momentum has a value which depends on the inclination 
of the section to the direction of flow of the fluid. If a tube of flow is cut 
obliquely by a plane, and the area of the section is equal to a, the force 
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acting normally across this section, due to the pressure # of the liquid, 
is equal to Za. The normal component of the force due to the transfer 
of momentum across the section, is equal to 


paV cos 6 x V cos 0=paV? cos? 6, 


where V denotes the resultant velocity of the fluid, and @ denotes 
the angle which the resultant velocity makes with the normal to the 
section. The tangential component of this force is equal to 


paV sin @ x V cos = paV" sin 6 cos 6. 


Let us apply this result to the flow of a liquid from a small orifice of 
area A in the wall of a tank (Fig. 195). Neglecting the effects of the 
viscosity of the liquid, the velocity V of the issuing jet, where its section 
has become uniform, is equal to ,/(2g%) (p. 410), where # is the height 
of the free surface of the liquid within the tank above the orifice. 
Let a be the area of the jet where its section has become uniform ; 
then, at this section, the pressure within the jet is equal to the 
atmospheric pressure P, and the liquid that has just crossed the section 
is urged forwards with a force equal to a(P+pV*)=a(P + 2gph), and the 
liquid just about to cross the section is urged backwards with an equal 
force. The jet contracts, from the orifice where its area is A, to the 
section where its area is equal to a; and the atmospheric pressure 
acting on the tapering surface of the jet produces a resultant force 
P(A-a), tending to urge the liquid back into the tank. Hence, at the 
orifice, the liquid is urged backwards into the tank with a resultant 
force equal to— 

P(A -a)+a(P + 2gph)=PA + 2¢pah. 

Now, whether the orifice is opened or closed, the liquid within the 
tank, as a whole, is in equilibrium; that is, the forces applied to the 
liquid at its boundaries produce equilibrium. The resultant force 
applied to the liquid by the wall of the tank opposite to the orifice, is 
the same whether the orifice is opened or closed ; hence, the resultant 
force, applied to the liquid across the plane of the wall which contains 
the orifice, must have the same value whether the orifice is opened or 
closed. When the orifice is closed, the force, acting across its plane on 
the liquid in the tank, is equal to A(P+ gp); this force no longer acts 
when the orifice is opened, but its place is taken by a force equal to 
(PA+2epah); thus, 7f we assume that the pressure over the wall which 
contains the orifice 1s not changed by opening the orifice, it follows 
that no other change is produced in the forces acting on the liquid 
contained in the tank. IHence— 

A(P + gph) =PA+ 2gpah ; 
2am Ne 
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that is, the cross-sectional area of the jet where it has become uniform, 
is equal to half the area of the orifice. Now experiments show that 
when a liquid issues from a small orifice with 
sharp edges (Fig. 195) the cross-sectional area 
of the jet where it has become uniform is equal 
to about 0°64 times the area of the orifice. 
The reason for this discrepancy between theory 
and practice is to be found in the untruth of the 
assumption which has been italicised on p. 415. 
There is a radial flow towards the orifice along 
the circumjacent wall, and this radial flow 
produces a negative pressure over the wall 
(p. 413). Since the total force exerted upon the 
liquid within the tank, across the plane of the 
Fic. 200. — Borda’s re. wall that contains the orifice, must be un- 
Pee eae altered by the opening of the orifice, and the 
radial flow over the wall that surrounds the 
orifice produces a negative pressure, it follows that the force transmitted 
across the plane of the orifice itself must be increased by opening the 
orifice, and thus— 


PA + 2gpah>A(P +h), 


and therefore 2a>A. 


The radial flow over the wall in which the orifice is pierced, may be 
eliminated by using a Borda’s re-entrant mouth-piece ; this consists of a 
tube which projects some distance into the tank (Fig. 200) ; using this, 
it is found that when the tube is more than twice as long as the 


diameter of the orifice, the area of the issuing jet is approximately equal 
to half the area of the orifice. 


The flow of a liquid through a flexible inextensible tube, 
has no tendency to move the tube 
laterally, provided that the ends of the 
tube are fixed.—This important law can 
be proved by the following train of 
reasoning. Let ABCDA (Fig. 201) repre- 
sent an endless tube made of some flexible 
and inextensible material, and let a perfect 
inviscid liquid be flowing along this tube 
in the direction from A through B, C, ''%G.20r7,Rlow of a per: 
and D, to A. In this case, the energy _ tube. 
of the liquid is. wholly kinetic; if the 
cross-sectional area of the tube is uniform, the velocity 
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is uniform at all points in the tube of flow, and there is no 
change of pressure along the tube (p. 403). If the flow of the 
liquid tends to move any part of the tube laterally, let the part 
ABC tend to move to the position AB’/C when the remainder 
CDA of the tube is held stationary. During this motion, the 
parts of the liquid between A and C are subjected to lateral 
accelerations, and the acceleration of each part must be associ- 
ated with a pressure-gradient in the direction of the acceleration 
(p. 368). Thus, as the liquid flows from A to B, it is flowing down 
the lateral pressure-gradient ; while from B to C it is flowing up 
the pressure-gradient. If the fall of pressure from A to B is 
less than the rise of pressure from B to C, the liquid will lose 
energy in flowing from A to C, and the energy lost might be 
utilised in displacing the portion ABC of the tube and its con- 
tents. But, in this case, the pressure at C must be higher than 
that at A, and therefore there must be a fall of pressure in the 
stationary part CDA of the tube. This fall of pressure must en- 
tail an increase in the velocity of the liquid, and this involves 
a gain instead of a Joss of energy, which is contradictory. 
Hence, the pressure at C must be equal to the pressure at A, 
and no energy can be lost by the liquid flowing from A to C 
along the tube: therefore no energy is available to set the 
portion ABC of the tube in motion laterally. 


It may be left as an exercise for the student to prove that there is no 
tendency for the flow of a liquid to produce lateral motion in a tube 
with fixed ends, even when the section of the tube varies from point to 
point. Inthe first place, suppose that the section of the tube is constant 
along CDA, but varies in any manner along ABC, subject to the con- 
dition that the sections at A and C are equal. Next, suppose that the 
section at C is greater or less than that at A, but that the tube CDA 
tapers rapidly from C until a uniform section equal to that at A is 


reached. 


Now suppose the liquid to possess viscosity ; in this case the 
inner surface of the tube will be subjected to tangential forces 
parallel to the direction of flow, and it is clear that these forces 
can have no tendency to set the tube in motion laterally (ze., 
perpendicular to the direction of flow). 


Expr. 53.—Connect one end of a long rubber tube to the water supply, 
and coil the tube up in any manner ; it will be found that when the flow 
EE 
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is steady, the tube shows no tendency to move so long as its free end is 
held stationary. When the free end is released, it moves violently in a 
direction opposite to that in which the water is issuing from it; this is 
due to the force which acts across any section of a tube (p. 414). 


When an electric current flows along a flexible conductor, 
the conductor tends to move to a position in which it forms an 
arc of a circle. In this respect, as in that mentioned on p. 409, 
the flow of an electric current differs radically from the flow 
of a fluid. 


QUESTIONS ON CHAPTER XII 


1. A liquid of density p flows along a uniform straight tube, and loses 
energy (due to viscosity, etc.) at the rate of e units per unit volume for 
each unit distance traversed. What must be the inclination of the tube 
to the horizontal, in order that the pressure of the liquid may be 
uniform throughout the tube? 

2. A jet of liquid impinges normally on a plane surface, and the 
liquid flows tangentially along the surface away from the point of 
impact. Prove that the force exerted on the surface is equal to paV*, 
where @ is the sectional area of the jet before it impinges on the surface, 
p is the density of the liquid, and V is the velocity of the jet. In what 
units is this force measured ? 

3. A tank is provided with an outlet nozzle which is shaped so that 
its internal surface merges, without any abrupt change of curvature, 
into the internal surface of the tank. Water escapes from the tank by 
way of the nozzle, which it completely fills. Prove that the force 
exerted across the external orifice of the nozzle is twice as great as the 
statical force that would be exerted on a plug that closed the orifice of 
the nozzle. 

4. Kerosene is contained in a vessel under an internal pressure of 
two atmospheres. With what velocity will the kerosene escape into 
the atmosphere from an orifice in the tank ? 

{Density of kerosene =0°83 gm./(cm.)*. 

Pressure of an atmosphere = 108 dyne/(cm.)?}. 

5. Railway locomotive engines, travelling express over long distances, 
can fill their water tanks while in motion by means of the following 
device. The tank is provided with a vertical pipe, which extends 
downwards so that it can dip into a reservoir situated between the 
rails; the lower end of the pipe is bent at right-angles, so that it 
projects horizontally in the direction in which the locomotive is 
moving. If the upper end of the pipe is at a height 2 above the 
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surface of the water in the reservoir, and the velocity of the locomotive 
is equal to V, with what velocity will the water flow into the tank ? 
Neglect viscosity, etc. 

6, A locomotive engine, travelling at a speed of 40 miles per hour, 
scoops up water from a reservoir between the rails in the manner 
indicated in question 5. If the delivery pipe is 4 inches in diameter, 
and its upper end is 8 ft. above the surface of the water in the reservoir, 
what time will be required to fill the tank if its volume is equal to 
200 c. ft.? Assume that the energy dissipated in the pipe, in the form 
of heat, is equal to 4 of the work done in lifting the water. 

7. A tube comprises two limbs inclined to each other at a right 
angle. One limb is placed in a vertical position, and the other is 
placed horizontally «below the surface of a stream with its end 
pointing in a direction opposite to that in which the stream is flowing. 
To what height will the water rise in the vertical limb of the tube ? 

8. The sectional area of a constriction in a tube is equal to half the 
sectional area of the remainder of the tube. Water enters one end of 
the tube under a head of Io ft., and escapes from the other end into 
the atmosphere, the motion within the tube being along stream-lines, 
from end to end. Neglecting loss of energy due to viscosity, calculate 
the pressure of the water in the constriction, and show that the water 
will be on the point of boiling in the constriction if its temperature 1s 
equal to 21°5° C. (Atmospheric pressure=76 cm. of mercury, or 
10 ®dyne/(cm.).2, Vapour pressure of water at 21°5° C=19'05 cm. of 
mercury. ) 

g. A heavy spherical body, suspended by a fine wire, is immersed in 
water contained in a beaker. When the body is set rotating about 
the wire as axis, and is brought near to the side of the beaker, it 
appears to be attracted by the part of the beaker nearest to it. Explain 
this phenomenon. 

10. Water escapes from an orifice in the floor of a tank, and flows 
vertically downwards by way of a uniform pipe. Water is introduced 
into the tank at such a rate that its surface remains constantly at a 
small distance above the floor of the tank. Prove that it is impossible 
for the vertical pipe to be filled from end to end with the water which 
flows through rhe 
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CHAPTER XIII 


EXAMPLES TO ILLUSTRATE THE LAWS OF MOTION 
OF FLUIDS 


IN the present chapter, detailed attention will be devoted to 
a number of problems which can be solved by the aid of the 
laws derived in the two preceding chapters. These problems are 
all of considerable importance, either in their theoretical or their 
practical aspect. 
SOURCES AND SINKS 


Mutual attraction of two sources or two sinks.—The 
general character of the lines of flow due to two neighbouring 
sources is exhibited in Fig. 202; the lines of flow are precisely 
similar to the lines of electric force due to two positive -charges. 

It is a property of the electric field that the tension at any 
point, measured along the direction of the lines of force, is equal 
to (N?/8r), where N denotes either the number of tubes of force 
per sq. cm. at the place, or the force in dynes that would be 
exerted on a unit positive charge (measured in electrostatic 
units) at that place. Since N similar tubes of force together 
possess a cross-sectional area of one sq. cm., it follows that 
each tube has a cross-sectional area a equal to (1/N) sq. cm. 
Hence, in the electric field, the tension (force per unit area) is 
equal to (1/8a) and the force across the section of a tube of 
force of area @ is equal to a(1/8ma?), or (1/8ra). Thus, the 
force acting across any crqss-section of a tube of force is 
inversely proportional to the area of the cross-section. 


A tube of electric force must leave a conductor normally : 


thus, if the area of the tube where it leaves the conductor is 
equal to a, it follows that a force equal to (1/87a) is exerted by 
the tube on the conductor. When a charged sphere is placed 
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in the middle of a large room, the tubes of force leave the 
sphere uniformly in all directions ; therefore all of the tubes are 
equal in area where 
they leave the sphere, 
and their action on the 
sphere is to make it 
expand, but not to 
displace it bodily in 
any. direction. When 
two similarly charged 
spheres are placed at 
a moderate distance 
apart, the tubes of 
force become distrib- Fic. 202.—Lines of flow due to two sources. 
uted in a manner that 

may be inferred from Fig. 202. A lateral pressure is exerted 
between neighbouring tubes which extend in the same genera! 
direction, and this lateral pressure pushes the tubes away 
from the space immediately between the spheres, with the 
result that comparatively few tubes of force leave the sides 
of the spheres which are turned towards each other; on 
the sides of the spheres which are turned away from each 
other, the tubes of force are both numerous and of small 
sectional area. This inequality in the distribution of the tubes 
of force causes the spheres to be pulled apart, thus producing 
an apparent repulsion between the spheres ; and the inequality 
increases as the spheres are brought closer together, thus giving 
rise to a repulsive force which varies inversely as the square of 
the distance between the centres of the spheres. 

Let us now examine the dynamical action ona source, due 
to the flow of fluid away from it. If we suppose the source to 
be surrounded by a spherical surface through which the fluid 
flows, then the flow across this surface into each tube of flow 
will produce a reaction, by which the fluid that is about to cross 
the surface is urged backwards towards the centre of the sphere. 
When the source is isolated, the forces exerted on the fluid 
which is about to cross the spherical surface have no tendency 
to displace the source bodily. But when two sources are 
placed, at a moderate distance apart, in an infinite ocean of 
fluid, the tubes of flow on the sides of the spheres which are 
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a 

turned away from each other are narrower and more numerous 
than those on the sides of the spheres which are turned towards 
each other ; and as the reactions, tending to drive the fluid back- 
wards towards the sources, increase with the velocity of flow of 
the fluid, we may infer that the sources will be subjected to 
resultant forces which tend to drive them towards each other ; 
that is, the sources will appear to attract each other. 


Let it be supposed that two equal sources are placed at a moderate 
distance apart, in an ocean of incompressible fluid of density p ; and 
let the fluid created at the sources escape at the infinitely distant 
boundaries of the fluid. Let it be supposed that the fluid is created 
within small spherical surfaces, and let the area of any tube of flow 
which leaves one of these spherical surfaces be a, while the pressure and 
velocity of the issuing fluid are denoted respectively by 4 and V. Then 
(p. 414) the fluid about to cross the spherical surfaces is urged back- 
wards, toward the centre of the sphere, with a force / given by the 
equation— 

sf = a( +p V2) souk oa TA ane (OL) 

At the infinitely distant boundaries of the fluid, let the pressure be 
uniform and equal to P; and let the tube of flow under consideration 
end there with an area equal to A, the velocity of flow being equal to v. 
Then A will be infinitely great, and v infinitely small, but aV=Av. 
Since there will be no creation or destruction of energy within the 
tube of flow, we have (p. 402)— 


aV (p+ 4pV?)=Av(P + 4pz”). 
Dividing the left-hand side of the equation by aV, and the right-hand 
side by the equal quantity Av, and then writing v=o, we obtain the 


equation— 


p+tpV?=P 


Substituting in equation (1), we find that the fluid about to cross the 
sphere which surrounds the source is urged backwards with a force f 
given by the equation— 

f=a(P +4pV9), 


The advantage gained by this substitution is due to the fact that 2 may 
vary over the surface of the sphere, but P, which denotes the uniform 
pressure at the boundary of the fluid, is constant. 

The force f comprises two components. The first, equal to Pa, is 
equivalent to a uniform hydrostatic pressure P acting over the area a, 
and a uniform pressure has no tendency to displace the sphere bodily. 
The second component is equal to (1/2)paV?; and since the lateral 
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boundaries of the tubes of flow have been chosen so that the velocity 
across any section is inversely proportional to the area of that section 
(p. 395), it follows that V is inversely proportional to a, and therefore 
aV® is inversely proportional to @. This component of / will vary 
from point to point of the spherical surfaces from which the fluid 
is issuing, in a manner similar to that in which the force varies over 
the surfaces of the electrically charged spheres. 

The resultant force, acting on either of the charged spheres, varies 
inversely as the square of the distance between the spheres ; and this 
force is due to the tubes of force leaving the sphere, the force exerted 
by each tube being inversely proportional to the sectional area of the 
tube where it leaves the sphere. The force exerted on either of the 
spherical sources, due to a particular tube of flow, is inversely pro- 
portional to the sectional area of the tube where it leaves the source ; 
and the distribution of the tubes of flow around the spherical sources is 
precisely similar to the distribution of the tubes of force around the 
charged spheres. Hence, the forces acting on the spherical sources 
must vary in the same way as the forces acting on the charged spheres. 
Thus, two sources must attract each other with a force inversely 
proportional to the square of the distance between them. 

It may be left as an exercise to the student to prove that two sinks 
also attract each other, while a source and a sink repel each other, 
with a force inversely proportional to the square of the distance between 


them. 


Electric, magnetic, and gravitational attractions.—The 
similarity between the lines of flow due to two sources or two 
sinks, and the lines of force due to two similar electric charges, 
has suggested the hypothesis that lines of electric force are 
lines of flow in the ether, while electric charges are sources or 
sinks in the ether. But the utility of the conception of lines of 
force depends on the fact that it enables us to explain the 
force exerted by one electric charge on another; and if 
electric charges were sources or sinks in the ether, it follows 
that two similar electric charges must be two sources or two 
sinks, and then they would attract, while experiment shows 
that they repel each other. Hence, the suggested hypothesis 
breaks down at the very outset. Hypothetical explanations of 
the force exerted by one magnetic pole on another, in terms of 
sources and sinks in the ether, break down in a similar manner. 

With regard to gravitation, the case at first sight appears 
to be more hopeful. Every particle of matter attracts every 
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other particle of matter in the universe, and we might assume 
that all atoms are sources, or that all atoms are sinks in the 
ether, while the ether itself is an incompressible fluid. The 
creation of ether at the sources, or its destruction at the sinks, 
is not essential to this hypothesis ; if we suppose that all atoms 
are small elastic spheres, which are expanding and pushing 
the ether away from their centres, they will produce a motion 
in the surrounding ether identical with that which would result 
if the atoms were sources in the strict sense of the term. This 
leads us to the hypothesis, due to Prof. Hicks, that atoms are 
elastic spheres which expand and contract rhythmically, 
subject to the condition that all are in similar phases of 
vibration at any given instant. As to the period of vibration, 
either this must be extremely small in comparison with the short- 
est observable interval of time, or it must be extremely large 
—greater, in fact, than the immense period of time in which, 
we may infer, the state of the universe has subsisted without an 
appreciable alteration in the gravitational attraction of matter. 
It is scarcely necessary to pursue this speculation further, in 
view of the fact that the properties of the ether must serve to 
explain, not only gravitation, but also the phenomena of 
electricity and magnetism; and if the ether is an incom- 
pressible fluid, the only form of its motion which might explain 
electric and magnetic phenomena is vortex motion, and this we 


have seen (p. 394) is incapable of furnishing the required 
explanation. 


VORTEX MOTION 


Properties of vortex filaments.—It now becomes neces- 
sary to discuss certain peculiarities of vortex motion which 
as yet have not been alluded to; these may be deduced without 
trouble from the properties of vortex filaments which have been 
determined already. In the first place, it has been proved 
that, in a perfect fluid, the strength of a vortex filament is 
constant and cannot be changed (p. 392). The fluid surrounding 
the filament moves irrotationally (p. 387); if the filament is 
straight, each particle of the surrounding fluid describes a 
circular path of which the centre is on the axis of the filament: 
the velocity at a distance ~ from the axis of the filament is 
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equal to /277, where 7 denotes the strength of the filament, 
(p- 395). The boundaries of the tubes of flow are chosen so that 
the product of the velocity and the cross-sectional area of a 
tube has a constant value (p. 395) ; hence, the cross-sectional area 
of atube is inversely proportional to the average velocity 
across the section, and since the velocity is inversely proportional 
to the distance from the axis of the filament, it follows that the 
cross-sectional area of a tube is directly proportional to its 
distance from the axis of the filament. Further, the length of a 
tube of flow is directly proportional to its distance from the 
axis of the filament, since the tube forms a circular ring 
surrounding the filament ; hence, if the fluid is incompressible, 
the mass of fluid contained within a tube of flow is directly 
proportional to the square of its distance from the axis of the 
filament. The kinetic energy possessed by the fluid within a 
tube of flow is equal to half the product of the mass and the 
square of the velocity of the fluid ; and since the mass is directly 
proportional to the square of the distance from the axis of 
the filament, while the velocity is inversely proportional to the 
first power of the same distance, it follows that the kinetic 
energy possessed by the fluid which circulates in any tube of flow 
is independent of the distance of the tube from the axis ; that 
is, the kinetic energy within a tube of flow has an identical 
value for all tubes. Since an infinite number of tubes of flow 
may be described about a straight filament, immersed in an 
ocean of fluid which extends to an infinite distance on all sides, 
it follows that an infinite store of energy is associated with a 
straight vortex filament immersed in an infinite ocean of perfect 
fluid. 


It has been pointed out already (p. 392) that vortex motion could 
neither be created nor destroyed in a perfect fluid. Ina fluid possessing 
viscosity, we could generate a straight vortex filament by rotating two 
parallel and co-axial solid discs, which, for simplicity, might be supposed 
to lie in the plane and parallel boundaries of the fluid. The filament 
would stretch from one disc to the other, and the circulatory motion 
would spread out from the filament into the surrounding fluid ; but an 
infinite time would be needed for the motion to spread to an infinite 
distance from the filament, and during this time a continual expenditure 
of energy would be required to Keep the discs rotating against the 
viscous drag exerted on them by the fluid. 
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Two similar vortex filaments (ze. two filaments rotating in 
similar directions) in an infinite ocean of perfect fluid must 
possess an infinite store of kinetic energy. But two dissimilar 
filaments of equal strengths must possess a finite store of energy ; 
for the curl of the velocity along a circle enclosing both 
filaments will be equal to zero (p. 388), and therefore the average 
velocity, at a moderate distance from the point midway between 
the filaments, will be approximately equal to zero; that is, no 
part of the fluid will possess any appreciable amount of energy 
except those parts which are within a moderate distance from 
the filaments. 


Many problems on the motion of fluids may be simplified by the 
application of a principle which now must be discussed. The earth is 
moving through space with a considerable velocity, and all solids and 
fluids which we can study at close quarters are moving with it. When 
a fluid, together with a body immersed in it, are merely moving with the 
earth, we commonly speak of them as stationary ; and we know that no 
forces tending to set the body in motion relatively to the fluid will be 
called into play by the common motion of both with the earth. If the 
body is in motion relatively to the fluid, forces may be called into play 
which tend to modify this motion ; but these forces are independent of 
the velocity common to the body and the fluid due to their motion with 
the earth, and this is true although the velocity of the earth is changing 
from instant to instant. Hence, it may be concluded that the forces 
called into play by the motion of a body through a fluid will not be 
modified by impressing any linear velocity on the body, provided that 
the same velocity is impressed on the fluid. In particular, it may be 
supposed that the body is brought to rest by impressing on it a velocity 
equal and opposite to its actual velocity, provided that the same velocity 
is impressed on the fluid ; in this case the motion of the fluid relatively 
to the body will be identical with that which would be perceived by an 
observer who travelled through space with the body. This principle 
will now be used in deducing some interesting properties of vortex 
filaments. 


Let it be supposed that a straight vortex filament is set in 
translatory motion in a direction perpendicular to its length, 
and that an observer travels through space with the filament. 
Then, to the observer, the filament will appear to be rotating 
about a stationary axis, while‘the surrounding fluid streams 
past in a direction opposite to that in which the filament and 
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the observer are actually moving. The appearance presented 
can be determined by superposing a uniform linear motion, 
equal in magnitude but opposite in direction to the actual 
velocity of translation of the filament, upon the circular motion 
due to the filament when at rest; the resultant stream-lines 
are similar to the magnetic lines of force due to a straight 
electric current flowing perpendicular to a uniform magnetic 
field. Fig. 203 represents the apparent lines of flow of a vortex 


Fic. 203.—Relative lines of flow, due to a vortex filament travelling from right to 


left. 


(To obtain the tubes of flow, imagine the diagram to be displaced through unit 
distance perpendicular to the plane of the paper.) 


filament rotating in a clockwise direction, and travelling bodily 
from right to left. 

Two points of importance at once becomé apparent. In the 
first place, certain stream-lines form closed curves encircling 
the filament, and since there is no flow across any stream-line, 
it follows that thé fluid enclosed by the outermost of these 
curves remains permanently within that curve; that is, the 
fluid in question travels bodily with the filament through the 
surrounding fluid. 
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The outermost stream line which forms a closed curve about the fila- 
ment, is the one that passes through N (Fig. 203), the point where the 
resultant velocity is equal to zero. Let N be ata distance L from the 
axis of the filament ; then the velocity at N, due to the rotation of the 
filament, is equal to (#/27L), where ™ is the strength of the filament (p. 
395); and this velocity is equal in magnitude, but opposite in direction 
to the velocity V due to the uniform linear motion imparted to the 
surrounding fluid, so that— 

m m 
eT, = V, and Jbye= Ui 

If we imagine that a number of filaments of equal strengths are set 
in translatory motion with different velocities, then each filament will 
carry with it a mass of fluid which is directly proportional to L*, and 
therefore inversely proportional to the square of the velocity of trans- 
lation V ; and the kinetic energy due to the translatory motion of this 
fluid will have equal values for all the filaments. 


Again, it becomes apparent from Fig. 203 that the velocity of 
the fluid is equal to zero at N, while it has a large value on the 
opposite side of the filament ; hence, on the side of the filament 
which faces towards N, the pressure must be greater than on 
the opposite side of the filament (p. 405), and therefore the 
filament cannot travel in a straight line. If the filament was 
originally set in motion in a straight line, it will finally revolve 
in a circular orbit to which its original direction of motion is 
tangential, the centre of the circular orbit being on the side of 
the filament remote from N. The excess of pressure, on the 
side of the filament which faces away from the centre of its 
orbit, supplies the centripetal force necessary to keep the 
filament moving in that orbit. (Compare with expt. 52, p. 407). 

The stream-lines due to two straight and parallel vortex filaments 
are similar to the magnetic lines of force due to two straight and 
parallel electric currents. Fig. 204 represents the stream-lines 
due to two equal and similar vortex filaments, on the sup- 
position that the axes of the filaments are stationary. It will 
be noticed at once that the stream-lines are further apart on 
the side of the filaments which face each other than on the 
opposite sides of the filaments ; hence, on the sides of the 
filaments which face each other the velocity is less, and the 
pressure is greater, than on the sides of the filaments which face 
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away from each other, and the filaments apparently repel each 
other. Thus the application of forces is necessary to keep the 
axes of the filaments stationary. 


Let it be supposed that the flow around the filaments is established 
while the axes of the filaments are held stationary, and that subsequently 
the filaments are set free. On gaining their freedom, the filaments 
commence to move away from each other: to determine their ultimate 
motions, let it be supposed that an observer accompanies one of the fila- 
ments, and always faces in the direction in which the filament is moving. 
At the moment of starting, the observer will see the fluid moving back- 


ee 


Fic. 204 —Lines of flow due to two similar straight vortex filaments in fixed 
positions, 


(To obtain the tubes of flow, imagine the diagram to be displaced through unit 
distance perpendicular to the plane of the paper.) 


wards on his right-hand side, and forwards with an equal velocity on 
his left hand side (Fig. 204). Directly the filament commences to move 
forwards, it will appear to the observer that an equal backward motion 
is imposed on the whole of the surrounding fluid; thus, the relative 
velocity of the fluid is increased on the right-hand side, and diminished 
on the left hand side of the observer, and therefore the pressure acting 
on the left-hand side is greater than that acting on the right-hand side 
of the filament. Consequently, the filament does not move along the 
straight line drawn through the positions of the filaments at the 
moment of starting, but its path curves away to the right; and the 
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faster the filament moves, the greater is the curvature of its path. 
Ultimately the filaments will travel along a circular path described 
about the point midway between them as centre ; if, as in Fig. 204, the 
filaments are positive (that is, if the filaments rotate about their axes in 
a clockwise direction) they will travel around their common orbit in a 
clockwise direction. The velocity with which each filament travels . 
can be found without difficulty ; for the velocity at any point in the 
fluid is the resultant of the velocities produced at that point by the 
two filaments (p. 383), and at a point on the axis of a straight filament 
there is no linear velocity due to the rotation of that filament, while the 
velocity due to the other filament, which is at a distance 2R(say), is 


Fic. 205.—Lines of flow due to two dissimilar straight vortex filaments in fixed 
positions, 


(To obtain the tubes of flow, imagine the diagram to be displaced through unit 
distance perpendicular to the plane of the paper.) 


equal to #z/(2m x 2R), (p. 395), where 7 is the strength of either fila- 
ment. In this case the relative velocity of the fluid is greater on the 
sides of the filaments which face each other than on the opposite sides, 
and the consequent excess of pressure urges each filament towards the 
centre of its circular orbit with a force just equal to the centripetal force 
necessary to keep the filament moving in its circular path. 


Fig. 2c5 represents the stream-lines due to two equal but 
dissimilar vortex filaments, on the supposition that the axes of 
the filaments are stationary. The filament on the right-hand 
side rotates in a clockwise sense, while the other filament 
rotates in an anti-clockwise sense ; in the space between the 
filaments the stream-lines are closer together than elsewhere, 
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and thus on the sides of the filaments which face each other the 
pressure is less than on the sides of the filaments which face 
away from each other, and the filaments appear to attract each 
other. 


It can be proved without difficulty that, if the filaments represented 
in Fig. 205 are set free, they will commence to move towards each other, 
but their paths will be deflected towards the top of the page. Ulti- 
mately the two filaments will travel abreast with equal velocities, their 
common direction of motion being perpendicular to the line that joins 
them, and from the bottom to the top of the page. When they are at 
a distance 2R apart the linear velocity of either filament must be equal 
to m/(2r x 2R)=(m/4rR), where m is the numerical value of the 
strength of either filament. Hence, the closer the filaments are to each 
other, the greater is their common translatory velocity ; and if their 
translatory velocity is reduced (as, for instance, if they approach a plane 
wall normally) the filaments must separate, and they must be at an 
infinite distance apart before they can become stationary. 

The similarity between the lines of flow in the fluid surrounding two 
vortex filaments, and the lines of magnetic force in the space surround- 
ing two conductors through which electric currents are flowing (Figs. 
204 and 205), has suggested the hypothesis that electric currents are 
really ethereal vortex filaments, while the lines of magnetic force in the 
surrounding space are lines of irrotational flow in the ether. But it is 
known that two straight and parallel electric currents, flowing in the 
same direction, attract each other; and it has been proved that 
two similar vortex filaments repel each other. Consequently, this 
attempt to explain electro-magnetic phenomena, in terms of lines of 
flow in the ether, breaks down at the outset (compare p. 394). 


Vortex rings.—-It has been proved (p. 375) that a vortex 
filament cannot terminate within a fluid. In the preceding 
discussion some of the most important properties of vortex 
filaments which terminate at the boundaries of a fluid have 
been deduced ; it remains to devote some attention to endless 
vortex filaments. One of these could be constructed, in imagi- 
nation, by uniting the ends of a filament such as has been 
discussed already. An endless vortex filament is called a vortex 
ring; in the form most commonly met with, the filament 


resembles a curtain ring in shape. 


Expt, 54.—Obtain an ordinary cardboard collar box, and bore a clean 
circular hole, of about one to two cm. diameter, in the lid. Placea piece 
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of smouldering brown paper in the box, and fit the lid in place. On 
striking a sharp blow on the back of the box, a beautifully formed 
vortex ring will issue from 
the hole in the lid, and 
travel for a considerable 
distance through the air. 


Vortex rings on a 
larger scale can be ob- 
tained by aid of the 
arrangement, due to the 
late Prof. Tait, repre- 
sented in Fig. 206. The 

; ‘ back of a large wooden 
Fig. 206.—Method ee aene large vortex how isicevered 4ithiGane 
vas, and a circular hole 
is cut in a piece of tin plate which is fitted over a large 
hole in the front of the box. Vapours of ammonia and 
hydrochloric acid are introduced into the box, by way of tubes 
connected to glass flasks which contain the corresponding 
liquids ; a brisk evolution of the vapours can be ensured by 
heating the flasks. Dense clouds laden with sal-ammoniac are 
formed within the box; on striking the canvas back of the 
box, a large vortex ring issues from the hole in the tin plate, and 
travels for a distance of 20 to 30 ft. through the air. 

As already explained, the axis of a vortex filament is the line 
about which the filament rotates. In a circular vortex ring, 
the axis of the filament takes the 
form of a circle; each particle of 
the filament revolves about an element 
of this circle as axis, and so continu- 
ally crosses and recrosses the plane 
which contains the circle. The con- 
nection between the direction of rota- 
tion and the direction of translation 
of the filament can be seen from Fig. 
207. The ring as a whole always 
travels in a direction perpendicular to Fic. 207.—A vortex ring, 
the plane that contains the circular 
axis of the filament ; and each particle of the filament revolves 
about the circular axis, so that it moves forwards when on the 
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concave side and backwards when on the convex side of the 
circular axis. If a plane, perpendicular to the plane of 
the circular axis, be drawn through a diameter of the circle, the 
lines of flow in this plane will have the form represented in 
Fig. 208, if the vortex ring is stationary in space. It at once 
becomes apparent that a vortex ring cannot be in equilibrium 
when stationary, just as two parallel straight vortices of oppo- 
site signs cannot be in equilibrium when their axes are stationary 
(p. 431). The ring represented in Fig. 208 can be in equilibrium 
only when it is moving from the bottom to the top of the 


Fic. 208.—Lines of flow due to a stationary vortex rinz. 


(To obtain the tubes of flow, imagine the diagram to be rotated through a small 
angle about the middle dotted line extending from top to bottom of the diagram.) 


diagram ; for the motion at any point on the circular axis is 
due to the circulatory flow derived from the circular filament 
as a whole. 


The calculation of the translational velocity or a vortex ring is a 
matter of some difficulty, but the following argument will explain the 
conditions which determine the direction and magnitude of this 
velocity. 

Let Fig. 209 represent part of an endless vortex filament, and let it 
be required to determine the velocity with which any point P on the 
axis of the filament is moving. Divide the filament into short elements ; 
then the element within which the point P lies will produce no linear 

F F 


434 GENERAL PHYSICS FOR STUDENTS CHAP” 


velocity at P, for the element produces a circulatory motion only about 
its axis, and therefore about P, Any other element will produce a 
motion at P in the direction of the 
arrow. 

The axis of an element A approxi- 
mates to a short straight line; at any 
point in the surrounding fluid, the 
element produces a circulatory motion 
about this axis, produced if neces- 
sary. The further the point P is from 
the element A, the smaller will be 
the velocity at P due to the element ; 
at a given distance from the element, 
the velocity produced is greatest 

Fic. 209.—Part of a vortex ring. when the line PA joining the point 
(The dotted circle shows the direction to the element is perpendicular cy 
of the velocity due to the element the element, and the velocity falls 

at A.) off as the angle PAC between the 

line and the axis of the element 

diminishes. If the vortex filament is strongly curved, an element very 

near to P will add considerably to the velocity at P ; firstly, on account 

of the nearness of the element, and secondly, because the line joming 

P to the element makes a fairly large angle with the axis of the 

element. On the other hand, if the curvature of the filament is small, 
the velocity at P will be small. 

Thus, if a vortex ring is of large diameter, its translational 
velocity will be small; for, if we choose any point on the circular 
axis of the ring, the line joining this point to any adjacent 
element will make a very small angle with the axis of that 
element, while any element whose axis is inclined at a large 
angle to the line joining it to the point will be far distant. 
Conversely, vortex rings of small diameter will move with great 
velocity. When a vortex ring is projected normally towards a 
wall, the translational velocity of the ring must diminish as the 
wall is approached, and this entails an increase in the diameter 
of the ring, and an increase in the length of the filament ; also, 
as the length of the filament increases, the angular velocity of 
rotation of the filament increases (p. 392). 


If a vortex ring is projected from an elliptical hole, it exhibits 
a very interesting type of motion. Let it be supposed that the 
major diameter of the elliptic hole is horizontal, and that the 
vortex ring is projected in a horizontal direction. The shape 
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of the ring, as it leaves the hole, is that of an ellipse with its 
major diameter horizontal ; but the parts of the ring near to 
the ends of the major diameter 
are most strongly curved, and 
therefore these parts move for- 
ward more quickly than tke 
remainder of the ring. Hence 
the ring very quickly acquires a 
shape similar to that represented 
in Hig. 210. The upper and 
lower sides of the ring be- 
come concave in front, and this 
curvature causes the upper side Fic. 210.—The motion of an ellip- 
of the ring to move upwards, tical vortex ring. 
and the lower side downwards. 
Consequently, after a certain lapse of time, the ring acquires 
the shape of an ellipse with its major axis vertical ; and then 
the horizontal diameter begins to increase until the ring has 
the shape of an ellipse with its major axis horizontal. The 
ring wriggles forwards in a grotesque manner, the most strongly 
curved parts always moving forward with the greatest velocity. 
When two vortex rings (B and A, Fig. 206) are projected in 
rapid succession from a circular hole, the one in advance, B, 
slows down and expands laterally, while the one in the rear, A, 
increases in speed and contracts laterally. In this case, the 
motion of a point on the axis of either ring is due, not only to 
the circulatory motion derived from that ring, but also to that 
derived from the other ring. Presently A passes bodily through 
B and shoots ahead ; then the speed of A diminishes and that 
of B increases, until B passes bodily through A, and so on. In 
this manner each vortex filament contrives to revolve about the 


other (compare p. 431). 


It has been proved (p. 374) that a vortex filament tends to contract 
longitudinally ; the question now arises: how is it that a vortex ring 
maintains its size so long as its translatory velocity remains constant, 
instead of becoming smaller and smaller? The answer to this question 
becomes obvious, when the distribution of the lines of flow about the 
moving vortex ring is realised. Let it be supposed that an observer 
travels with the vortex ring; then the appearance presented to the 
observer will be the same as if the ring and the observer were stationary. 

FF2 
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and a uniform velocity, equal in magnitude but opposite in direction to 
their actual translatory velocity, were imposed on the surrounding fluid. 
Now, the lines of flow due to a stationary vortex ring are similar to the 
lines of magnetic force due to an electric current flowing along a 
conductor bent into a circle (compare p. 428), and the lines of flow 
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Fic. 211.—Lines of relative flow, due to a vortex ring moving from the bottom 
to the top of the page. 


(To obtain the tubes of flow, imagine the diagram to be rotated through a small 
angle about the straight line extending from top to bottom of the diagram.) 


due to a uniform velocity are similar to the lines of magnetic force due 
to a uniform magnetic field, such as the horizontal component of the 
earth’s field. Hence, the lines of relative flow of the moving vortex 
ring will be in agreement with Fig. 211, which also represents 
the lines of force due to an electric current flowing around a circular 
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coil of which the plane is perpendicular to the horizontal component of 
the earth’s field, the direction of the current being such that its field at 
the centre of the coil is opposed to the horizontal component of the 
earth’s field. It will be seen at once that the velocity of flow across the 
plane which contains the circular axis of the ring is less where the fluid 
is flowing forwards through the ring than where it is flowing backwards 
outside the ring ; the consequent difference of pressure tends to make 
the ring expand, and this neutralises the natural tendency of the 
filament to contract. 

Reasoning similar to that used on p. 427 shows that an approximately 
spheroidal volume of the fluid is carried onwards by the vortex ring, and 
this endows the ring with considerable kinetic energy. This explains 

- ‘why an obstacle may be moved by the impact of a vortex ring projected 
against it. 

The strength of a vortex filament in a perfect fluid could not be 
altered by any human agency (p. 392), and therefore a vortex ring in a 
perfect fluid would be uncreatable and indestructible. The late Lord 
Kelvin formulated an hypothesis which accounts for the indestructibility 
of matter, by assuming that atoms are vortex rings in the ether, the 
latter being supposed to be a perfect fluid. This hypothesis suggests no 
explanation of gravitational attraction, and it possesses other disad- 
vantages which have never been overcome ; for instance, a vortex ring 
cannot become stationary unless its diameter is infinitely large, and 
therefore at the absolute zero of temperature, where molecules are 
stationary, vortex ring atoms would-be infinitely large. In the 

laboratory it is possibie, at the present time, to obtain temperatures 
only a few degrees above the absolute zero, and at these low tempera- 
tures matter exhibits no properties which would lead us to conclude 
that the atoms are larger than at ordinary temperatures. 


FLOW OF A COMPRESSIBLE FLUID. 


The flow of a compressed gas from an orifice in the con- 
taining vessel.—It has been pointed out already (p. 406) that 
the flow of a compressible fluid, such as a gas, is much more 
difficult to determine than that of an incompressible fluid. The 
enhanced difficulty is due to the fact that an alteration of 
pressure generally produces an alteration in the density of a 
gas. Thus, as a gas travels along a tube of flow, if its pressure 
diminishes, its density also will diminish ; further, as the gas 
expands, it gains energy at the expense of the heat which 
disappears. 
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Let it be supposed that gas, at a pressure #,, is contained 
within a vessel, and escapes from a small orifice into the 
surrounding space where the pressure is lower. Within the 
vessel, tubes of flow will converge towards the orifice. At a 
distance from the orifice, a tube will be wide, say of cross- 
sectional area A, and the velocity V, of the gas will be vanish- 
ingly small ; the pressure of the gas will be sensibly equal to /,, 
the pressure that would exist everywhere within the vessel if 
the orifice were closed. Nearer to the orifice, let the cross- 
sectional area of the tube be a, the velocity of the gas being V, 
and its pressure . Where the pressure of the gas is 7, let the 
density of the gas be p,; and where the pressure is /, let the . 
density be p. Then, when the flow has*become steady— 


paV=pAV,? com Sere Pe ies 


The mass of gas p,AV, which, in one second, crosses the section of 
area A, must expand so that its pressure falls from p, to before it 
crosses the section of area a. Since gases are bad thermal conductors, 
it may be assumed that no appreciable quantity of heat flows across 
the lateral boundaries of a tube of flow, and in this case the expansion 
is approximately adiabatic. Let the absolute temperature of the gas 
fall from T, to T during the expansion ; the heat lost. by the gas must have 
been transformed into mechanical energy, so that the mechanical energy 
carried across the section of area a in one second, exceeds that carried 
across the section of area A in the same time, by the mechanical equiva- 
lent of the heat lost by the mass, p,AV, of gas in expanding adiabatically 
so that its pressure falls from 4, to /. 

If unit mass of gas is cooled, at constant volume, through (T,—T) 
degrees, the heat lost is equal to s, (T,—-T), where s, is the specific heat 
of the gas at constant volume ; in this case the heat is conducted away 
from the gas, and no work is done. If unit mass of the same gas 
expands adiabatically so that its temperature falls from T, to T, an 
equal quantity of heat is lost by the gas; for most gases are approxi- 
mately perfect, and the thermal energy of a perfect gas is confined to the 
kinetic energy of its constituent molecules, so that a reduction in the 
mean molecular velocity of the gas, corresponding to a fall of temperature 
from T, to T, entails the same loss of thermal energy however the fall of 
temperature may be produced. But when a gas expands adiabatic- 
ally, the thermal energy lost is converted into mechanical energy ; thus, 
the mechanical energy E, gained by the adiabiatic expansion of unit mass 
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of the gas so that its temperature falls from T, to T, is given by the 
equation 
E,=Js» (T,—T), 


where J denotes the mechanical equivalent of unit quantity of heat. 
If s, denotes the specific heat of the gas at constant pressure, it can 


be proved! that— 
Spe = I, 


where R denotes the product of the pressure and volume of unit mass of 
the gas, divided by its absolute temperature. Multiplying’ the value 
of E, by (R/J), and dividing it by the equal quantity (s,—s,), we find 
that— 

Sv 


B= R(T, —T) 


Sp — Sy 


The mechanical energy E, gained by the expansion of any mass # of the 
same gas under similar conditions, is given by the equation— 
mR(T, -T) 


E=7E, = 
y-1 


In this equation, 7 R T, is equal to the product of the pressure Z, 
and the volume (say v,) of the mass m of gas, before the expansion ; 
similarly 7 R Tis equal to the product of the pressure # and the volume 
{say v) of the same mass of gas, after the expansion. Hence— 


Be Air eee 
y-1 
The mass of gas p,AV,=paV, has a volume AV, before the 
expansion, when the pressure is 7, ; while its volume is equal to 
aV after the expansion, when the pressure has fallen to #2. The 
mechanical energy E gained by the adiabatic expansion of this 
mass of gas, is given by the equation— 


PE GENES aad 
a 


1 See the Author's Heat for Advanced Students (Macmillan), p. 301. 
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From the fundamental equation given on p. 402, it follows 
that— 


AV, - faV 
aV(p+ $pV9)- AVA, + 4n,Ve) =O 

p ; 2 © 
av(p Te qa el pv?) - AV,(A, ae ile + 0) = 0, 


since V,2 is vanishingly small. Dividing the first term by 
paV, and the second term by the equal quantity p;AV,, we 
obtain the equation— 


HES 4V? - ey ee 
y-1p 


When a mass of gas, which has a volume v, at a pressure fy, 
expands adiabatically until the pressure falls to # and the 
volume increases to v, the following relation 1 holds— 


port = pry. 


Since the density is inversely proportional to the volume of 
the gas, it follows that— 


Thus— 
seen 
so that— rea 
y2=.27 fA 2 (a) 
Nes Upy Pi \P } 
he (ap 
y-1 pt A \p } 
yr 
capi arm = a 
y-Tm & } ear ae: s. 


Equation (2) would suffice to determine the velocity V of the escaping 
gas, if we might assume that the pressure Z of the gas, as it leaves the 


1 See the Author's Heat for Advanced Students (Macmillan), p. 320. 
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orifice, is equal to the pressure outside the vessel at a distance from the 
orifice. This assumption, however, cannot be tenable in all cases. It 
would be tenable if the escaping gas always formed a jet similar to that 
formed by a liquid flowing from an orifice (p. 410). But if we suppose 
that the gas escapes into a vacuum, it is clear that the tubes of flow 
must expand as they leave the orifice, for the gas must flow towards all 
points in the external space ; and an alteration in the width of a tube 
of flow entails an alteration of pressure, so that in this case the pressure 
at the orifice must differ from that at distant external points. 


Condition of flow of gas.—Let a gas flow along a tube of 
flow, subject to the condition that it continually proceeds to 
points at lower and lower pressures. Using the notation 
explained above, the velocity V, at any point in the tube where 
_ the pressure is equal to J, is given by equation (2). The mass 
of gas crossing any section of the tube in a second is inde- 
pendent of the position of the section selected, so that paV must 
be independent of ~. Since— 


; p=pi( p/p)”, 
it follows that 


paV =p (B)en/ ar aie Oa) { (4) e sa 
1 


Y¥-Ipi 


= 2 / BBN {1 -(2 (4) es TYey, 
1 1 


and the right-hand side of this equation must have the same 
value, whatever may be the value of the sectional area a and 
the pressure # at the point chosen. 


Let 
ee 
Ca alee 
Pi A 

then a,/P must be constant, since the quantity ./{2yf,p,/(y-1)} 
does not involve Z, and must therefore have the same value 
whatever section of the tube of flow is chosen. 

Now, P is the product of two terms. The first is equal to zero 
when #=/,, and its value increases as # decreases until it 
becomes equal to unity when =o. The second term is equal 


442 GENERAL PHYSICS FOR STUDENTS CHAP. 


to unity when f=/,, and its value decreases as # decreases 
until it becomes equal to zero when =o. Thus, as # decreases 
from the value #, to zero, the value of P at first increases, owing 
to the increase in the first term ; ultimately, however, the value 
of P must diminish and become equal to zero when Z=0, owing 
to the diminishing value of the second term. But @,/P must 
remain constant for all values of P ; consequently the value of 
a must diminish so long as P increases, and then must increase 
to infinity as the value of P falls to zero. 

Thus, if a gas flows along a tube of flow, subject to the condition 
that the pressure falls from /, at the end where the gas enters with 
negligible velocity, to zero at the other end of the tube; then, as the 
gas flows to points at lower and lower pressures, the sectional area 
of the tube at first decreases, and attains a minimum value where 
the pressure makes P a maximum; subsequently the tube expands 
laterally, and becomes infinitely wide where the pressure is equal to 
zero. 


To determine the value of 4 which makes P a maximum, let (A/f,) 
be denoted by +; then— 
Vee oe 
P=(1-7 Y yt egy Uf = 


When P has a maximum value, a small increase in the value of #, which 
causes the value of 7 to increase to (r+), will produce no increase in 
the value of P. Now— 


2 2 2 
22 eee 
(ry? =r" (1 Hos "(1 + aoe ee sf 


Similarly— 
(743) 7 =7 (: pre = 
yur 


Therefore, the increase in the value of P, due to the increase in the 
value of 7 to r+, is equal to— 
2 y+1 
Stas pate 
PHS pp Beary 
Yt i / 
and this must be equal to zero, Thus— 
( y+1 2 
pe el ici Ld eo 
BS 2 ie See 
Y Y 
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» are,” 
2 
is, 
vA-f 


and the value of (say ~,) which makes P a maximum, is given by the 
equation— 


7 
Rei Soy 
rab = (2) ees eee se ('3)) 


The following table gives the value of 2,/f, for a few ‘typical gases— 


: A 

G sa3 

as ey AL 
EN Ge Bebe ee a fe 1208 0°525 
Hydrogen ... ie Be? 1°42 O'417 
Carbon dioxide ne ae 1°26 0°537 


Thus it appears that a tube of flow will have a minimum 
sectional area at a point where the pressure is equal, roughly, to 
one half of the pressure at the end of the tube where the gas 
enters with negligible velocity. 

Velocity of efflux from an orifice, as influenced by the 
external pressure.—Let it now be supposed that a compressed 
gas escapes from an orifice in its containing vessel, into the 
external space where the pressure is equal to zero. Within the 
vessel, at a distance from the orifice, the pressure and density 
of the gas are respectively equal to Z, and p,;. The tubes of 
flow within the vessel must become narrower as they approach 
the orifice ; they must also attain a minimum sectional area at 
the point where the pressure has the critical value ~, deter- 
mined by equation (3), and must then expand laterally until 
they become infinitely wide. The only way in which these 
conditions can be complied with is, for the tubes of flow to 
contract laterally until a point in the immediate neighbourhood 
of the orifice is reached, and then to expand into the external 
space (Fig. 212). In this case the pressure at the orifice must be 
equal to f,; and the velocity V, of the gas as it leaves the orifice 
is found by substituting the value of #, for # in equation (2). 
Thus— 
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=< Rh ay, AL Se hee O) oe Od ee a (4) 
y+I py 


This equation suffices to determine the velocity of efflux at the 
orifice. 

Now let the external pressure be increased gradually. So 
long as it is léss than the critical pressure ~,, the tubes of flow 
must have minimum sections in the immediate neighbourhood 
of the orificé, and therefore the pressure at the orifice must remain 
equal to ~., and the velocity of efflux must remain unaltered. 
In the external space, the tubes of flow expand laterally, and 
the pressure within them falls until it becomes equal to the 
external pressure ; subsequently, no further expansion of the 
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Fic. 212.—Stream-lines in a gas which escapes from a small orifice into a vacuum. 


tubes of flow can occur, for if it did, the pressure within them 
would fall below the external pressure. But the gas cannot 
flow away from the orifice in all directions in-tubes of flow of 
constant area; hence, motion along stream-lines becomes 
impossible at points further from the orifice than those at which 
the tubes cease to expand, and the motion becomes turbulent. 
When the external pressure has been increased to p-, the 
tubes of flow cannot expand into the external space, and 
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turbulent motion commences at the orifice. The gas leaves the 
orifice in the form of a jet (Fig. 213), and the surrounding gas is 
thrown into eddies in order to avoid discontinuity of motion 
between it and the sides of the jet. So long as the external 
pressure is not greater than the critical pressure /,, the velocity of 
efflux at the orifice retains the value given by equation (4). 


When the external pressure is greater than #., the pressure 
cannot be as low as 4, in any part of a tube of flow; in this case 
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Fic. 213.—Stream-lines in a gas which escapes from a small orifice into a space 
where the pressure is greater than half the pressure within the vessel which the gas 
leaves. 


the gas issues as a jet which sets the surrounding gas in eddy- 
ing motion (Fig. 213), and the pressure at the orifice is equal to 
the external pressure, say Z, Thus, the velocity of efflux is 
obtained by substituting Z, for # in equation (2) (p. 440). 

From the reasoning used above we may conclude, that if a 
vessel is divided into two compartments by a partition pierced 
with a small orifice, and compressed gas, contained in one 
compartment, escapes into the other through the orifice ; then the 
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velocity of escape is independent of the pressure in the receiv- 
ing compartment, provided that this is less than about half the 
pressure in the discharging compartment. This result was 
first obtained in 1869 by R. D. Napier, from experiments on 
steam ; somewhat later Wilde obtained the same result with 
relation to air. Its explanation was given some twenty years 
later by Prof. Osborne Reynolds, who also pointed out that much 
light is thrown on the subject by expressing the value of V,, 
given in equation (4), in terms of the pressure #, and the 
density p, at the orifice. 


From p. 440, it follows that—- 


Dea 
6.() =1(*) 


Using equation (3), p. 443, we find that— 


I 


I 
y +1 =r 
p= p(S)F = p. (724). ake 


Now (p. 444)— 
ee 
Bee Pine SPS 2 on vz! 
i J ee ee: eae Po 
Ne ee: 2 
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from equation (3) (p. 443); and this gives the velocity of sound in the 
gas, under the conditions which prevail at the orifice. 

The physical significance of the result obtained above, now 
becomes apparent. Any alteration in the flow within the dis- 
charging vessel must be accompanied by alterations of pressure 
within each tube of flow, and a change of pressure in the receiy- 
ing vessel can affect the velocity of flow within the discharging 
vessel, only if it can affect the pressure in the tubes of flow 
within the discharging vessel. Now, a change of pressure in the 
receiving vessel will produce a wave of increased or diminished 


1 See the Author's Heat for Advanced Students (Macmillan), Pp. 329. 
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pressure, which travels through the gas issuing from the orifice 
with a velocity equal to that of sound; if the gas is issuing 
from the orifice with a velocity equal to that of sound, the wave 
cannot reach the interior of the discharging vessel, for it is 
carried outwards by the issuing gas just as fast as it travels 
inwards through the gas. 

Hence it follows that the maximum velocity with which a gas 
can flow through a small orifice, is equal to the velocity of sound in 
the gas under the conditions of temperature, density, and pressure 
which prevail at the orifice. 


QUESTIONS ON CHAPTER XIII. 


I. Determine the value of the pressure on the surface of an isolated 
spherical source, of radius x and strength g, due to the flow of fluid of 
density p across the surface. 

2. From the similarity between the values of the stresses across the 
transverse sections of tubes of flow and electric tubes of force, calculate 
the attraction exerted by a source of strength g, on another source of 
age ga, when the two are separated by a distance d. 

. Two spherical bedies, surrounded by a perfect incompressible 
fluid, are expanding and contracting rhythmically with a common 
period T, the phases of the oscillations of both bodies remaining equal. 
Calculate the maximum attraction exerted by one of the bodies on the 
other when the distance between the two is equal to @; the mean radius 
of either body being equal to ~, and the linear amplitude of the oscilla- 
tions of the surface of either being equal to a. 

4. Let the flow in a perfect incompressible fluid be due entirely to 
sources and sinks, and let the component flownormal to each element 
of the boundary surface of the fluid be known ; (the boundaries of the 
sources and sinks are considered to be part of the boundaries of the 
fluid), Prove that, ir any chosen distribution of tubes of flow would 
produce the given flow normal to the boundary, this distribution is the 
only one that could be produced by the sources and sinks in the fluid. 

5. A-source of strength g is situated in an incompressible perfect 
fluid, at a distance @ from a rigid plane which forms the only boundary 
of the fluid. Prove that the source is attracted by the plane, and 
calculate the value of the attraction. Assume that the fluid can slip 
freely along the plane. 

6. Asphere is moving through an incompressible perfect fluid. Prove 
that the instantaneous flow in the fluid surrounding the sphere is similar 
to that which would. be produced if the sphere were removed and a 
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doublet were placed at its centre. Determine the strength of the 
doublet in terms of the velocity V of the sphere. 
7. A sphere is moving through an incompressible perfect fluid. 


Prove that the motion of the surrounding fluid increases the inertia of 


the sphere by an amount equal to half the mass of the fluid that would 
fill the space occupied by the sphere. 

8. A very long cylindrical rod is moving, in a direction perpendicular 
to its length, through an incompressible perfect fluid. Prove that the 
motion of the surrounding fluid increases the inertia of the rod by an 
amount equal to the mass of the fluid that would fill the space occupied 
by the rod. 

9. A straight vortex filament, of strength 7, is situated in a perfect 
incompressible fluid bounded by a cylindrical vessel or radius R ; the 
filament is parallel to the axis of the cylinder, the distance between 
the two being equal to d@. Prove that the vortex filament will revolve 
about the axis of the cylinder with a uniform linear velocity equal to— 


ma 
2n(k*- a”) 


10. A straight vortex filament, of strength wz, is situated with its 
axis parallel to a plane surface which forms the only boundary of the 
perfect incompressible fluid which surrounds the filament. Prove that, 
if the distance of the filament from the plane is equal to R, the filament 
must be moving in a direction perpendicular to its length and parallel 
to the plane, with a velocity equal to m/47R. 

11. The air-tube of a bicycle tyre has an internal volume of 80 c. in. 
The tyre is inflated until the pressure of the contained air is equal to 
several atmospheres, when it is found that there is a slight leak at the 
valve ; the mouth of the valve is wetted, and it is found that a bubble 
one-quarter of an inch in diameter is blown in six seconds. The tyre 
is then allowed to remain uninterfered with for 48 hours, when it is 
found that, on wetting the mouth of the valve, a bubble one-quarter of 
an inch in diameter is blown in twelve seconds. Estimate roughly the 
pressure inside the air tube immediately after its inflation. 

12. In connection with question (11), estimate roughly the area of 
the orifice through which the air escapes from the tyre. 


CHAPTER XIV 
WAVES ON THE SURFACE OF A LIQUID 


Wave length, periodic time, and velocity.-—Everybody is 
familiar, to some extent, with the characteristics of waves on the 
surface of water. These can be observed, on a small scale, when 
a stone is thrown into a pond; on a large scale they may be 
studied to best advantage on the open sea, as, for instance, in 
crossing the Atlantic. The “choppy” waves seen in the 
English Channel are of a comparatively complicated character, 
due to conflicting tidal currents. In the simplest case, a train 
of waves consists of a series of parallel and equidistant ridges, 
separated one from another by depressions, the whole travelling 


Fic. 214.—Waves on the surface of a liquid. 


over the surface of the water with a definite velocity. Fig. 214 
represents the section of a wave-train by a vertical plane 
parallel to the direction of propagation ; to a first approxima- 
tion, the section of the surface takes the form of a series of 
simple harmonic curves. 

Since the waves obviously travel over the surface of the water, 
one is inclined to believe, at first sight, that the surface layers 
of the water travel with the waves. But if some small pieces of 
straw are scattered on the surface of a pond, and these are 
watched as a wave train travels past them, it will be seen that 
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they are not carried forward appreciably ; each piece of straw 
is seen to oscillate about an approximately fixed position, and 
therefore it may be concluded that each particle of the water 
oscillates in a similar manner. Each particle of water rises and 
falls, acquiring its highest position when it is beneath the 
crest of a wave, and its lowest position when it is beneath a 
trough. The distance from one crest to the next, or from one 
trough to the next, is called the wave length; this will be 
denoted by A. If the waves are all similar, as represented in 
Fig. 214, all will have a common wave length. 

Let a particle of water be on the crest of a wave at a given 
instant ; as the crest moves forward, the particle sinks until 
it is at the bottom of a trough, and then rises until it once more 
attains its maximum elevation; during this process the first 
crest has moved forward through a distance A, and another 
crest has travelled up to the particle through an equal distance 
from the rear. Thus, if T denotes the period of oscillation of 
the particle, and V denotes the velocity with which the waves 
travel over the surface of the water, it is evident that a crest, 
moving with the velocity V, traverses a distance A in the time T, 
so that— 


Vilteiy eee (1) 


. . . 


Further consideration shows that each particle of water must 
do something more than merely oscillate in a vertical line; 
for no empty space is formed beneath the crest of a wave, and 
therefore the heaping up of water to form a crest must involve 
a horizontal flow, presumably from the space left empty in a 
neighbouring trough. We may therefore assume that a 
particle of water in the surface executes two linear oscillatory 
motions: a vertical oscillation of amplitude a, where a denotes 
the height of a crest above the mean level of the surfaces of the 
water; and a horizontal oscillation of amplitude 8, a value 
which must be determined. If a particle once passes through 
any given position, it will repass the same position at regular 
intervals, each equal to T; hence it follows that the periods of 
the vertical and horizontal oscillatory motions must be equal, 
each having the value T. Further, when oscillations are small 
they invariably approximate to the simple harmonic type; 
thus when the amplitude of the waves is small in comparison 
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with the wave length A, we may assume that each particle of 
water in the surface executes a simple harmonic motion of 
amplitude a in a vertical direction, together with a simple 
harmonic motion of amplitude 8 in a horizontal direction, the 
periods of both oscillations being equal. The maximum 
velocity due to the vertical oscillation is equal to (27a/T) (p. 87), 
while the maximum velocity due to the horizontal oscillation 
is equal to (278/T). In either case, the maximum velocity 
is attained at the middle point of the oscillation in question. 

So far, attention has been concentrated on a particle in the 
free surface of the water. On referring to Fig. 214 it becomes 
obvious, without further argument, that motion cannot be 
confined to the particles in the surface. On the other hand, 
when the water is very deep (as, for instance, in the Atlantic 
Ocean) all particles, from the surface to the bottom of the 
water, cannot execute oscillations of equal amplitude ; for if 
they did, a wave would possess a store of energy enormously 
in excess of that which experience warrants us in attributing 
to it. Hence we must conclude that a particle of water, at a dis- 
tance below the free surface, executes vertical and horizontal 
oscillations similar to, but smaller than, those of a particle at 
the surface ; the relation between the amplitude of oscillation, 
and the depth below the surface, must be determined. 


In the ensuing investigations, waves on deep water will be studied. 
The relation between the amplitudes of the horizontal and vertical 
oscillations will be determined, the velocity of wave propagation will be 
deduced, and the relation between the amplitude and the depth will be 
found ; then, expresssions for the potential and kinetic energies of a 
wave train will be obtained, and these will suffice to explain some 
interesting points in connection with the propagation of groups of 
waves. 


The horizontal and vertical oscillations of a particle.— 
Let it be supposed that a series of imaginary horizontal planes 
are described in still water, each plane being at a distance 
6 below the one above it, the highest plane coinciding with the 
free surface of the water. The traces of these planes are 
indicated by the horizontal lines on the right-hand side of 
Fig. 215. Further, let it be supposed that all particles of water 
which lie in the imaginary planes, are marked in some manner 
so that the position of each plane becomes visible to the 
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eye. When a train of waves travels from left to right over the 
water, all particles will be ‘set in oscillation, and the particles 
which previously lay in a plane will now for an instant lie in a 
curved surface, of which the trace on the plane of the paper is 
a wave curve, as shown on the left hand side of Fig. 215. 
Particles in any vertical line will be in similar stages of their 
oscillations, that is, they will be in equal phases: the crests 
of all wave curves will lie in one vertical line, and the troughs 
of all wave curves will lie in another vertical line. 

A particle at the crest of any wave curve will be at its 
maximum elevation, and therefore at a crest, the vertical upward 
displacement of a particle has its maximum value, and the vertical 


Fic. 215.—Wave motion near to the surface of a liquid. 


velocity is equal to zero. A particle at the bottom of a trough has 
its maximum downward displacement, and its vertical velocity is 
equal to zero. At the mid-point on the slope of a wave curve 
the vertical displacement is equal to zero, and the vertical 
velocity has its maximum value. The wave curves in Fig. 215 
have been drawn so as to show that the amplitude of vertical 
oscillation becomes less, the greater the mean depth of the 
oscillating particle below the surface. 


The mean position of a particle is defined as the position of the point 
about which the particle oscillates; the distance, measured vertically 
downwards, from the mean position of the free surface to the mean 
position of any particle beneath the surface, is defined as the mean 
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depth of the particle below the surface. From Fig. 215 it will be 
seen that the vertical height of the water above a particle at the mid- 
point on the slope of a wave curve, is equal to the mean depth of all 
particles on that wave curve. 


Let waves travel over water from left to right with a velocity 
V, and let it be supposed that a uniform velocity V, from right 
to left, is impressed on the whole of the water. Then the waves 
will remain stationary in space, and the water will stream past 
them ; a particle in the free surface of the water will travel over 
the free surface of the waves, and a particle in any wave curve 
will travel along that curve, so that the wave curves become 
stream-lines. If we imagine Fig. 215 to be displaced through 
unit distance perpendicular to the plane of the paper, then any 
two neighbouring wave curves will describe curved surfaces, 
which, together with the original and final planes of the 
diagram, form the lateral boundaries of a tube of flow. All 
tubes of flow are of unit thickness perpendicular to the plane of 
the paper, and therefore the cross-sectional area of a tube can 
be determined directly by inspection. 

It will be noticed that the distance which separates neigh- 
bouring wave curves is greater under a crest than under a 
trough of the waves; this is due to the fact that the amplitude 
of any wave curve is less than that of the curve immediately 
above it. Since the tubes of flow are horizontal under the 
crests and troughs of the waves, and the cross-sectional area of 
a tube is greater under a crest than under a trough, it follows 
that the horizontal velocity of the water has a minimum value 
under a crest, and a maximum value under a trough (p. 378). 
Now, the velocity of any particle of water in a tube of flow is 
the resultant of two components, viz., the horizontal velocity V, 
from right to left, impressed on all particles ; and the instan- 
taneous velocity of the particle due to its oscillation. Since the 
horizontal velocity of a particle has a minimum value below the 
crest of a wave, and a maximum value below the trough, the 
velocity due to the horizontal oscillation of a particle must be 
opposed to the impressed velocity V under the crest, and con- 
current with V under the trough ; and the numerical value of the 
velocity due to the horizontal oscillation of a particle must have a 
maximum value under the crests and the troughs. Hence, the 
character of the horizontal oscillation of a particle becomes 
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evident ; under the crest of a wave, all particles are moving, 
with maximum horizontal velocity, in the direction of wave 
propagation ; and under the trough, all particles are moving, 
with maximum horizontal velocity, in an opposite direction. 
Since the maximum velocity of an oscillating particle is acquired 
at the instant when the corresponding displacement is zero, it 
follows that the horizontal displacement is equal to zero under the 
crests and troughs of the waves, and therefore the horizontal 
displacement has its maximum value under the mid-points on the 
slopes of the waves. Under the crest of a wave, a particle has its 
maximum upward displacement, and zero horizontal displace- 
ment ; while under a trough, a particle has its maximum down- 


K 


Fic. 216.—Tupe of flow beneath’ the free surface of a liquid. 


- ward displacement and zero horizontal displacement. Under 
the mid-point on the slope of a wave, a particle has zero vertical 
displacement and maximum horizontal displacement. From 
this it becomes evident that the horizontal and vertical oscillations 
of a particle differ in phase by 7/2. 


Let ACTB, Fig. 216, represent a tube of flow beneath the free surface 
of the water, the vertical thickness of the tube being so small that all 
particles within it oscillate with approximately equal amplitudes. Let 
particles within the tube oscillate with a vertical amplitude a, and 
a horizontal amplitude 8; then the maximum horizontal velocity of 
oscillation is equal to (278/T), where T is the period of oscillation 
(p. 451); and since VT=A (p. 450) it follows that the maximum 
horizontal velocity of oscillation is equal to (21VB/A). Similarly, the 
maximum vertical velocity of oscillation is equal to (2rVa/a). 

When the uniform velocity V has been impressed on the whole of the 
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water, let the resultant velocity of a particle at the point T (Fig. 216), 
directly beneath the trough of the wave, be equal to V;. Then— 


Ve = V+2rV6/A = Vit+(27B/A)}. . . (2) 


Let the resultant velocity of a particle at C, directly beneath the 
crest of the wave, be equal to V,; then— 


Veta iin (2mi8/, A) aed ere (3) 


Let the velocity of a particle at M, directly beneath the mid-point on 
the slope of the wave, be denoted by V,,; then V, is the resultant of 
the impressed horizontal velocity V, and the maximum vertical velocity 
of oscillation (2rVa/A), so that— 


Veneer (ona) Ale wel nos weenie (A) 


Relation between a and 8.—It now becomes necessary to 
utilise the fundamental equation (p. 402) expressing the 
condition of transfer of energy through a fluid. Values of the 
velocity at three different points in the tube of flow ACTB have 
been obtained, and any two of these may be selected for 
substitution in the fundamental equation. Let the points C and 
T be selected. At first sight, it would appear that the 
pressure at C must be greater than that at T, since the vertical 
height of the water is greater above C than above T. It must 
be clearly understood, however, that the pressure at a point 
below the free surface of a liquid is not necessarily proportional 
to the distance of that point below the surface, unless the liquid 
is stationary. For instance, when a liquid issues from an 
orifice in a cistern, the pressure inside the issuing jet is equal to 
the atmospheric pressure, whatever may be the distance of the 
orifice below the free surface of the liquid in the cistern. In a 
stationary liquid the weight of each particle is borne by the liquid 
beneath it (p. 35); the resultant force acting on each particle 
is equal to zero, and the particle has no acceleration. When 
the liquid is in motion, the product of the mass and the acceler- 
ation of any particle is equal to the resultant force acting upon 
it (p. 19). Therefore, if a particle is accelerated in a downward 
direction, it must be acted upon by a resultant downward force ; 
that is, its weight cannot be borne entirely by the underlying 
liquid, and the difference between the pressures just below and 
just above the particle must be less than if the particle were 
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stationary or moving with a constant velocity. If a vessel con- 
taining a liquid is allowed to fall freely under the action of 
gravity, the vessel and its contents fall with the constant acceler- 
ation g, and therefore the acceleration of each particle of the 
liquid is equal to g; the resultant downward force acting on 
any particle of mass 7 is equal to #g, and therefore no part of 
the weight of the particle is borne by the underlying liquid, so 
that the pressures just below and just above the particle are 
equal, and at any point in the liquid the pressure is equal to 
that at the free surface of the liquid. When a liquid is not 
falling freely under the action of gravity, part of the weight of 
each particle must be borne by the underlying liquid ; but the 
greater the downward acceleration of the particle, the smaller 
will be the fraction of the weight of the particle borne by the 
underlying liquid, and the less will the particle contribute to the 
pressure of the liquid beneath it. 

Now consider a particle traversing the tube of flow BTCA, 
(Fig. 216) from right to left. At M the particle acquires its max- 
imum upward velocity, and at A the particle acquires its max- 
imum downward velocity ; therefore, as the particle moves from 
M through C to A, its acceleration is always in a downward 
direction, being greatest at C and equal to zero at M and A (com- 
pare p. 92). At M and A the weight of the particle is sustained 
entirely by the underlying liquid, since the verticale acceleration 
of the particle is equal to zero; similar reasoning applies to 
all tubes of force above ACTB, and therefore the pressure at M 
or A is equal to gp#, where % is the height of the vertical 
column of liquid above M or A. But at points between M and 
A, the weight of a particle is not borne entirely by the under- 
lying liquid ; thus the pressure at C must be less than that due 
to the vertical column of liquid above C. Similar reasoning 
shows that at T the pressure is greater than that due to the 
vertical column of liquid above T ; for all particles between B 
and M are accelerated in an upward direction, the acceleration 
having its maximum value at T, and therefore the liquid 
beneath a particle not only sustains the weight of the particle, 
but exerts on it a resultant upward force equal to the product of 
the mass and the upward acceleration of the particle. 

Let the amplitude of the vertical oscillation of a particle on 
the free surface of the liquid be equal to a,; then the crest K is 
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at a height a, above the mid-point H on the slope of the wave, 
and C is at a height a above M; thus, the height CK of the 
column of liquid above C is equal to (k+a,-.a), where MH=A. 
Similarly, the height TL of the column of liquid above T is 
equal to (A—a,+a). The pressure P at M is equal to gph. 
The pressure at C will be determined later ; for the present it 
will be assumed to be equal to (P+), where the excess of 
pressure / is due partly to the additional height (a—a,) of liquid 
above C, due allowance being made for the maximum down- 
ward accelerations of all particles between C and K. The 
column of liquid above T is shorter by (a—a,) than that above 
M, and allowance must be made for the maximum upward 
accelerations of all particles between T and L; and as the 
maximum upward acceleration of a particle between T and L is 
numerically equal to the maximum downward acceleration of a 
corresponding particle between C and K, we may assume that 
the pressure at T is equal to (P —P). 


At the points C, M, and T in the tube of flow ACTB, let the cross- 
sectional areas of the tube be equal to A,, A», and A, respectively. 
Applying the fundamental equation (p. 402) to the flow of the liquid 
from T to C, and remembering that each unit mass of liquid gains 
(gx 2a) units of gravitational energy in passing from T to C, we have— 


A.V(P +p + 4pV.2) — ArVi(P —p + pV22) = — pAcVe . 29a. 
Applying the fundamental equation to the flow from M to C, we 
aro AV (P+p+4pV 2) — AmVm(P + 4p Vin?) = — pAcVe + £a. 
Dividing these equations through by— 
ACV 6= Ay Ve— An ms 
and simplifying, we have— 
apV.2—$pVi2=—2p-2gpa . . - + = (5) 
bpm =— P= gpa os » « 16) 
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Multiplying equation (6) by two, and subtracting the result from (5), 


we obtain— 
— pV." — $pVi? + pVm" = 03 


V2+V2 = 2Vim®. 
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Substituting the values of V., Vt, and Vm, given by equations (2), 
(3) and (4) (p. 455) we obtain— 


i 2 2 
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Thus, the amplitudes of the vertical and horizontal oscillations 
are equal, and this result holds for all particles of the liquid, that 
is, for all values of the mean depth % It has been proved 
already (p. 454) that the phases of the vertical and horizontal 
oscillations differ by m/2, and it is known that two mutually 


and therefore B=a. 


Fic. 217. Circular orbits of particles of a liquid, during the passage of a wave 
train over the surface of the liquid. 


perpendicular oscillations, equal in amplitude and period, but 
differing in phase by 7/2, are equivalent to a uniform circular 
motion (p. 87). Hence, we conclude that each particle of liquid 
revolves with uniform velocity in a circular orbit, the radius of the 
circle being equal to a, the maximum vertical displacement of 
the particle. The instantaneous displacements of a number of 
particles in a wave train, together with the circular orbits of the 
particles, are represented in Fig. 217. 


The upper series of circles in Fig. 217 represents the orbits of nine 
particles in the surface layer of the liquid. It the liquid were untroubled 
by waves, these nine particles would lie at equiaistant points on the plane 
surface of the liquid, the distance between any two neighbouring 
particles being equal to A/8. During the passage of the waves each 
particle revolves in a circular orbit about a fixed point ; the radius of each 
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orbit # equal to the amplitude of the wave disturbance at the surface. 
The direction in which the orbits are traversed is determined by the 
condition that a particle at the crest of a wave must move forwards, that 
is, in the direction in which the waves are travelling ; while a particle at 
the bottom of a trough must move backwards. Further, the phases 
of any two neighbouring particles must differ by 27/8. It becomes 
evident that, when the amplitude is large, the section of the surface differs 
considerably from a simple harmonic curve; in fact, the section could 
be described in the following manner. Let a circle, of radius A/27, 
roll along the underside of a horizontal line at a height A/27 above 
the mean level of the surface ; then the section of the waves will be 
described by a point at a distance a from the centre of the rolling 
circle, where a denotes the amplitude of the waves. A curve described 
in this manner is called a trochoid.!| When the amplitude a is small, 
the trochoid approximates to a simple harmonic curve (p. 332). 
The lower series of circles in Fig. 217 represents the orbits of nine 
particles at a mean depth of about a fifth of the wave length. The 
relative amplitudes, at the surface and beneath it, are drawn to scale. 


Velocity of wave transmission.—In equation (6) (p. 457), 
substitute the values of V,and V,, given by equations (3) and (4) 
(p. 455), together with the condition that B=a. Then— 


- 2 2 A 2ma\? 
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Now, V denotes the velocity of transmission of the wave 
disturbance at a mean depth % below the free surface of the 
liquid, the amplitude of oscillation at this depth being equal. to 
a. It is essential that V shall have the same value at all depths 
in the liquid, since the crests of all the wave curves within the 
liquid must retain their relative positions one below another 
(p. 452). Hence, V must be independent of 2, and must thcre- 
fore be independent of a; in other words, the right-hand side of 
(7) must be independent of the value of a. This condition can 


1 Greek ¢rochos, a wheel. A point on one of the spokes of a wheel describes a 
trochoid when the wheel rolls along a horizontal straight line. 
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be complied with only if Z is proportional to a, that is, if d=£a, 
where & is a constant. 

If the wave-length is great, the curvature of the free surface 
of the wave will be small at all points, and in these circum- 
stances the effects of surface tension may be neglected (p. 349), 
and the pressure just beneath the free surface will be equal to 
the atmospheric pressure. Hence, considering a tube of flow 
just beneath the free surface, the pressure P at the point H 
(Fig. 216) is equal to the atmospheric pressure, and the 
pressure (P+) at K has the same value ; therefore at the 
surface, where a=a,, we have— 


Pp = ka =O; 50 12 SO 


Thus, when the effects of surface tension may be neglected, the 
pressure is uniform at all points in a tube of flow, and therefore 
p=o. In this case 
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Hence, when the waves are due entirely to gravity, the velocity 
is proportional to the square root of the wave length. 


When the effects of surface tension are taken into account, the 
pressure just beneath the free surface of the liquid is greater than the 
atmospheric pressure (p. 318) by (S/R), where S is the surface tension 
of the liquid, and R is the radius of curvature of the free surface at the 
point in question. The trace of the wave surface approximates to a 
simple harmonic curve, and therefore at the mid-point H (Fig. 216) on 
the slope of the curve the value of (1/R) is equal to zero, while at 
the crest K the value of (1/R) is equal to a,(27/A)? (p. 336). Thus at 
H, the pressure P just beneath the free surface is equal to the 
atmospheric pressure, while just beneath the crest K the pressure P+/ 
is greater than that of the atmosphere by a,S(27/A)?, and therefore— 

BD = hao = a.S(27/A)?. 
Thus— 
= 15 (27/A)2, 
and in general— 
P= RO G2 A)" es ee 
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Substituting the result in (7) (p. 495), we obtain— 


, as (=) + gpa 
Vv? = ——____ 
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The results to be deduced from the equation have been discussed fully 
in a previous chapter (p. 350). 


Relation between the amplitude and the mean depth 
below the surface.—Let it be supposed that, while the surface 
of a liquid is untroubled by waves, imaginary horizontal planes 
are described in it, the distance between any plane and the one 
above it being very small and equal to 6. Now, let a wave 
train of amplitude a, travel up from the left with velocity V ; 
the planes become deformed into curved surfaces of which the 
traces on the plane on the diagram are wave curves (Fig. 215). 
While the liquid to the right is still undisturbed, let a velocity V 
from right to left be impressed on the whole of the liquid. 
The waves remain stationary, and the liquid streams past thein. 
Let Fig. 215 represent the wave curves corresponding to various 
mean depths below the free surface ; if the diagram is displaced 
through unit distance perpendicular to the plane of the paper, 
any two neighbouring wave curves will describe curved surfaces 
which, together with the original and final planes of the 
diagram, form the boundaries of a tube of flow. 


A particle at the crest or the wave curve which forms the trace of 
the upper boundary of any tube of flow, is displaced upwards through a 
distance a’ from its mean position, and a particle at the crest of the 
next lower curve is displaced upwards through a distance a”, where a’ 
and a’ are the amplitudes corresponding to the two wave curves. 
Thus, the vertical distance between the particles at the crest of the two 
wave curves is equal to (5+a’—a”’); and the cross sectional area A, of 
the tube, at a point beneath the crest of the wave, is equal to 
(8+a'—a’)x1. Similar reasoning shows that the sectional area A; of 
the same tube of flow, at a point beneath the trough of the wave, 
is equal to (}-a@’+a")x1, Ata point to the right, where there are no 
waves, the velocity of the liquid is uniform and equal to V, and the 
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sectional area of the tube of flow is equal to 8x1; and since the 
product of the velocity and the sectional area of the tube is constant 
(p. 378), it follows that— 
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In this equation, (a’ ~ a”) denotes the falling off in the amplitude due to 
an increase 6 in the mean depth beneath the free surface of the 
liquid. If the amplitude at the free surface is small, both a’ and a” 
must be smaller still, and thefore (a’ — a”) must be very small ; let it be 


assumed that (a’ — a”) is small in comparison with 6, so that |(a’ — a’)/8}* 
is small in comparison with unity. In this case— 


, u" 


Ve-V2= -ve(4" — ) 


Substitute this result in equation (5) (p. 457). On the right-hand side 
of that equation, a’ may be substituted for a, since the amplitude varies 
to a very small extent in the tube of flow. Then, substituting the value 
of # obtained from equation (9) (p. 460)— 


ERA, 2 
tolV2-Ve)= ~4pV2 (425) = ~ 2a! (S(2)' +59) 


a7 7 ” , S /2n\? 
Vita’ a) = a's (2 (2) +2) 


2 
= a5 V?, from equation (10) (p. 461) ; 


and % a= al (1 aaa 
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This result shows that if we know the amplitude a’ of a particle at a 
mean depth 4 below the surface, the amplitude a” of a particle at a 
mean depth (2+) can be obtained by multiplying a’ by {1 —(273/a)}. 

Let the amplitude of a particle in the free surface of the liquid be ao, 


and let the amplitudes of particles at mean depths 5, 28, 35, ... 28 be 
equal to a, a, ag, .- » An. 
Then 
Qn 
a= ao(1 - =>), 
Qn an \? 
a = a (1 — 275) = aa(1 - 5). 
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Let 25, the mean depth below the surface of the particle whose 


amplitude is equal to a, be denoted by 2; and let (278/A)=(1/,). 
When 4 is infinitely small, + must be infinitely great. Further— 


n= h/§ = 2nxh/a, 


and therefore— 
arch 


=a{(-3))* 


and if (1-2) * be expanded by the binomial theorem, and an 
x 


infinitely large value be substituted for « we obtain a series which is 
equal to the base e« of the Napierian logarithms (compare p. 82). 
Thus— 


omh 


Cn =Vace Tabet hice ix! © (10) 


This equation suffices to determine a,, the amplitude of 
oscillation of a particle at a mean depth % beneath the free 
surface of the liquid. It shows that the amplitude falls off very 
rapidly as the mean depth increases ; the extent of this falling 
off can. be judged from Fig. 215, which is drawn to scaie. Ata 
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mean depth below the surface equal to one wave length, the 
amplitude of oscillation is only o'2 per cent. of the amplitude 
at the free surface of the liquid. When ripples (p. 351) travel 
over the surface of a liquid, the motion is confined almost 
entirely to a very thin superficial layer. The disturbance of the 
Atlantic due to waves of 30 ft. length, and ro ft. amplitude, falls 
off to an oscillation of o’24 inch amplitude at a mean depth 
of 30 ft. 

Potential energy of a wave train.—When a liquid is at 
rest, its surface is plane and horizontal, and its potential energy 
has its smallest possible value. When waves travel over the 
liquid, they entail an increase of potential energy due to two 
causes. Firstly, liquid is removed from. certain places, 
thus forming troughs, and is heaped up at other places, thus 


‘Fic. 218.—Potential energy of a wave, 


forming crests; the work done in this process represents 
the gravitational energy of the wave train. Secondly, 
the free surface of the liquid is stretched, and this entails 
an increase in the surface energy of the liquid; part of the 
energy is due to heat absorbed (p. 295), but this part is not 
transmitted with the waves, so that the only part of the surface 
energy which need be considered is that represented by the 
work done in stretching the free surface. The gravitational 
and surface energies of the wave train must now be determined. 

Let it be assumed that the trace of the waves on the plane 
of the diagram (Fig. 218) is represented by the equation— 


« 2K. 
VY = a@,sin eo 
where x denotes the distance from A to any point P on the 


line AB, and y=PQ denotes the height above AB of a point QO 


XIV POTENTIAL ENERGY OF A WAVE 465 


on the wave curve. As before, a, denotes the small amplitude 
of the wave curve. 

Starting with the liquid untroubled by waves, let it be 
supposed that the liquid is removed from the trough DSB 
(Fig. 218), and is heaped up so as to form the crest AQD of the 
wave. Let E, denote the gravitational energy of a slab of the 
wave, of unit thickness perpendicular to the plane of the paper, 
and of length A from left to right ; then E, is equal to the work 
done in removing a slab of unit thickness from the trough DSB, 
and replacing it so as to form the crest AQD. 


Select 2 equidistant points on the line AB, and through these points 
draw planes perpendicular to AB and to the plane of the paper ; by this 
means the liquid to be removed from the trough is divided into (z/2) 
elements similar to RS, each having unit thickness perpendicular to the 
plane of the paper, and a breadth equal to (A/z) parallel to AB. If 
DR=AP, the element RS may be removed from the trough and 
replaced at PQ. If AP=-, the length PQ=RS of the element is 
equal to a, sin (2mx/A), and the centre of gravity of the element is 
raised through a distance (PQ+ RS)/2=a,sin (2mx/A), so that the work 


done is equal to— 
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Now for the various elements removed from the trough, the value of 
(2rx/A) will vary from oto z, The average value of the square of the 
sine of an angle, between the limits 0 and 7/2, is equal to 1/2 (p. 53); 
and between the limits 0 and m the average value of the square of the 
sine must also be equal to 1/2, Hence, E,, the work done in removing 
the 7/2 elements from the trough DSB, and replacing them so as to 
form the crest AQD of the wave, is given by the equation— 


Wt xr : 
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Let E, denote the increase in the surface energy of that part of the 
liquid selected already, due to the stretching of the surface. The value 
of E, will be equal to twice the work done on a strip of the surface 
of length APD=A/2 (Fig. 218), and of unit breadth, while it is being 
stretched so that its length becomes equal to that of the curve AQD. 
It may be supposed that the strip is pushed upwards from below, so 
that its trace changes from APD to AQD, retaining the form of a 
simple harmonic curve of which the amplitude varies from zero to ao. 

H H 
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Meanwhile, at a point above P, the pressure due to the surface tension 
increases uniformly from zero to S(2m/A)? PQ=S(2m/A)? a,sin @, and 
the average value of the pressure is equal to half this value; this 
average pressure represents the average force per unit area overcome 
in pushing the surface around P upwards to Q, and therefore the work 
done per unit area in the neighbourhood of P is equal to— 


s(earan(%) 
The work done in pushing the whole of the strip APD upwards to 
AQD, is equal to— 
2 
2 x 2 (=) a2 xiaverage value of sin? (2"*) 
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where x varies from 0 to A/2, and 27x/A varies trom 0 to 7. The 
average value of sin®(2mx/A) between these limits is equal to 4; there- 
fore, finally— 
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and the total potential energy, E,=(E,+FE,) is given by the equation— 
Dies Ba 
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Kinetic energy of a wave train.—All particles in the wave 
train, at a common mean depth below the surface of the liquid, 
revolve with uniform velocity in circular orbits of equal radii, 

When the liquid is at rest, let imaginary horizontal planes be 
described at distances # and (+8) below the free surface ; then 
these planes, at a small distance 6 apart, form the upper and 
lower boundaries of a tube of length A, unit breadth, and thick- 
ness 6; and the particles of liquid contained in this tube are 
caused by the waves to revolve in circular orbits of radii equal 
to a, The velocity of each particle is equal to (27a,/T)= 
(2ma,V/A), and therefore the kinetic enegy of all the particles 
within the tube is equal to— 
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if K = {1 — (2n8/a)}. 
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All particles of the liquid, from the free surface downwards, which 
are comprised in a slab of unit thickness and of length A parallel to 
the direction of wave propagation, together possess an amount of 
kinetic energy Ex given by the equation— 
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The geometrical series within the brackets, summed to z terms, is 


equal to— 
1 — K2 
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and since K is less than unity, K®” will be infinitely small when 7 is 
infinitely great. Also— 
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when 6 is so small that terms involving 6? may be neglected. Thus, 
the series {1+ K?+K++ ....} is equal to (A/475), and 
; A 
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From equation (10) (p. 461)— 
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and therefore E; = a ao" {sp aps i = E,, from equation (12). 


Thus, when a wave train travels over the surface of a liquid, one 
half of the energy of the waves is potential, and the other half is 
kinetic. 

Transmission of energy by a train of gravitational 
waves.—When a train of similar waves is travelling over the 
surface of a liquid, each particle of the liquid revolves with 
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constant velocity in an orbit of constant radius. Hence, the 
kinetic energy of a particle suffers no change as the wave train 
progresses ; in other words, the kinetic energy of a wave train 
is not transmitted from particle to particle. The potential 
energy of the wave-train is obviously transmitted, for each 
particle moves forward when it is above the level of its mean 
position (Fig. 217), that is, when its gravitational energy is 
greater than if the liquid were still; and it moves backwards 
when it is below the level of its mean position, that is, when its 
gravitational energy is less than if the liquid were still. Since 
the potential energy of a wave train is equal to half the total 
energy of the waves, and only the potential energy is trans- 
mitted by the waves, it follows that only one half of the energy 
of the wave train is transmitted. Let an imaginary plane be 
drawn perpendicular to the direction in which the waves are 
travelling ; then while a complete wave, comprising a crest and 
a trough, travels across this plane, only one half of the energy 
of one wave length is transmitted across it ; and for the energy 
possessed by one wave length of the liquid to be transmitted 
across the plane, two complete waves must have travelled across 
it. This result may be expressed by the statement that a train 
of gravitational waves transmits energy at half the rate at which 
the individual waves travel. 

A group, comprising a limited number of gravitational waves, 
may be looked upon as a vehicle for the transmission of energy 
over the surface of a liquid. The individual waves of the group 
travel with a speed determined by equation (8) (p. 460) ; but 
energy is transmitted with half this speed, and therefore the 
group as a whole must travel with half the speed of the individual 
waves. As each wave approaches the anterior boundary of the 
group, its amplitude diminishes, owing to the fact that only one 
half of the energy of the wave is transmitted to the still water in 
front of the group. The last wave of the group leaves half of 
its energy behind as it travels forwards, and therefore a new 
wave of diminished amplitude appears just behind it. Thus, 
the waves dwindle as they approach the front of the group, and 
fresh waves continually arise in the rear; and the group as a 
whole traveis forward with half the velocity of the individual 
waves. These phenomena can be observed quite plainly when 
a stone is cast into a pond. A somewhat similar phenomenon 
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can be observed at sea; if a wave which is larger than its 
neighbours is followed by the eye, it will be noticed that it soon 
loses its extra size, which is acquired by the next following 
wave. 

Wave velocity and group velocity.—Let a train of waves, 
of unit amplitude and wave length A, travel with a velocity V. 
Each particle inthe surface of the liquid oscillates about its 
mean position; if ¢ denotes the time which has elapsed since the 
instant when a selected particle passed upwards through its 
mean position, then its instantaneous displacement above that 
position is equal to sin(2wVZ2/A). Let the waves be travelling 
from left to right ; then the displacement of a particle in the 
surface, at a distance x to the right of the particle first selected, 
will be the same as that of the first particle at a time Z’ seconds 
earlier, where V/=2; for each displacement travels along 
the surface with a velocity V. Hence, at the instant when 
the first particle has the displacement sin(zmV7/A) the second 
particle will have the displacement sin{2mV(¢—7’)/A', and this 
is equal to sin{(2m/A)(V¢—.x)}. Thus, if y denotes the instan- 
taneous displacement at a distance x from the first particle, 
measured in the direction in which the waves are travelling, 
we have— 


on 
= sin — (V?- x). 
y sin = ( x) 


Let =(27/A) ; then— 
y = sing (Vt-~). 


Uf 


Now let another train of waves, also of unit amplitude, but 
of slightly different wave length X’, travel with a correspondingly 
different velocity V’ in the same direction as the first train. 
Then, writing f’=(27/N’), the displacement y’ of the particle at 4, 
due to the second wave train, is given by the equation— 


y =sing (Vé-<x). 


The resultant displacement Y of the particle, due to both 
wave trains, is given by the equation— 


Y=y4+y = sin p(V¢—«) +sing’ (V’t- 2). 
Now— 
sin(A+B)+sin(A-—B) = 2sin AcosB, 
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where A and B denote any angles. Let— 
pVt-px=A+B, 
pVi-px=A-B; 


then 2A = (pV +p'V'\t-(p+2')*, 
and 2B = (£V-p'V')t-(p-2)4, 
and— 


Y=2cosh{(pV—p/V')t—(p—p')a}. sing (AV +p V’)t- (p+ p')a}...(14) 


To understand the meaning of this equation, let a graph be drawn 
showing the connection between Y’ and « for any selected value of ¢, 
where— 


V! = 2cosh (AV -p'V)t-(p- px}... (15) 


Fic. 219.—Groups of waves. 


This graph has the form of the dotted curve ABCD (Fig. 219). From 
this it will be seen that, for any selected value of 7/, equation (15) 
represents a simple harmonic curve. Also, if— 


pod eas 
2-7)” L? 
and es ° ° . . . . . (16) ; 


equation (15) may be written in the form— 
Vie 2008 ~" (o¢ — x). Stee Le ere 


It at once becomes evident that this equation represents a simple 
harmonic curve, of wave length L, which travels with a velocity a 
along the axis of x, 

Now from (14), 


Y = Y’sing {(gV+g'V')¢-(p+2')at, 


ee Tee 
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and if ’ and V’ are very nearly equal to g and V, the expression 
(1/2)(PV +f'V’) represents the mean of the values ZV and / V’, and 
this, for our present purpose, may be assumed to be equal to AV, toa 
sufficiently close approximation. Also, (1/2)(#+/')=f, to the same 
degree of approximation. Thus— 


WS WY hyal Waa) 5 or a = on ollie) 


If Y’ were constant, this equation would represent an ordinary train 
of waves travelling with velocity V. Since Y’ varies both with ¢ and x, 
it follows that each of the individual waves represented by (18) travels 
along the axis of « with a velocity V, its amplitude changing in such a 
manner that the wave always touches the simple harmonic curve repre- 
sented by (17), which travels along the axis of x with a velocity v. Thus 
the simple harmonic curve represented by (17) (the dotted curve ABCD 
in Fig. 219), envelops the individual waves, and the waves between B and 
C constitute a group which, as a whole, travels forward with a velocity 
v, while each individual wave of the group travels forward with a 
velocity V. 


The precise meaning to be attached to the reasoning employed 
above, may be made clearer by the aid of Fig. 220. The curves 


Fic. 220.—Groups of waves. 


in the lower part of the diagram represent the instantaneous 
sections of two trains of waves, of equal amplitude but of differ- 
ent lengths. The resultant displacement at any point on the 
surface of the liquid, is equal to the algebraical sum of the dis- 
placements at that point, due to the two trains of waves ; hence, 
the section of the surface takes the form represented in the 
upper part of the diagram. At A and C, crests of the two 
trains of waves coincide, so that at these points the amplitude 
of the resultant disturbance has a maximum value. At B and 
D, a crest of one train of waves coincides with a trough of 
the other train, and at these points there is no resultant 
displacement of the surface. The space between the points 5 
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and D comprises a group of waves; the group length is equal 
to the distance between B and D, or that between A and C. 

If both trains of waves travel with equal velocities, the groups 
will travel with the same velocity as the waves ; for we may 
suppose that Fig. 220, as a whole, travels from left to right with 
a velocity equal to that of the waves. If, however, the shorter 
waves travel the faster, they will continually overtake the longer 
waves ; in this case we may suppose that the dotted curve 
in Fig. 220 travels from left to right with a velocity greater than 
that with which the full line curve travels in the same direction. 
As a consequence, the maximum displacement travels forward 
faster than either train of waves. Similarly, if the shorter 
waves travel more slowly than the longer waves, the maximum 
displacement travels forward more slowly than either train 
of waves. 


Fig. 220 shows that the number of the shorter waves between A and C 
must be greater by unity than the number of the longer waves in the 
same space ; that is, if a group comprises z of the longer waves, it must 
comprise (77+ 1) of the shorter waves. Similarly, two groups must com- 
prise 27 of the longer waves, and (27+ 2) of the shorter waves. Hence, 
in general, the number of groups comprised in a given space is equal 
to the difference between the number of the shorter and the number 
of the longer waves comprised in that space. Now, if the length of 
the longer waves is equal to A’, the number of these waves comprised 
in unit length is equal to (1/A’); similarly, the number of the shorter 
waves, of wave length A, comprised in unit length, is equal to (1/A). 
Hence, the number of groups per unit length is equal to 
s(1/a) — (1/2. 

Now let attention be concentrated on a given point of the surface, 
say A, Fig. 220. There will be a maximum displacement at A at the 
instant when two crests pass that point simultaneously, and A will be 
the middle of a group. As the two trains of waves travel forward, the 
displacement at A diminishes, reaches a minimum, and then increases ; 
it attains its maximum value once more when z of the longer and (+1) 
of the shorter waves have passed. In this time a group of waves has 
passed A, Hence, the number of groups that pass a point in any 
given time, is equal to the difference between the number of the 
shorter and the number of the longer waves that pass in that time. 

Let the longer waves travel with a velocity V’; then in one second a 
length V’ of the train of longer waves will pass any point, and since 
each of these waves has a length X’, it follows that the number of the 
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=,longer waves that pass a point in a second is equal to (V’/a’). Similarly, 
the number of the shorter waves that pass the point in a second is equal 
to (V/A), where V is the velocity of the shorter waves. Hence, the 
difference between the numbers of shorter and longer waves that pass a 
point in a second is equal to {(V/A)—V’/a’}, and this gives the number 
of groups that pass the point in a second, 

Let v be the velocity of a group; then the maximum displacement 
that passes through a point at a given instant will travel forward 
through a distance equal to v units of length in one second, and each 
unit length of this distance will comprise {(1/A)-(1/A’)} separate 
groups, all of which have passed through the given point in a second ; 
hence, the number of groups that pass a point in a second is also equal 
to v{(1/A) —(1/A’)}. Thus 


Vave 

Ne 
Gd i 

I I 

NO ee 


This value of v becomes identical with that given by equation (16), 
p- 470, when the numerator and denominator are both multiplied by 27. 
Let it be assumed that the wave velocity V varies as the zth power 
of the wave length A; that is— 
Ws IKON 
where K is a constant for the particular type of waves in question. 
Substituting in (16) the values of # and g’ in terms of A and A’, we 


obtain— 
A’'V —aV’ 
spe 


tye aT 
Let A’=A +8, where 8 is very small ; then-— 
(A+ 5) Ka" -AK(A +5)” 


as ? 


5 


6\" 5 
and catapaan(r+ 2) aar(rt et +...), 


when powers of 8/A greater than the first are neglected. Thus— 


3 
(a + a) — A. ne(1 + 2 >) 


(Toy = KA" (1-22); 


Dizi ATEN NS Sas ee (19) 
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For gravitational waves ona deep liquid, = 1/2 (equation (8), p. 460)» age 
Therefore for these waves— 
wv = (1/2) V, 


that is, the group velocity has half the value of the wave velocity. 

When the length of the waves which travel over a liquid is very 
small, the value of (S/p) (27/A)? becomes great in comparison with g, 
and the velocity V of these waves is given by the equation— 


V= ee (equation (10), p. 461). 


Very short waves are sometimes called ripples, and sometimes 
capillary waves ; for these 72= — (1/2), and— 


= (3/2) Vi, 


so that the group velocity is one-and-a-half times as great as the 
wave velocity. 


A few other types of waves may be briefly referred to. 

Sound waves and light waves are propagated with a velocity which 
is independent of the wave length; that is, V=Ka’°, and =o, so 
that v=V 

A flexural. wave of length A is propagated? along an elastic rod with 
a velocity which varies inversely as A3 that is, VocA-1, and z7=-—t1. 
In this case, v=2V ; that is, the group velocity is twice as great as 
the wave velocity. 

If a number of pendulums are hung side by side in a vertical plane, 
and a finger be drawn along them, the pendulunis will be set oscillating 
in such a manner that the phase of any one is intermediate between those 
of the preceding and succeeding pendulums, A wave disturbance travels 
along the line of pendulums, and the distance between the two nearest 
pendulums which are in the same phase of oscillation is the wave 
length A of the disturbance. A displacement, equal to the amplitude. of 
swing, travels along the line through a distance A during the period of 
oscillation T common to all the pendulums, and the velocity of wave 
transmission is equal to A/T. Since T is determined by the length of 
the pendulums, and is therefore constant, it follows that V=KaA, and 
z=1. In this case the group velocity w is equal to zero; it will be 
noticed that there is no transmission of energy. 


The propagation of groups of waves. —Two instances of 
the propagation of groups of waves must now be noticed. 


1 See question 8, p. 284. The answer to this question is given at the end of 
the book, 
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In the first instance, let it be supposed that some disturbance 
has caused the water of a lake to be heaped up in the neigh- 
bourhood of a particular point (Fig. 221, a). It may be supposed 
that for an instant the heaped up water is stationary ; immed- 
iately afterwards the middle of the heap commences to subside 
and the sides of the heap move outwards (Fig. 221, 8). This 
entails the formation of two wave-crests which travel away 
from each other. The momentum of the subsiding water 
between the two crests carries it downwards below the 
general surface of the lake, but after a time the downward 
motion ceases, and then an upward motion takes its place 
(Fig. 221,c¢). Thus, anew heap of water shoots upwards between 


Fic. 221.—Waves due to an arbitrary disturbance. (After Lord Kelvin.) 


the two receding crests, and in its turn attains its maximum 
altitude; then the middle of the heap begins to subside 
(Fig. 221, d), and two new crests move outwards from it. As 
this process is repeated, a number of waves travel away from 
the point at which the original disturbance occurred 
(Fig. 221, e and f); the long waves move most quickly (if the 
wave length is greater than the critical value given on p. 351), 
and the waves in the front of the group continually dwindle, 
while new waves appear in the rear of the group. Waves of 
this type can be produced by throwing a stone into a pond ; the 
form of the surface, just after the stone has sunk beneath the 
surface, is similar to that represented in Fig. 221, 0. 
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The question naturally arises, why is it that the crest of a wave can 
advance without being continually divided and re-divided like the 
heaped-up water from 
ve noTTATAMTTATITMIT]. «=: Which the waves originate ? 
| I | The answer to this ques- 
y tion becomes obvious, when 
Wy it is remembered that the 
ly heaped-up water is station- 
WA /\ ary at the instant when it 
Vv i commences to _ divide ; 
while there is a forward 
motion at the crest of an 
advancing wave, and this 
motion determines — that 
energy shall be transferred 
only in the forward direc- 
tion. 


In the second in- 
stance, let a_ partly 
; : immersed body be moy- 

Fic. 222,—Waves produced by a partly immersed . . 
body which is moving along the surface of a INg Over still water ; 
Daeias the water is heaped 
up just in front of the 
body, and this causes waves to be formed which travel 
away over the surrounding surface. If a single wave could be 
propagated without change of form, the disturbance originated 
at A (Fig. 222) would travel outwards to C while the body moved 
onwards to B, and two long ridges of water would slant back- 
wards from the position occupied by the body at any instant. 
Let V berthe wave velocity in this case, and let z be the 
velocity of the body. Then the ridges of water would make 
an angle ABC=6 with the direction AB in which the body 

is moving, where— . 
sin @=AC/AB=V/z. 


But a single wave cannot be propagated without change of 
form ; the wave continually dwindles as it advances, and new 
waves appear in its rear, the group thus formed being 
propagated with half the wave velocity V. As a conse- 
quence, no wave will have reached C when the body arrives 
at B, but midway along the line AC there will be a group 


— 


XIV OPPOSING FORCE DUE TO WAVES 477 


of waves; and instead of a single wave slanting backwards 
from A, there will be a number of waves arranged in steps 
(Fig. 222). That end of a step which is farthest from B 
represents the dwindling crest of the foremost wave of one 
group ; and the other end of the same step represents the 
wave just formed in the rear of another group. As each step- 
like wave advances, it appears to drift sideways along the 
surface of the water ; this is due to the decay of the end of the 
wave remote from B, and the growth of the other end. Waves 
of this type can be observed when a boat moves rapidly over a 
lake, or when a duck swims across a pond. 

Retarding force due to the waves produced by a ship. — 
When a floating body travels over the surface of a liquid, its 
progress is retarded by forces due to two distinct causes. In 
the first place, the wetted surface of the body is acted upon bya 
retarding force somewhat akin to friction ; this force depends 
on the area of the wetted surface, the nature of the liquid, and 
the velocity with which the surface is moving through the 
liquid, and can be determined from the results of direct experi- 
ments. jin the second place, the body produces waves which 
continually carry energy away from it, and this energy must be 
supplied by the agent which propels the body ; hence, work 
must be done in propelling the body, and the motion of the body 
must be opposed by a force due to the waves produced. In 
connection with large ships, the retarding force due to wave- 
making is of great importance. 


Let the retarding force, due to the production of waves by the body, 
be denoted by f. . Then .f may in some way depend on g, the 
acceleration due to gravity ; for the only waves of importance, when the 
body is large, are of the gravitational type: let f vary as the zth power 
of g. The value of fwill also depend on the mass m of the liquid 
displaced by the body, that is, on the mass of the body; let / vary as 
the xth power of #. Further, / will vary with some power (say the 
yth) of the linear magnitude 7 of the body, and also with some power 
(say the zth) of the velocity V with which the body is moving. These 
are the only factors which could influence the wave-making properties 
of a floating body, and therefore 

S=hgtm lV, 
where # is a constant depending on the shape but not on the magnitude 
of the body. 
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The dimensions (p. 19) of f are (ML/T?); those of g are (L/T?), 
those of »z are M, while those of Zand V are respectively L and L/T. 
Since the dimensions of both sides of the equation must be equal, and & 
has no dimensions, it follows that 


ML Ib ie IE Ne 
72 = (Zs) M Ly (z) . 


M occurs to the first power on the left-hand side of this equation, and 
to the power x on the right-hand side: therefore wx=1. Equating 
powers of L on the two sides of the equations : 


Lise Zs |)oy eects I aD) 
Equating powers of T, 
ma 2 ato te, el sg get eer mC) 
Z=2(1-727), 


and from (1), 
YHl-n-4Z=1-nN-24+2n=n-1. 


Thus fakmgnIl2VV20—n), 
V2\l-n 
and L = hyn Ca ee es ae ee (2) 


The method of dimensions does not suffice to determine the value of 
nm, but it is obvious that 7 cannot be equal to unity, since, if it were, //7 
would be independent of V and Z, which is absurd. The value of //7 
gives the retarding force per unit mass of the liquid displaced by the 
body ; and from (3) it appears that 7/72 is constant so long as V2// is 
constant. Hence, if a model of length 7 requires the application of a 
force f; per unit mass, in order to tow it, at a velocity V, against the 
retarding force due to the waves it produces; a ship similar to the 
model, but of N times its linear magnitude, will need the application 
of the same force per unit mass when it is propelled at a velocity V,/N 
Thus, experiments on a model suffice to determine the power needed by 
the engines of a full-sized ship ; and the form of ship which will entail 
the smallest loss of energy due to the production of waves can also be 
determined. The law deduced from equation (3) above is known as 
Froude’s Law of Comparison, in honour of its discoverer. 

Problem.—A model 10 feet long needs the expenditure of 0°5 horse- 
power in order to tow it at a velocity of 3 miles per hour against the 
opposing force due to the waves produced, What horse-power would be 
required to propel a ship, similar to the model but 250 feet long, at 
the “‘ corresponding” velocity 3,](250/10)=15 miles per hour, against 
the opposing force due to the waves produced ? 

Let g be the power required by the model, and P that required by the 
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ship ; and let # be the mass of the model, and M that of the ship, 
while » and V denote the ‘‘ corresponding ” velocities of the model and 
the ship. 

The power expended is proportional to the product of the opposing 
force and the velocity, and therefore the power divided by the velocity 
is proportional to the opposing force. At ‘‘ corresponding ” speeds, the 
opposing force per unit mass is constant, so that— 

p iy 


no MT 


MV 
PHP Peet es (25)? x 5=1,562 horse-power, 


since the mass of the displaced water is proportional to the cube of the 
linear magnitude of the ship. 


The foregoing investigation is of a general character, no particular 
shape of the floating body having been assumed. Some advantage may 


aa _ = ee] 
jj = 


eee 


Fic. 223.—Partly immersed body moving along the surface of a liquid. 


be gained, however, by working out the problem for a body of specific 
shape. Let the body have the form of a rectangular box of length 7 
and breadth 4 ; and let it be immersed to a depth din the liquid. When 
the body is moving forward with a velocity V, the liquid immediately in 
front of it must also be moving witha velocity V ; for this to be possible, 
the liquid must be heaped up in front of the body (Fig. 223). To 
determine the height 2 to which the liquid must be heaped up, let it 
be supposed that a velocity, equal and opposite to that with which the 
body is actually moving, is impressed on the body and the whole of the 
liquid. Then, if A is a point on the surface of the liquid to which the 
disturbance created by the body has not extended, the velocity of a 
particle of the liquid at A is equal to V; and if the particle has unit 
mass, its kinetic energy is equal to V?/2, When this particle reaches 
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the point B at the summit of the ridge immediately in front of the 
body, its velocity in the plane of the diagram (Fig. 223) has decreased 
to zero, and the particle has risen to a height 4 above the undisturbed 
surface of the liquid ; thus, the increase in its potential energy is equal 
to gh, and this increase has been gained at the expense of the kinetic 
energy which has disappeared. Thus 


2 


2 


= eh ands V2 22/7, 


In this calculation, the lateral velocity imparted to each particle as 
it approaches the body has been neglected ; this lateral velocity must 
exist in order that the liquid may flow round the body. Now, if 4% is 
small in comparison with the depth of immersion @, the force acting on 
the body, due to the heaping up of the water in front of it, is approxi- 
mately equal to gpkéd. In order that the liquid may follow the body, 
there must be a depression of depth Z immediately behind it ; and this 
entails a force gphéd which also opposes the motion of the body, 
Then, the total opposing force fis given by the equation 


S=pbd. 2gh. 
The mass 7 of the displaced liquid is equal to p/d. Thus— 


2; 
= 6 = 
Wes iar 


This result agrees with equation (3) (p. 478) if #=o and #=1. But 
whereas the result just obtained is only an approximate solution relating 
to a body of a particular form, equation (3) is absolutely true, no 
matter what may be the form of the body. 


The calming of waves by a shower of rain:—Sailors are 
familiar with the fact that a heavy shower of rain tends to calm 
the waves on the sea. The popular explanation of this phenom- 
enon is that the rain “ beats the waves down” ; but it is obvious 
that this explanation is insufficient, since the rain falls not only 
on the crests, but also in the troughs, and the act of pressing 
both the crests and the troughs downwards would have no 
tendency to reduce the waves. The true explanation can be 
inferred from the result of a simple experiment. If ink, or any 
coloured liquid, is allowed to fall drop by drop into water, 
it will be observed that each drop forms a vortex ring which 
travels downwards through the water, expanding as its velocity 
diminishes (p. 434). Each vortex ring carries a considerable 
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volume of the surrounding water with it (p. 437). Thus, each 
drop of rain that falls on the sea forms a vortex ring by which 
water from the surface of the sea is carried downwards to a 
considerable depth. When waves are travelling over the surface 
of the sea, the particles of water are moving in circular orbits, 
and anything which destroys the regularity of their motion will 
destroy the waves.’ The vortex rings formed from the rain- 
drops obviously destroy the regularity of the wave-motion, by 
carrying particles from the surface, where the orbital velocity 
of the particles is greatest, down into the depths of the sea where 
the orbital velocity is insignificant ; with the result that internal 
eddies are formed, and the energy of the waves is ultimately 
dissipated in the form of heat. 

The calming of waves by the spreading of a layer of oil over 
the surface of the sea has been discussed already (p. 298) ; in this 
case, the variation in the surface tension, due to the unequal 
stretching of the superficial layer of oil, destroys the regular 
orbital motion of the water particles near to the surface of the 
sea, and so destroys the waves. 

The characteristics of waves on the surface of a shallow 
liquid.—When waves travel over the surface of a liquid, the 
motion of each particle of the liquid must comply with the geo- 
metrical and mechanical conditions which apply to any moving 
liquid. When the liquid is deep, the only other condition to be 
complied with is, that the motion of each particle must be con- 
" sistent with the motion at the free surface of the liquid. In 
this case each particle describes a circular orbit, the radius of 
the orbit depending on the mean depth of the particle below the 
free surface of the liquid (p. 458). When the mean depth of the 
particle is great in comparison with the wave-length, the orbital 
motion is insignificant ; but when the mean depth of the particle 
is small, the radius of the circular orbit described by the particle 
has a finite value. 

If the total depth of the liquid is small in comparison with 
the length of a wave, additional conditions must be complied 
with by each particle of the liquid. If we suppose that the 
liquid is bounded below by a horizontal rigid plane, it follows 
that a particle of liquid in contact with this plane cannot execute 
vertical oscillations ; for to do so it would have to descend 
through the plane at one instant, and rise vertically, leaving an 

Tor 
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empty space between it and the plane, at another instant. On 
the other hand, it might be possible for a particle in contact 
with the plane to oscillate in a horizontal direction. Hence, we 
see that the particles of the liquid cannot describe simple 
circular orbits as: they would if the liquid were deep. The ~ 
vertical oscillations of the particles must decrease rapidly with 
the depth, so that there is no vertical oscillation at the lower 
boundary of the liquid ; while the horizontal oscillations of the 
particles may be practically equal at all depths. 

Velocity of wave propagation.—Let it be supposed that the 
maximum vertical displacement at the free surface of a liquid 
is small in comparison with H, the total depth of the liquid; and 


Fic, 224.—Wave on the surface of a shallow liquid. 


also that H is small in comparison with the length of the waves 
which travel along the free surface. The maximum horizontal 
displacement is unrestricted and will have the same value at 
all depths ; therefore the motion of each particle will approxim- 
ate closely to a horizontal rectilinear oscillation. 

Let AKT B (Fig. 224) represent a wave disturbance travelling 
from left to right over a shallow liquid ; the form of the wave 
need not approximate to a simple harmonic curve, but may be 
of any shape. To the right of the point B let the water be un- 
disturbed. Let it be supposed that, before the liquid was dis- 
turbed by the waves, it was divided into 7 layers of equal thick- 
ness bv imaginary horizontal planes, the distance between any 
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one of these planes and the plane immediately above it being 
equal to H/7z, The waves distort these planes into curved sur- 
faces, of which the traces are represented in Fig. 224. Let V 
denote the velocity of the waves, from left to right ; and let an 
equal velocity be impressed on the whole of the liquid, from 
right toleft. Then the waves become stationary in space, and 
the liquid streams past them ; each of the undulating curves in 
Fig. 224 becomes a stream line, and if we suppose that the dia- 
gram is displaced through unit distance perpendicular to the 
plane of the paper, we obtain tubes of flow similar to those des- 
cribed on p, 453. Now, the horizontal oscillations of the particles 
at all depths are equal, and therefore the maximum velocity due 
to the horizontal oscillation is the same at all depths ; and as 
the velocity of flow at any point beneath the crest K of the wave 
is the resultant of the uniform velocity V impressed on the whole 
of the liquid, and the maximum velocity due to the horizontal 
oscillation at that point, it follows that the velocity of flow is 
identical at all points beneath K. From this it follows at once 
that, beneath K, all tubes of flow must have equal cross-sec- 
tional areas; and therefore the crests of the undulatory 
curves must be equidistant one from another. 


If the crest K of the wave is at a distance y above the free surface of 
the untroubled water, the total depth of the water below K is equal to 
(H+ y); and since this depth comprises 2 tubes of flow of equal 
vertical thickness, it follows that the vertical distance between any 
undulatory curve and the curve immediately above it, is equal to 
(H+y)/2, and this also gives the cross-sectional area of any tube of 
flow below K. Let V, be the velocity of flow at any point below K ; 
then the product of the velocity and the cross-sectional area is constant 
for all points in a tube of flow (p. 378), and in the untroubled water tc 
the right of B, where the velocity of flow is equal to V, the cross-sec- 
tional area of each tube is equal to H/n. Thus— 


To determine the value of V, consider the flow in the tube immedi- 
ately beneath the free surface. The liquid flows across any cross- 
section to the right of B with a velocity V ; and before reaching the 


) i Ge 
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cross-section immediately beneath K, the liquid has risen through a 
height y against the downward force of gravity. The pressure in the 
tube is everywhere equal to the atmospheric pressure P. Thus, by 
reasoning precisely similar to that employed on p. 402, we obtain— 


(P+4pV.2) -—(P + pV?) ="— spy s 
Lt gh a eee 
Substituting the value of V, obtained above— 


Vi2— V2 = V2 Re pe = — 204. 
u H+y 53 


Since y is small in comparison with H, the value of (y/H)? will be 
negligibly small in comparison with that of (2v/H) ; also, y/H will be 
negligibly small in comparison with unity. ‘Thus— 

2d gee 
Ves. Hy 7 28)" 
so that V?=eH, and V= ,/(¢H). 


Thus, when waves, subject to the conditions explained above, travel 
over the surface of a shallow liquid, the velocity of wave propaga- 
tion is proportional to the square-root of the depth of the liquid, and 
is independent of the wave length.—A disturbance of any shape 
can travel unchanged over the surface of a shallow liquid, with- 
out breaking up into separate waves. For instance, an isolated 
crest can travel over the surface without change of shape. 

Scott Russel studied these waves on canals. When a barge is 
towed along a canal, the water becomes heaped up in front of the 
barge, and thus produces waves which travel forwards with the 
velocity V= /(gH), where H is the depth of the canal. If the 
speed of the barge is less than V, the waves continually carry 
energy away ahead of the barge, and a corresponding amount of 
work must be performed by the agent by which the barge is 
towed. If, however, the speed of the barge is equal to V, only 
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one wave is formed, and this accompanies the barge in its pro- 
gress, so that no progressive loss of energy is entailed. Hence, 
the work expended in towing the barge with the velocity 
V= J(g H), is less than if the speed of the barge were smaller. 


On a canal 8 ft. deep, the critical velocity V is given by the 
equation— 


Vi J(32 x 8)=16 ft. per second, or nearly 11 miles per hour. 


The above investigation gives a clue to the reason why sea 
waves curl over and break as they approach a shelving beach ; 
as the waves travel toward the beach, each crest is always in 
deeper water than the trough immediately in front of it, and 
thus the crest travels the faster, and ultimately topples over into 
the trough. 

When waves, extending in parallel straight lines along the 
surface of the sea, approach a shelving beach obliquely, the 
end of a wave which is nearest to the beach travels more slowly 
than the other end of the wave; as a consequence, the waves 
wheel round and finally break parallel to the beach. 


It may be left as an exercise for the student, to prove that if ripples 
(that is, waves of very short wave length) travel over a liquid of which 
the depth is small in comparison with A, then the velocity V with 
which the ripples travel is given by the equation— 


v= Bfe+(Z) 5} 


Boundary conditions.—A point of importance yet remains 
to be discussed. It has been assumed that particles in contact 
with the lower boundary of the liquid can move freely along that 
boundary—that is, that there is free slip between a liquid and 
its solid boundary. In the next chapter it will be explained 
that this assumption is inadmissible. Nevertheless, the laws 
derived above, with regard to the wave-motion of a shallow 
liquid, have been amply verified ; hence we may conclude that 
there is some peculiarity about the motion of the liquid in con- 
tact with its solid boundary which permits the superincumbent 
liquid to move in the manner described. Mrs. Ayrton has found 
that this is, in fact, the case ; horizontal vortex filaments are 
formed at the boundary, and these serve as rollers on which the 
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superincumbent liquid moves to and fro. The ridges and fur- 
rows frequently to be seen on a sandy beach, when the tide has 
ebbed, are due to these vortices. The narrow striations of the 
dust-figures formed in Kundt’s tube are probably due to the 
same cause. 


QUESTIONS ON CHAPTER XIV 


1. Two wave trains, equal in wave length and amplitude, are 
travelling in opposite directions over the surface of deep water. Prove 
that at certain points (called nodes) on the surface, separated by 
distances equal to half the wave length of the waves, there will be no 
vertical motion; while at points midway between the nodes (called 
-antinodes) there will be maximum vertical motion, of amplitude 
equal to twice the amplitude a of either of the wave trains. Also, 
prove that, at the nodes, there is a horizontal oscillatory motion of 
amplitude 2a; while at a point between a node and an antinode, there 
is a linear oscillatory motion of amplitude 2a in a direction inclined to 
the vertical. 

2. Waves on the surface of deep water travel up to a vertical wall 
on which they are incident normally. Prove that a series of ‘‘ standing 
waves” (see question 1) will be formed, and that there will be an 
antinode at the surface of the wall. 

3. Draw a curve showing the velocity of waves on water, for wave 
lengths between zero and a very large magnitude (surface tension of 
water=70 dyne/cm.). 

4. Ripples of wave length Icm. are travelling over the surface of 
a liquid ; at what depth will the amplitude of the oscillatory disturbance 
be equal to I per cent. of the amplitude at the surface ? 

s. A canal is five feet deep ; at what speed must a barge be towed 
along this canal in order that the expenditure of energy shall be as 
small as possible ? 

6. A straight canal, of uniform depth H, is bounded laterally by 
vertical banks ; at one place a small ridge extends transversely across 
the bed of the canal. The water in the canal is flowing with a uniform 
velocity V. Prove that there will be a transverse ridge on the surface 
of the water above the ridge on the bed of the canal, if V> eH; and 
that there will be a transverse depression on the surface of the water 
if V< gH. What will happen if V= VgH? 


CHAPTER XV 
THE FLOW OF A VISCOUS FLUID 


Coefficient of viscosity——When contiguous layers of a 
material fluid are moving relatively to each other, forces are 
called into play which tend to destroy their relative motion ; 
the layer which is moving more quickly is acted upon by a 
retarding force, and the layer which is moving more slowly 
is acted upon by an accelerating force. That property of a 
material fluid which opposes the relative motion of its parts is 
called wzscosity. 

Let Fig. 225 represent two imaginary planes described in a 
fluid, and let all particles in the upper 
plane be moving from left to right with | 
a velocity v,, while all particles in the rsa 
lower plane are moving from left to 


right with a smaller velocity wv. In Vim 


passing from the upper to the lower 


plane, there is no abrupt change of ag 
velocity ; if the distance between the faa 
planes is equal to d, the velocity changes Fic, aa5.— Velocity, 
from v, to VY in the distance d@,and the gradient in a fluid. 


change of velocity per unit distance is 

equal to (v,;—Y.2)/d@. This quantity is called the velocity gradient, 
and will be denoted, in the ensuing investigations, by the 
symbol v’. 

The fluid above the upper plane is moving more quickly than 
the fluid below it, and therefore the fluid beneath the upper 
plane is acted upon by an accelerating force, and the fluid 
above the upper plane is acted upon by an equal retarding 
force. Let the value of either of these forces be denoted by /; 

487 ; 
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then it is self-evident that / is proportional to the area a@ of the 
plane. 

Since the force / is called into play by the relative motion of 
the parts of the fluid above and below the plane, it cannot 
depend on the actual velocity of either of these parts. The 
simplest assumption that can be made is that the force / is 
proportional to the velocity gradient a’ in the immediate neighbour- 
hood of the plane. This assumption cannot be justified by direct 
experiments, but predictions based on it have been tested 
experimentally, and the close agreement between the phenomena 
predicted and those observed affords an indirect proof of the 
validity of the assumption. 

Since the force fis proportional to the area a and the velocity 
gradient v’, it follows that— 

f= nav; 
where 7 is a constant depending on the nature and physical 
conditions of the fluid: this constant is called the coefficient of 
viscosity of the fluid under the given conditions. When / 4, 
and v’ can be measured, the value of 7 is obtained directly from 
the equation— 

Thus, the coefficient of viscosity may be defined as the tangential 
force per unit area per unit velocity gradient. 


The dimensions of 7 are those of a force divided by an area and 
a velocity gradient, and the dimensions of a velocity gradient are 
(L/T)+L=1/T. Hence the dimensions of 7 are— 


ML I M 
pas ag 2 22 \ ee 
T2 7 (1 x z) =pr 


Orderly and turbulent motion: the critical velocity.—The 
two characteristic types of motion of a fluid have been referred 
to already (p. 403). In one type of motion, all particles of the 
liquid travel along stream-lines, and this type of motion may 
be called orderly ; in the other type, no definite stream lines are 
formed, and the resulting motion may be called turbulent. 

Experiments show that when a fluid flows through a narrow 
tube at a constant rate, there is a difference of pressure between 
the ends of the tube. Energy is being transformed into heat 
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within the tube, and therefore the pressure where the fluid 
enters is greater than where it leaves the tube (p. 404). When 
the rate of flow is increased, 

it is found that the differ- 

ence of pressure is propor- (2) ———_ 
tional to the rate of flow, so 

long as this rate is small; (4) maar 
but for high rates of flow 

tie difference of Dad 2 Fic. 226.—Orderly motion, and turbulent 
proportional approximately motion. 


to the square of the rate. 

Thus, if the average velocity across any cross-section of the 
tube is denoted by V, and the difference of pressure between the 
ends of the tube is denoted by P, it appears that P is proportional 
to V when V is less than a certain critical value, and P becomes 
approximately proportional to V? when V is greater than the 
critical value. 

Prof. Osborne Reynolds found that, below the critical velocity, 
the motion of a fluid is orderly ; while above the critical velocity 
the motion is turbulent. Water was allowed to flow along a 
glass tube, and the nature of its motion was rendered evident 
by introducing a little coloured water, which flowed from a small 
jet near to the axis of the tube. When the velocity of the 
water was small, the coloured water flowed in a straight line 
along the axis of the tube (Fig. 226, a); but at a certain velocity 
the band of coloured water became sinuous (Fig. 226, 4), andat a 
slightly higher velocity the colouring matter became uniformly 
distributed throughout the tube, thus showing that orderly 
motion along stream-lines had ceased. 


The full investigation of the conditions which determine whether the 
motion of a fluid shall be orderly or turbulent is a matter of considerable 
difficulty ; but the way in which the critical velocity V, depends on the 
properties of the fluid, and the radius of the tube through which the 
fluid flows, can be determined easily by the method of dimensions. 
Let 

Vo = kp*n7*, 
where p denotes the density and 7 the coefficient of viscosity of the 
fluid, while ~ denotes the radius of the tube, and # is a numerical 
constant. The dimensions of both sides of the equation must be equal, 
so that 
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L M \*/M \¥ _? 
77 (tz) (en) & 


Equating the coefficients of M, 


x+y=0. 
‘Equating the coefficients of T, 
SSeS SHlh Bh GSS Ghatal ene 1% 


Equating the coefficients of L, 


f= —3¢-yre=Z-1 +2. 
g=-I. 
d n 
Hence, Vioe=SR ee 
pr 


Thus, the critical velocity of flow of a given fluid, under given 
physical conditions, is inversely proportional to the radius of the 
tube. If different liquids are caused to flow through a given 
tube, the critical velocity of each is directly proportional to the 
coefficient of viscosity of the liquid, and inversely proportional 
to the density of the liquid. Thus, a high viscosity tends to 
promote orderly motion, and a high density tends to promote 
turbulent motion. From this we may conclude that an inviscid 
material fluid (if such could be found) would be incapable of 
orderly motion at all velocities ; in other words, the motion of 
an inviscid fluid is essentially unstable. It is only the viscosity 
of material fluids which renders it possible for their flow to 
approximate to that of a perfect fluid (p. 397). 


Prof. Osborne Reynolds found that for water at 5°C. flowing through a 
composition tube of 0°615 cm. diameter, the critical velocity V, is equal 
to 44°3 cms. per sec. At 5°C. the viscosity of water is equal to o’015 
gr./em. sec. Hence, under these conditions— 


pa Weer _ 44°3X 1X 0°307 
n 0°01 


= 907. 


It must be. remembered, however, that the viscosity of water varies 
rapidly with the temperature, so that it is difficult to determine 4 with 
great exactitude. In round numbers, & may be taken as equal to 
1,000. Thus, for liquids in general 


Vie 1,000 ~. 
er 
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. 


Thrupp has shown that Osborne Reyno!ds’s formula holds only for 
small pipes ; in large pipes and channels, the critical velocity is much 
greater—sometimes thousands of times greater. 

Prof. Osborne Reynolds found that, for velocities above the critical 
velocity, the difference of pressure between the ends of a tube varies as 
V 1-723, where V denotes the average velocity across any cross section 
of the tube; previous investigators had supposed that the pressure 
varied as V?. 


When the critical velocity is exceeded, the pressure required 
to drive a liquid through a tube is independent of the viscosity, 
and depends mainly on the density of the liquid. Thus, if 
treacle is driven through a tube at a velocity exceeding the 
critical velocity for treacle, the difference of pressure between 
the ends of the tube is almost exactly equal to that which would 
be required to drive water through the tube at the same velocity. 
Since the critical velocity is inversely proportional to the radius 
of the tube, it follows that, in a very large tube, treacle would flow 
as readily as water. If the Mississippi were a river of treacle, 
it would flow at the same rate as that at which the water 
actually flows. An instance of the ready flow of a large 
quantity of highly viscous liquid, is afforded by the lava which 
sometimes flows down the sides of volcanoes, the rate of flow 
being comparable with that of water. 

Flow of a liquid through a narrow tube.—Let it be 
supposed that a liquid is flowing through a narrow tube of 
circular. section, at an average velocity less than the critical 
velocity. In this case the flow of the liquid is orderly, and each 
particle travels ina straight line parallel to the axis of the tube. 
There is weighty evidence in favour of the assumption that the 
layer of liquid immediately in contact with the walls of the tube is 
practically stationary ; this condition can be expressed by saying 
that there is no slip between the walls of the tube and the liquid 
immediately in contact with them. The condition of no slip at 
the walls of the tube, together with the law connecting the 
velocity gradient at any point with the coefficient of viscosity, 
can be used to determine the exact nature of the flow in the 
tube. 

The lines of flow are parallel to the axis of the tube; 
therefore there can be no radial pressure gradient within the 
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tube. A radial pressure gradient would imply, either a radial 
flow opposed by a frictional force, or a radial acceleration. 
Since there is no radial 
flow, there can be 
no radial acceleration, 
and it follows that the 
pressure must be con- 
stant over any cross- 
section of the tube. 
This law applies also 
Fic. 227.—Flow of a viscous liquid through a tube. tO points just outside 
the ends of the tube 
where the stream lines are parallel; but if the tube is long in 
comparison with its internal diameter, the distance between 
the points near to its ends, where the stream lines begin to 
diverge, will be practically equal to the length of the tube. 

Let it be supposed that the difference of pressure between the 
ends of the tube is equal to P. Let Fig. 227 represent one end 
of the tube; and let an imaginary cylinder, of radius ~% be 
described about the axis of the tube. Then it is obvious that 
the velocity gradient will be constant over the surface of the 
cylinder ; for the flow across any cross-section of the tube must 
be precisely similar to that across any other cross-section, and 
therefore there can be no variation in the flow along any 
generating line of the cylinder ; also, the flow across any cross- 
section of the tube must be symmetrical with respect to the axis, 
and thus the velocity gradient can depend only on the distance 
from the axis of the tube. Let v’ denote the velocity gradient 
common to all points on the surface of the imaginary cylinder ; 
then the force exerted on the liquid inside the cylinder, by the 
liquid outside of it, is given by the equation— 


Jana =n. 2xrl.v', 


where / denotes the length of the tube. This result is derived 
directly from the fundamental formula obtained on p. 488, by 
supposing that the cylindrical surface is made up of a great 
number of plane strips. 

The liquid inside the imaginary cylinder is moving with 
greater velocity than that outside, and therefore the force £ 
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opposes the motion of the liquid inside the cylinder. The 
difference between the pressures acting on the plane ends of the 
cylinder produces a force mP, which tends to 
accelerate the motion of the liquid within the 
cylinder. Since the flow is steady, the forces acting 
on the liquid within the cylinder must be in equi- 
librium ; therefore— 


n . 2nrly =77P, 


(a 
v ee ert 

Thus the velocity gradient is proportional to the 
distance from the axis of the tube. The velocity 
gradient is equal to zero at the axis, and has its 
greatest value at points in contact with the walls fF ford 
of the tube. Seca 

In passing inwards from the walls of the tube to tube, 
a point at a distance 7 from the axis, the velocity 
gradient (rate of change of velocity per unit distance) decreases 
regularly: and the liquid immediately in contact with the walls 
of the tube is stationary. If R denotes the internal radius of 
the tube, the velocity gradient at the walls is equal to (RP/2n/) ; 
at a distance 7 from the axis, the velocity gradient is equal to 
(rP/2né). Thus, over the distance (R—7), the velocity gradient 
has the average value {P(R+7)/4n/} ; therefore in this distance 
the velocity changes by— 


R+7 R? -72 


P .(R-7y =P : 
4n/ a? 4n/ 


Since the velocity is equal to zero at the walls, the value just 
obtained gives the velocity at a distance 7 from the axis. At 
the axis, where 7=0, the velocity is equal to PR?/4n/. 


A clear idea of the way in which the velocity varies over the cross- 
section of the tube can be obtained from Fig. 228. The particles which 
simultaneously cross the diameter AOB of the tube at a given instant, 
will be distributed along the parabola ACB at the end of a short time 
7; while at the ends of the times 2¢, 3¢, 4¢, they, will be distributed 
along the parabolas ADB, AEB, and AFP, where OD=2 x OC, OE= 
3x OC; sete. 
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It now becomes necessary to determine the volume V of 
liquid which crosses any cross-section of the tube in a second ; 
this quantity, of course, gives the volume of liquid which enters 
one end of the tube and leaves the other end in a second. 


Let two cylinders, of nearly equal radii 7, and 75, be described 
coaxially with the tube. These cylinders cut off an annular strip, of area 
(742 —7e2), from any cross-section of the tube ; and the velocity of the 
liquid which crosses this strip is approximately equal to 


Be 
4n/ Zhe hi 


Hence (p. 378), the volume of liquid which crosses the annular strip in 
a second is equal to 


Tee A? Beetadiccg ae 
ae - EE ant) 


saps { Rn? iS AR ry ~ Fas | 

4nl D J 
Now describe a large number of coaxial cylinders of radii 7,, 4, 7, 
. 2 + + Mm, Where r,=0, and 7,=R. These cylinders divide any cross- 
section of the tube into annular strips, and the volume of liquid which 
crosses each of these strips in a second can be written down from the 
result just obtained. Hence, the total volume V of liquid which crosses 
the complete cross-section in a second is the sum of the following 

quantities :-— 


The sum of these quantities is equal to— 


Pa { Bt ee 
oa St 2k) be 
4nl Rhee lee 2 } 


Io ARES 
= 4nl : ety since Tam, and =O. 
Wom PrR# 


8nl~ 
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This result shows that the volume V of liquid which enters one 
end and leaves the other end of the tube in a second, is directly 
proportional to the difference of pressure P between the ends, 
and to the fourth power of the radius R of the tube ; while it is 
inversely proportional to the coefficient of viscosity » of the 
liquid. The dependence of the flow on the fourth power of. the 
radius of the tube was discovered originally by Poiseuille. 

Determination of the coefficient of viscosity of a liquid.— 
The coefficient of viscosity of a liquid may be determined 


4 ----4---~--D--=--+-- > 


Fic. 229.—Experimental arrangement for the determination of the coefficient of 
viscosity of a liquid. 


accurately by the aid of the apparatus represented diagram- 
matically in Fig. 229. The glass vessel AB has a narrow neck 
at C, and another at E ; each of these necks is marked with a 
circular scratch. The neck C can be closed by means of a 
stopper attached to a glass rod D. Below the neck E the 
yessel is sealed on to a wide glass tube EF which is bent at 
right-angles at F. Into the open end of the tube EF a 
capillary tube GK is fitted. 
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In carrying out an experiment, the liquid to be tested is 
poured into A and allowed to flow through the apparatus until 
the vessel AB, the wide tube EF, and the capillary tube GK are 
filled. The neck C is then closed by the stopper, and the 
apparatus is placed in a thermostat and left until the whole of 
the liquid has attained a constant temperature. The stopper is 
then removed, without opening the thermostat ; and the time 
that elapses between the instant when the surface of the liquid 
passes the scratch in the neck C, and that when it passes the 
neck E, is observed. The volume between the scratches in the 
necks E and C has been determined experimentally, and this 
volume, divided by the time observed, gives the average volume V 
of liquid that flows in at one end and out at the other end of the 
capillary tube GK during one second. The average pressure 
during the experiment is equal to gpH, where p is the density 
of the liquid, and H is the mean of the heights of the scratches 
in the necks E and C above the end K of the capillary tube. 


The capillary tube should be as uniform as possible in section ; its 
uniformity can be tested by measuring the length of a short thread of 
mercury in various positions in the tube. Since the fourth power of the 
radius of the tube occurs in the expression for the coefficient of viscosity, 
care must be exercised in determining the value of the radius. The 
tube should be nearly filled with mercury, and the length of the thread 
of mercury should be measured accurately ; the mercury should then be 
weighed, and its volume determined from the known density of mercury. 
The volume of the mercury divided by the length of the thread gives 
the average cross-sectional area mR? of the tube; and from this result 
the value of R* can be calculated. 

Since the viscosity of a liquid varies rapidly with the temperature, 
the temperature of the thermostat must be observed with care. In the 
neighbourhood of 15° C., the coefficient of viscosity of water decreases by 
about 3 per cent. for each degree rise of temperature ; hence, where 
accuracy is aimed at, a sensitive thermometer, which has been calibrated 
carefully, must be used. 

Correction for loss of pressure due to gainof kinetic energy.—The 
difference of pressure between the ends of the capillary tube is not 
exactly equal to ypH, where H denotes the height of the free surface of 
the liquid in the vessel B (Fig. 229) above the horizontal plane in 
which the capillary tube lies. This is due to the circumstance that the 
velocity of the liquid increases as it approaches the entrance of the 
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capillary tube, and therefore the pressure suffers a corresponding 
diminution. 

Consider a tube of flow extending from the free surface of the liquid 
in the vessel B (Fig. 229) to the centre of the orifice of the capillary 
tube. At the free surface of the liquid the velocity is negligibly small : 
let it be denoted by z,, and let a, denote the area of the tube of flow at 
the surface. In the neighbourhood of the orifice, the tube of flow will 
taper rapidly; where it crosses the orifice, let its area be equal to 
a,, and let the corresponding velocity be equal tov. At all points in 
this tube of flow, the velocity will be small, except in the immediate 
neighbourhood of the orifice ; and since the tube extends to the centre 
of the orifice, the lateral velocity gradient at its boundaries will be 
negligibly small, even where the velocity is finite, just as at the centre 
of the tube. Hence, between the free surface and the centre of the orifice, 
there will be no appreciable loss of pressure due to viscosity. If f,and p, 
denote the respective pressures at the free surface and at the centre of the 
orifice of the capillary tube, it follows from the fundamental law of the 
flow of a liquid (p. 402) that— 


AV Pet kpUc?) — ass Pot $pUs") =EH « pave. 


Divide through by a,v,.=a,v, (p. 378), and write v,=o. Then— 
De ~ Pe=SpH — hpv-*. 


The quantity (4,+.gpH) gives the pressure at the centre of the orifice if 
the flow were to cease; and we see that, owing to the flow, the pressure 
is diminished by pz,2/2. 

Now, although the velocity has different values at different points of 
the orifice, the pressure must be constant at all points in the plane of the 
orifice (p. 492); that is, at all points in the plane of the orifice the 
pressure must be equal to Z,. At points near to the edge of the orifice, 
the velocity of the liquid is small, and therefore the loss of pressure due 
to gain of kinetic energy is small; but at these points the total loss ot 
pressure must be equal to that at the centre of the orifice, and therefore 
an additional loss of pressure must be produced somehow, presumably 
by the viscosity of the liquid. Thus, at all points of the orifice the 
lower limit to the loss of pressure is equal to (py,?/2), where z, is the 
velocity at the centre of the orifice. 

From p. 493, it follows that— 
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and the average velocity over any cross-section of the tube is equal to— 
Ni DSR Ms ep. 


‘me =2 TRO: 
and the corrected difference of pressure between the ends of the 
capillary tube is equal to— 


2V2 
spH—4pu2 = gp (H - Sara). 


The generally accepted correction for the loss of head due to gain of 
kinetic energy is V?/gm?R*; this correction is obtained by a train of 
reasoning which leads to the erroneous conclusion that the pressure 
varies over the transverse section of the capillary tube. 


Simple apparatus for the determination of the coefficient 
of viscosity of a liquid.—The experimental determination of 
the coefficient of viscosity of a liquid, in the 
manner discussed above, is complicated by 
the necessity of using a thermostat. The 
arrangement now to be described suffices to 
give accurate results, while all avoidable 
complications are dispensed with. 


Expt. 55—To determine the coefficient of 
viscosity of a liquid at various temperatures. 

A piece of glass tube, about 70 cm. in length 
and of about 0°5 cm. internal diameter, is bent 
into the form of a U (Fig. 230) of which the 
shorter limb AB is about 10 cm. long. A stop- 
cock with a wide passage is sealed on to the 
end C of the long limb of the U tube. DE 
represents a piece of uniform thermometer tube, 
about 10 cm. long and of about 0°5 mm. internal 
Fic. 230.—Detail of diameter, connected to AB by means of a piece 
pearl for the de- of rubber tube. P represents a pin, bent twice 
ermination of the co- a 
efficient of viscosity at right-angles, and fixed to AB by means of 

of a liquid. wire: the use of this pin will be explained 
subsequently. 

In carrying out an experiment, the U tube is held with the stop-cock 
at the top, and is filled with some of the liquid to be tested; this can be 
done by inserting the drawn-out end of a piece of wide tube through the 
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opened stop-cock, and using the tube as a funnel. When the U tube is 
full and the liquid commences to flow through the capillary tube DE, 
close the stop-cock and invert the 

U tube. Immerse the thermometer 

tube in some more of the liquid to be | 
tested, contained in a boiling tube, j 
the boiling tube being surrounded by 

water contained ina beaker, and the 

beaker being supported on a sand- 

bath (Fig. 231). A thermometer dips 

into the liquid contained inthe boil- 

ing tube and indicates its tempera- 

ture. By adjusting the height of a 

Bunsen flame beneath the sand bath, 

the temperature of the liquid can be 1 
raised to any desired value, and kept } 
constant at that value. The stop- 
cock is then opened, and the liquid 
begins to syphon over from the boil- 
ing tube. At the instant when the 
surface of the liquid in the boiling 
tube passes the point of the bent pin 
P, a measuring glass or flask is EES 
placed under the stop-cock, and the 5 
time is observed. The boiling tube es a57.—-Expenmental arrangement 
i i ite or the determination of the coeffi- 
is raised as the liquid flows out of cient of viscosity of a liquid. (Due 
it, so that the surface of the contained to Prof. Osborne Reynolds. ) 

liquid always touches the point of 

the bent pin. When a sufficient quantity of liquid has syphoned over, 
the time is again observed ; the volume of the liquid that has syphoned 
over may be observed directly if a measuring glass has been used to 
catch it, or a more accurate determination may be made by weighing 
the liquid. Thus we obtain the volume of liquid that has flowed 
through the capillary tube in an observed time. The difference of 
pressure between the ends of the capillary tube-is equal to gpH, where 
H is the vertical distance between the point of the bent pin and the 
plane which passes through the outlet of the stop-cock, and p is the 
density of the liquid. 

After closing the stop-cock, and pouring the liquid that has syphoned 
over back into the boiling tube, the temperature of the liquid can be 
raised, and another determination made ; and so on. 

Viscosity of liquids at various temperatures.—The curve in 
Fig. 232 shows the value of the viscosity of water for various temperatures 

Koes 
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between o°C, and 100°C. ; it has been plotted from the experimental 


results obtained by Thorpe and Rodger. 


It appears that the viscosity 


at any temperature ¢°C. can be represented by the empirical formula— 


Coefficient of viscosity 


as a ee 
fe) 10 20 30 


poe. SU 
(1 +0'0231212) 15%, 


dS a 
50 60 


i A 
70 80 


Temperature, in centigrade degrees 


Fig. 232.—Coefficient of viscosity of water at temperatures between o°C. and 100°C. 


Thorpe and Rodger found that the coefficient of viscosity of any 
liquid can be represented by a formula cf the type— 


n=C/(1 + dt)". 


The values of the constants C, 6 and 2, for a number of liquids are 


given in the following table— 


Liquid Cc b n 
Bromine 0012535 0°008935 1°4077 
Chloroform : sak 0007006 0°006316 1°8196 
Carbon tetrachloride ... 0°01 3466 O*OI0521 I°7121 
Carbon bisulphide 0°004294 0'00502I 16328 
Ethyl ether 0°002864 0°007 332 1°4644 
Benzene ane Ee 0°009055 0°O11963 175554 
Methyl alcohol tee 0008083 0006100 2°6793 
Ethyl alcohol .. 0°017753 0004770 | 4°3731 
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According to Umani, the coefficient of viscosity of mercury is equal 
to 0°01577 at 10°C. 

When a substance is dissolved in a liquid, the viscosity of the solution 
may be either greater or less than that of the pure liquid ; no general 
laws have been discovered that would enable us to predict the value 
of the viscosity of a solution or a mixture of liquids. 


Determination of the viscosity of a fluid by the “re- 
volving cylinder” method.—Let ABC and DEF (Fig. 233) 
represent the transverse 
sections of two hollow cy- 
linders, the common axis 
of both being a _ line 
through O perpendicular 
to the plane of the paper. 
Let the space between the 
cylinders be filled with a 
viscous fluid, and let the 
outer cylinder ABC be 
rotated about its axis with 
a constant angular velocity 
, while the inner cylinder 
DEF is prevented from 
rotating. Then, since there Fic. 233.—The “revolving cylinder” method 


of determining the coefficient of viscosity - 


is no slip between the of a fluid. (The space between the two 
outer cylinder and the fluid cylinders is exaggerated considerably.) ~ 
immediately in contact with 
it, the latter will be revolving about O with the angular 
velocity »; and since there is no abrupt change of velocity 
between contiguous particles of fluid, each particle of the 
fluid must be revolving about O, except the particles imme- 
diately in contact with the stationary cylinder DEF. The 
angular velocity of rotation of the fluid must therefore fall 
off from @ at the outer cylinder to zero at the inner cylinder. 
Let an imaginary cylinder, of which the transverse section is 
GHK, be described about the axis through O; then the 
velocities of particles on opposite sides of this surface will 
differ, and there will be a velocity gradient perpendicular to the 
surface ; let this velocity gradient be denoted by v’. Then, if 
vis the radius, and / the length of the cylindrical surface, its 
area is equal to 2777, and each unit of area will be acted upon 
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by a tangential stress equal to nv’, where denotes the 
coefficient of viscosity of the fluid. The tangential stresses 
tend to accelerate the velocity of rotation of the fluid between 
DEF and GHK, and the torque exerted about the axis through 
O is equal to nv x2n7lxr=2nr*lnv'. Since the fluid between 
DEF and GHK is in steady motion, the forces acting on it 
must be in equilibrium ; hence, the cylinder DEF must exert 
a torque r=2n72/nv’ tending to retard the rotation of the fluid in 
contact with it; and an equal but opposite torque must be 
exerted on the stationary cylinder. If the cylinder DEF is 
supported by a wire, the torque will twist the wire until the 
restoring torque is equal to r. The value of 7,, the torque per 
unit twist of the wire, can be determined in the manner 
explained on p. 112; if the observed twist is denoted by @, the 
value of r is determined from the equation— 


T=7,0. 


In determining the value of the velocity gradient v’, it must be re- 
membered that there would be no relative displacement of neighbouring 
particles of the fluid, if the whole of the fluid were rotating like a 
solid, that is, with constant angular velocity. Draw the radius OB 
intersecting the circle GHK in H; and on this radius choose two ad- 
jacent points equidistant from and on opposite sides of the point H. Let 
these points be at distances 7_ and 7, from O, and let the corresponding 
angular velocities of rotation be equal to w,and w;. The actual difference 
between the velocities at these points is equal to wy75—wara 

Now— 


W415 — Waa = 3( 5 + Wa)(%5 — Va) +4( wy — Wa)(% +72). 


The first term on the right-hand side of this equation gives the difference 
in the velocities at the two points, due to a uniform rotation about O 
with the angular velocity (w,+,«)/2; this difference of velocities would 
produce no viscous stress in the fluid. The second term gives the 
difference in the velocities which produces the viscous stress ; and since 
(74 +7%a)/2=7, it follows that 


and T=2077ln z (wo — @a) 5 
)—Ya 
2nln %—¥a 
== (wy ~ a) = 


XV THE “REVOLVING DISC” METHOD 503 


Multiply the numerator of the fraction on the right-hand side of 
this equation by (7;+74)/2, and multiply the denominator by the equal 
quantity 7; then 


Now let 7 differ only infinitesimally from v4. Inthis case we may 
write 77 =r, (pp. 48 and 193), and— 


4mln RPS I 


eb oe) SF, taratar 

Now let the distance EB (Fig. 233) be divided into x infinitesimal 
elements of length by means of points at distances 7,, 74, 7) 73+ +» Mn 
from O, where r,=OE=R,, and 7,=OB=R,; and let the angular 
velocities at these points be equal to @,, 1, wo, w3... @nj3 where 
®,= 0, and w,=, the angular velocity of rotation of the cylinder 
ABC. Then we have— 


4nln i I 
ak (w, — ,) = re a re 
4nln I I 
ghee ae = ars 
4mln st I 
— (@n = @n—1) = Peale os 


Adding these equations together, we obtain— 


A4rnl ( ) I I 
— (@, -—W aS 
T eo! et ae gS 2 


° 


waht I “:) 
4rinw = T Re Re . 


Determination of the coefficient of viscosity of a fluid by 
the “revolving disc” method.—Let a circular disc of large 
diameter be mounted so that it can be rotated at a constant 
speed about a vertical axis through its centre and perpendicular 
to its plane ; just above this, let another disc be supported by a 
fine wire, in such a manner that the two discs are parallel and 


- 
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the wire coincides with the axis of the lower disc (Fig. 234). 
If the space between the discs is filled with a fluid, the rotation 
of the lower disc tends to drag the fluid round, and thus to 
rotate the upper disc; as a consequence, the upper disc is 
twisted about its axis, until the torque 
due to the viscous drag of the fluid is 
just equal to the restoring torque 7 called 
into play by the twist of the wire sus- 
pension. If 6 denotes the angle through 
«7 which the upper disc has been twisted, 
eee and r, denotes the torque per unit twist 
| of the wire (p. 108), then r=7,6. 


Let the lower disc rotate with an angular 
uae ei Me SEINE velocity w ; then a point on it, at a distance 7 

mining the coefficient of from the axis of rotation, is moving with a 

viscosity of a fluid. velocity equal to 7w, and the fluid immediately 

in contact with the disc at this point must 
be moving with an equal velocity. The upper disc and the fluid 
immediately in contact with it are stationary. Thus, at a dis- 
tance 7 from the axis of rotation, the velocity of the fluid varies from 
rw at the surface of the lower disc to zero at the upper disc, and the 
velocity gradient is equal to rw/d, if the distance between the discs is 
equal tod. Hence, the tangential force acting on a small area a of the 
upper disc, at a mean distance 7 from the axis, is equal to ya.7w/d, 
and the corresponding torque about the axis is equal to na7?w/d. 

Divide the surface of the upper disc into concentric annular strips by 
circles of radii 7,, 7, %, . - . » %.  Thenthe area of the strip which 
lies between the circles of radii 7, and 7, is equal to m(7,?—r,?), and for this 
strip the value of 7* may be taken as equal to (7?+~7,2)/2, (p. 48), so 


that the torque about the axis, due to the viscous drag on the strip, is 


equal to— 

nw a Ae) eee 
LE 6 ES HIPS) tan ME) ate Au 
ad (4 as) 2 2d (74 toa)s 


The torques due to the viscous drag on the other strips can be written 


down in a similar form. The sum of the torques acting on all the 
strips is equal to— 


ner 


aa (mt—r4)t+(mt-rA)+...4.. + (%n —74n_3)} 


alll 
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Let 7,=K, the radius of the upper disc, and let y,=0. Then— 


_ nenR4 F 
pinkie? wa 
and since 7, R, and @ can be measured, it follows that » can be 
determined. 
In carrying out the above investigation, it has been assumed tacitly 
that the velocity gradient is equal to 7w/d, right up to the edge of the 
disc ; and that there is no viscous 


drag on the upper surface of the top 
disc. These requirements can be 4 
fulfilled by using the arrangement MEV ee GS pbk ae) Po 


represented in Fig. 235. AB repre- panded uci. 
sents the lower disc ; the upper disc 

CD nearly fills a circular hole in a Pree het recoiting. aise? 
larger plate EF, so that the flow of method of determining the coeffi- 
the fluid is almost identical with cient of viscosity of a fluid. 

that which would be produced if CD 

and EF were one continuous plate ; hence the velocity gradient is equal 
to vw/d, right up to the edge of CD. A shallow case GH rests on EF, 
and protects the upper surface of CD from disturbance. 

The viscosity of air can be determined accurately by the arrangement 
represented diagrammatically in Fig. 235, if the suspended disc is about 
40 cm. in diameter, and the distance @ between the discs is equal to 
about 3mm. The lower disc should be rotated at a rate of one turn in 
about two or three seconds. 


Lubrication.—It is well known that the friction between 
surfaces in contact can be diminished greatly by lubricating 
them with oil ; indeed, the fact is observed so frequently that it 
is liable to escape consideration, and to be classed among those 
phenomena which are reputed to need no explanation. Never- 
theless, the way in which friction is diminished by lubrication 
presents many aspects which are of great scientific interest ; 
and an attentive study of these reveals important principles 
which might otherwise escape recognition. 

Before attention is devoted to the effects of lubrication, it 
may be well to consider briefly the laws of friction between dry 
surfaces. Experience shows that when two dry surfaces are in 
contact, the application of a force is needed in order to make 
one slide over the other ; and when one surface is sliding over 
the other, a force must be applied in order to maintain the 


i 
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motion. In either case, the magnitude of the force that must 
be applied is proportional to the force which presses the 
surfaces against each other; but the force necessary to 
maintain the sliding motion is, in general, somewhat smaller 
than that required to initiate it. The magnitude of the applied 
force is independent of the area of contact; and when the 
sliding motion has commenced, the force required to maintain 
it is independent of the velocity, unless this is so great that the 
surfaces become heated. The coefficient of friction is the ratio 
of the force that must be applied in order to initiate or to 
maintain the motion, to the force that presses the surfaces 
against each other. The value of the coefficient of friction 
depends on the substances whose surfaces are in contact. 

When the surfaces are well lubricated, the force required to 
maintain the sliding motion is approximately independent of 
the force that presses the surfaces against each other ; it is 
independent of the substances whose surfaces are sliding one 
over the other; it varies directly as the velocity of relative 
motion of the surfaces ; and it depends on the nature of the 
lubricant, and on the temperature. Thus we are led to infer 
that the lubricated surfaces do not come-into contact, but that 
they are separated from each other by a layer of the lubricant ; 
and that the necessity of applying a force in order to keep the 
surfaces in relative motion is due to the viscosity of the 
lubricant. Let @ be the area of either of the surfaces, while d 
is the distance between the two, and v is the velocity of relative 
motion ; then the force required to keep one sliding over the 
other is equal to a(v/d)n, where n is the coefficient of viscosity 
of the lubricant. 

At this point two difficulties arise. In the first place, why is 
it that the surfaces are not in contact, even when they are 
pressed together by a considerable force? The surfaces come 
into contact when they are stationary, however well they may 
be lubricated ; why is it, then, that the surfaces become 
separated when they are in relative motion? Again, experience 
shows that the lubricant must have a high coefficient of 
viscosity if the friction between the surfaces is to be reduced as 
much as possible ; on the other hand, it appears, from the 
formula obtained above, as if the frictional force could be made 
small by using a lubricant with a small coefficient of viscosity. 


- 
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These difficulties will be found to vanish when the action of the 
lubricant is studied ; at present, it is enough to notice that the 
friction depends not only on y, but also on @: hence, we infer 
that the high value of 7 is necessary in order to prevent @ from 
becoming infinitely small, that is, to prevent the surfaces from 
coming into contact. . 

Fugitive elasticity of a viscous fluid.—Let AB and 
CD (Fig. 236) represent two plane and parallel surfaces, 
AB being stationary while CD is moving with constant velocity 
from right to left; and let the space between the surfaces be 
filled with a viscous fluid. Let the dotted lines represent the 
traces of planes perpendicular to the surfaces and to the plane 
of the paper. At a given instant, let the particles of the viscous 
fluid which are passing through these planes be marked in 
some way. After a short interval of time, the marked particles 
will be passing through planes of which the traces are 


Fic. 236.—Fugitive elasticity of a viscous fluid. 


represented by the unbroken straight lines. Let the lower 
surface be moving with the constant velocity v, and let d 
denote the distances between the surfaces ; then the viscous 
drag on unit area of either surface is equal to nv/d. 

Now, if the space between the surfaces had been occupied by 
a medium endowed with shear elasticity, and the lower surface 
had been displaced tangentially so as to produce in the medium 
a shearing strain equal to $, the tangential stress acting on 
unit area of either surface would have been equal to zp, where 
m denotes the coefficient of shear elasticity of the medium 
(p. 228). Ifthe shearing strain increased from zero to ¢ in the 
time 7, and the elasticity then broke down, the average 
shearing stress during the time r would have been equal to 
np/2; and if the medium then recovered its shear elasticity, 
the shearing stress during the next interval of time + would 
have had an equal value. Hence, if the lower surface were 
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moving with a uniform velocity v, and the space between the 
surfaces were filled with a medium endowed with a fugitive 
shear elasticity which broke down at intervals of time each 
equal to r, the average tangential stress which would act on 
either surface would be equal to 2/2, where p=vr/d. Thus 
the average tangential stress would be equal to nur /2a. On 
comparing this value with that of the drag exerted by the viscous 
medium on unit area of either surface, it becomes apparent that 
a medium endowed with fugitive shear elasticity would possess 
the properties of a viscous medium, if zr/2=7. Hence, it may 
be stated that the properties of a viscous medium may be accounted 


& 


Fic. 237.—Fugitive elasticity of a viscous fluid. 


for, by supposing the medium to possess a fugitive shear elasticity 
which breaks down at very short intervals of time. 

Now let two plane and parallel surfaces be separated by an 
incompressible medium endowed with shear elasticity. If one 
surface approaches the other through a small distance, some of 
the medium must be extruded from the intervening space ; and 
if there is no slip between the medium and the surfaces, the flow 
of the medium will be greatest midway between the surfaces. 
If planes, perpendicular to the plane of the paper, are drawn 
through the dotted lines in Fig. 237, a, then the particles of the 
medium that lay in these planes before the flow commenced, 
will be carried by the flow of the medium to the curved surfaces 
of which the sections are indicated by the continuous curved 
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lines. Thus, a filament of the medium that originally lay along 
one of the straight dotted lines, will be stretched by the flow so 
that it lies along the corresponding continuous line ; and this 
stretching of each filament will produce a tensile stress! which 
tends to make the filament recover its original position and 
length. The medium on the concave side of each curved 
surface will be at a higher pressure than the medium on the 
convex side, since each curved surface may be considered to 
represent the section of a stretched elastic membrane ; and the 


Fic. 238.—Fugitive elasticity of a viscous fluid. 


pressure will be greatest midway between the lateral edges of 
the space between the surfaces. This pressure will tend to stop 
the relative approach of the surfaces. 

If the medium between the plane surfaces (Fig. 237, 2) is merely 
viscous, and one surface continuously approaches the other, the 
continual extrusion of the medium from the space between 
the surfaces will evoke the fugitive shear elasticity of the 
medium, and a pressure tending to stop the relative approach of 
the surfaces will be produced. 


1 From the investigation carried out on p. 232 it appears that, in an incompressible 
medium (£=c), the value of Young’s modulus E is equal to 3, where # is the 
coefficient of shear elasticity. 
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If one of the plane surfaces, instead of approaching, recedes 
from the other, the medium must flow into the space between 
the surfaces, and the particles that lay in the straight dotted lines 
(Fig. 237, 6) before the flow commenced will be carried by the 
flow to the continuous curved lines, which are concave outwards. 
The tension along these curved lines produces a negative 
pressure between the surfaces; that is, a stress which tends to 
stop the relative recession of the surfaces. 

Now let AB and CD (Fig. 238, a) represent two plane surfaces 
inclined to each other at a small angle, and let the space 
between the surfaces be filled with an incompressible medium 
endowed with shear elasticity. Let planes perpendicular to the 
plane of the paper be drawn through the dotted lines normal to 
CD; and let it be required to determine the displacement of 
the particles in these planes, due to a small tangental motion, 
towards the left, of the lower surface CD. 

Through the edge A of the upper surface, describe an 
imaginary plane AE parallel to CD ; and let it be supposed that 
the medium between AE and AB is perfectly rigid while the 
surface CD is being displaced. Then the medium between 
AE and CD is subjected to a pure shear by the tangential 
displacement of CD, and the particles of the medium which 
previously lay in the dotted lines which extend perpendicularly 
from AE to CD, are carried to the dotted lines that slope down- 
wards from right to left. Now let the medium between AE and 
AB recover its elasticity ; the tangenual force exerted on the 
plane AE, from right to left, causes a displacement of that plane 
from right to left, and the straight dotted lines, which meet at 
an angle on the line AE, give place to the continuous curved 
lines which join AB and CD. It is obvious that towards 
the right-hand side of the diagram, the curved lines must be 
convex towards the right, and must lie to the left of the straight 
dotted lines which meet at an angle on AE. From this it 
follows that, on the right-hand side of the diagram, the medium 
flows into the space between the surfaces ; and, since the volume 
of the space between the surfaces does not change, the medium 
must flow outwards at the left-hand side of the diagram. There- 
fore the dotted lines towards the left-hand side of the diagram 
give place to continuous curved lines which are convex towards 
the left. Hence, proceeding from the right to the left-hand side 
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of the diagram, the curved lines are at first convex towards the 
right, but the convexity diminishes as we proceed, and one 
particular line is straight ; on proceeding further towards the 
left-hand side, the continuous lines are convex towards the left. 
The continuous curved lines represent filaments of the medium 
in a state of tension, and we infer that the pressure of the 
medium increases from the edges inwards, until the straight 
continuous line is reached ; and this pressure tends to force the 
surfaces apart. 

If the space between AB and CD is filled with a medium which is 
merely viscous, then a continuous displacement of the surface CD, 
from right to left, will evoke the fugitive shear elasticity of the 
medium, and a pressure tending to separate the surfaces will be 
produced. It is this pressure which prevents lubricated surfaces 
from coming into contact, so long as the surfaces are in relative 
motion. It must be noticed, however, that this pressure can be 
produced only when the relative motion of the surfaces tends 
to carry the viscous medium from the wide to the narrow part 
of the intervening space. Thus, a motion of CD from right to 
left, or a motion of AB from left to right, will produce the 
pressure. On the other 
hand, the motion of CD 
from left to right (Fig. 
238, 5) causes the dis- 
placement-lines of the 
medium to be concave 
outwards, so that a nega- 
tive pressure is produced 
in the medium, and the 
surfaces AB and CD are 
drawn towards each other. 
The way in which the dis- 
placement-lines are ob- 
tained in Fig.-238, 4, will 
be evident without further 
explanation. Fic. 239.—Shaft rotating in a well lubricated 

Theeffect of lubrication, bearing. 
on a shaft which rotates 
in a cylindrical bearing, can now be understood. Let the shaft 
rotate in the direction indicated by the arrow (Fig. 239). At 
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first sight it would appear probable that the space between the 
shaft and the bearing would be narrowest immediately beneath 
the shaft ; but it will appear presently that the narrowest space 
must lie at some point near to A, where A is on that side of the 
shaft to which the lubrication is carried from below. The dis- 
placement-lines in the oil are shown in Fig. 239, and it becomes 
evident that the oil between B and A exerts a pressure P on the 
shaft, while the oil between A and C exerts a negative pressure 
Q. From the centre of the shaft, draw OP’ parallel and equal 
to the positive pressure P, and OQ’ parallel and equal to the 
negative pressure Q; then the resultant OR of OP’ and OQ 

must be equal to the weight OW of the shaft. If the narrowest 
section were not somewhere near to A, it would be impossible 
for the weight of the shaft to be supported by the oil. 

The magnitude of the pressure which may be produced in the 
oil between the points A and B is worthy of note. Mr. Beauchamp 
Tower measured this pressure in a particular instance, and 
found that it was equal to 625 lb. per sq. in., or about 
40 atmospheres. Of course, the pressure depends on the speed 
at which the shaft is driven ; in machinery driven at high speeds, 
the oil must be forced into the bearings under high pressure. 
Beauchamp Tower found that when a shaft was pressed down- 
wards by a considerable force 4, and the speed of rotation was 
slow, the frictional force that had to be overcome in driving 
the shaft was as large as //3; in this case the shaft came into 
contact with the bearing. On increasing the speed of rotation 
to a sufficient extent, it was found that the frictional force fell 
to the much smaller value //400, showing that fluid friction had 
been substituted for the friction between solid surfaces. 

“Ducks and drakes.”—It is well known that a stone will 
rebound from the surface of water, if its component velocity 
parallel to the surface of the water is great in comparison with 
its component velocity normal to the surface. A projectile fired 
from a cannon will rebound from the surface of water under 
similar conditions. These interesting phenomena can be ex- 
plained? in terms of the fugitive elasticity of a viscous liquid. 


In the first place, a body never rebounds when it falls normally on 


1 An explanation of “‘ ducks and drakes,” bearing a general resemblance to that 


given in the text, was published by Prof. W. Sutherland in the Philosophical 
Magazine for 1896, pp. 111-115. 
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the surface of water. It will be seen from Fig. 237 that the fugitive 
elasticity of the water will produce an upward force when the body is 
sinking into the water, but this force will vanish when the body ceases 
to sink, and would be replaced by a downward force if the body 
commenced to rise. When the body possesses a considerable velocity 
tangential to the ‘surface of the water, the case is different. . Let AB 
(Fig. 236, p. 507) represent a flat body moving from left to right along 
the surface of water. The surface layer of the water suffers a shearing, 
strain, while the lower layers of the water (represented by CD) remain 
at rest. In this case, the body is subjected merely to a viscous drag ; 
which tends to stop its horizontal motion. If, however, the front edge 
of the body tilts upwards, the strain in the surface layer of the water 
will resemble that represented in Fig. 238, a, (p. 509), and an upward 
force will be evoked which may suffice to project the body upwards. If 
the rear edge of the body were to tilt upwards, the strain in the surface 
layer of the water would resemble that represented in Fig. 238, 4, and 
a force would be evoked which would pull the rear edge of the body 
downwards, and so destroy the tilt. Thus it appears that the tangential 
motion of the body, with its flat surface parallel to the surface of the water, 
is unstable ; a small upward tilt of the front edge of the body suffices 
to produce a force which projects the body upwards out of the water. 


Orderly flow rendered possible by viscosity.—Some idea : 
may now be formed as to the way in which viscosity tends to 
prevent the turbulent motion of a fluid. 
Let the horizontal straight lines in Fig. 
240 represent lines of flow in a fluid, and 
let the corresponding tubes of flow have 
square sections perpendicular to the 
plane of the diagram. Consider the Pe asa) Seeile ue 
motions of the three cubical masses of viscosity. 
liquid represented by A, B, and C. As 
A moves from right to left, let some accidental circumstance: 
cause it to expand laterally so as to acquire the shape indicated 
by A’. Then B and C must contract laterally so as to acquire: 
the shapes indicated by B’ and C’, and it is clear that the centre 
of gravity of B’ or C’ has advanced farther than that of A’. 
In fact, if A’ has expanded laterally its forward velocity must 
have diminished, and if B’ and C’ have contracted laterally, their 
forward velocities must have increased. Since the pressure 
diminishes as the velocity increases, it follows that the pressure 
within A’ is greater than that in B’ and C’, and the difference ’ 


LL 
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of pressure between A’ and B’ or C’ tends to make A’ expand 
still further. In the absence of viscosity, no force is called into 
play which tends to stop the lateral expansion of A’, and 
therefore the expansion continues and the motion along stream- 
lines breaks up. But if the fluid is viscous, the first tendency 
to expand is opposed by the fugitive elasticity of the fluid ; and 
the lateral expansion of A’ is opposed, just as if its lateral walls 
were elastic membranes. 

Flow of a gas through a narrow tube.— When a liquid flows 
through a tube, the product of the velocity at any point and the 
cross-sectional area of the tube at that point must be constant 
(p. 378), since a liquid is practically incompressible. This law 
does not hold for a gas ; when a gas flows through a tube, 
the condition to be satisfied is that the mass of gas crossing a 
section of the tube is constant for all sections, and therefore 
(p. 379)— 


paV =a constant, 


where p denotes the density at the section of area a, and V 
is the velocity of flow across that section. If the tube is 
uniform throughout its length, @ is constant, and therefore pV 
must be constant. 

The flow of a liquid through a tube has been investigated 
already (p. 494); the conditions under which a gas flows through a 
uniform narrow tube must now be determined. 


Let it be assumed that the flow of the gas is isothermal ; that is, that 
the heat generated by the flow of the gas is conducted away immediately 
through the walls of the tube. At the ends of a very small element of 
length of the tube, let the pressures be equal to fz and fy, where fa and 
f» differ only infinitesimally; and let the ends of the element 
be at distances x, and x, from the end of the tube at which the 
the gas enters. Then the density of the gas may be considered to 
be constant within the element, and if a volume Vg of gas flows through 
the element in a second, the formula obtained on p. 494, for the flow of 
a fluid of constant density, may be applied. Thus— 


Va ra (Pa x ho)nr* 
8n(x, a Xa) 


Experiment shows that the coefficient of viscosity of a gas is 


independent of the pressure ; this very remarkable result will be dis- 
cussed subsequently. 
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Let p denote the density of the gas under unit pressure ; and let it be 
assumed that the gas obeys Boyle’s law that,the density is proportional 
to the pressure. Then, within the element under consideration, the 
average pressure is equal to (f2+f/»)/2, and the density of the gas is 
equal to p(fat+/s)/2; therefore the mass of gas that flows through the 
element in a second is equal to Vap(fa+fz)/2. Let the pressure at the 
end of the tube where the gas enters be equal to P, and let a 
volume V of gas enter the tube per second ; then the mass of gas 
entering per second is equal to pPV, and an equal mass of gas must 
cross each section of the tube per second. Thus— 


a pa + Do pm, (pa? — py?) a7 " 
REM piste oger 5 Mair Biter ras yi 
ga! Ge — py®) m4 
PV neta) 


Let the tube be divided into elements by cross-sections at distances 
Xo) Xj, Loy . . » . X, from the end of the tube where the gas enters, 


and let the pressures at these sections be equal to Z,, 2), J, - .- + Pn 
Then 
cis 4 es 
PV(x,—*,) = Gants - pr’) 
Bey ate ne 
PV(%_— 4) = ce (Dy" — Po") 


74 
PV tak ie, 4) = ee (Pn? Pr2)s 


Adding these equations together, we obtain— 


art 
PV(%n—*,) = ch (p.? — pn’). 


Now, letx,=0; then#,=P. Let x, =/, where / denotes the length of 


the tube ; and let f,, the pressure of the gas when it leaves the tube, 
be denoted by #7. Then 
al P? — f?)n74 


vate 16nZ 


This equation suffices to determine 7 in terms of P, A, V, 7, and Z 
Simple arrangement for the determination of 7 for hydrogen or 


oxygen, Ke 
Expt. 56.—To determine the coefficient of viscosity of hydrogen ox 


oxygen. 
Tee 
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Let hydrogen, generated in an ordinary water voltameter (Fig. 241) 
be led through a drying tube D containing pumice soaked in strong 
sulphuric acid, then through a glass tube to which a manometer 
M containing Fleuss oil is fused, and finally into the atmosphere 
through a piece of thermometer tube AB, of which the internal 
diameter is equal to about 0o'4 mm. The hydrogen can be evolved 
by sending a current through the voltameter from a few small 
secondary cells ; the current is measured by an ammeter or a tangent 
galvanometer G. The oxygen must be allowed to escape freely into the 
atmosphere. The dilute sulphuric acid in the limb of the voltameter in 
which the hydrogen is generated will be below the level of the dilute 
acid in the open limbs of the tube; thus the hydrogen is generated 


A B 


Fic. 241.—Simple arrangement for the determination of the coefficient of viscosity 
of hydrogen. (Due to Dr. Lehfeldt.) 


under a pressure which suffices to force it through the capillary tube 
AB. 

To determine the pressure P at which the hydrogen enters the 
capillary tube, the pressure indicated by the manometer M must be 
added to the barometric pressure, both expressed in dynes per sq. cm. ; 
the pressure # at which the hydrogen leaves the capillary tube is the 
atmospheric pressure. The value of the electric current being known, 
the mass of hydrogen generated in a second can be calculated; one 
ampere liberates 0°00001036 gram of hydrogen per second, and one gram 
of hydrogen at o°C., and under a pressure equal to 76 cm. of mercury, 
occupies a volume of 11,120 c.c. Thus, if the electric current is 
steady and equal to C amperes, and the absolute temperature of the 
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gas as it flows through the capillary tube is equal to T, the volume V of 
hydrogen that enters the capillary tube in a second is given by the 
equation 

V=(P’/P)C x 0°00001036 x 11,120 x (T/273), 


where P’ denotes the standard atmospheric pressure (equivalent to 
76 cm. of mercury), expressed in dynes per sq. cm. Therefore— 


PV =P’C x 0'00001036 x 11,120 x (T/273). 
‘The value of P’ may be taken as 10° dynes per sq. cm. 


Simple arrangement for the determination of 7 for atmospheric air. 
Expr. 57.—To determine the coefficient of viscosity of atmospheric air. 
A piece of glass tubing ABC (Fig. 242) is bent into the form of a U, 
of which the longer limb AB is from 30 to 40 cm. in length, while the 
shorter limb is from 10 to 15 cm. in length. The internal 
diameter of this tube must be about 3°5 mm. A piece 
of thermometer tubing DE, about 20 cm. in length and 
O*I§5 mm. in internal diameter, is connected to the shorter 
limb of the U tube by means of a piece of rubber tubing 
CD; a pellet of mercury M, about 5 or 6 cm. in 
length is introduced into the limb of AB. The U tube 
is then placed with its limbs vertical and an observation 
is made of the time at which the lower surface of the 
pellet of mercury passes a mark near to the top of the 
limb- AB ; subsequently, the time is observed at which 
the lower surface of the pellet passes another ma out 
20 cm. lower down on the limb AB. Some of the 
mercury is then removed from the limb AB and weighed, 
and the procedure outlined above is repeated with the 
smaller pellet which still remains in the limb AB. Ob- 
servations should be made with five or six pellets of 
mercury of varying masses; it is best to diminish the 
mass of the pellet by removing some of the mercury, ieee ae 
and not to introduce fresh mercury into the tube. ple arrange- 
Let the atmospheric pressure be equal to P gm. Fee for the 
etermination 
per sq. cm., and let the pressure due to the pellet of of the coefii- 
mercury M be equal to p gm. per sq. cm, The mercury ag een 
sticks to some extent to the walls of the fall tube; let  pheric air. 
this diminish the pressure due to the pellet by 6 gm. eae 
per sq. cm. Then, in the formula given on p. 515, ‘ 
P=(P+p-—5)g dynes per sq. cm. and =Pg dynes per sq. cm. Let 
the volume between the two marks in the fall tube be equal to Q c.c. 5 
and let ¢ be the time required for the lower surface of the pellet to 
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pass from the upper to the lower of these marks ; then V=Q/t C.c. 
per sec, Thus— 
{(P + p — 8)2¢? — P2y?} wA4 

16n/ 


(P+p- dees 


QF 16nZ 
 Sebetiam yn) MD OP ADS Oo) = ee 
NOW. sp Dap aah athe wage ated mab bor samme 


where powers of the small quantity (p —8)/P higher than the second are 
neglected. Thus, if £ is written for 774/87, we have 


Q= {@+p- dg = [P- (p- 3) a beep = le a 


2n 
= ae (p- rh ght 
= {op 3) a ee a x 


The value of 5 is fairly small in comparison with p, and therefore p?/P 


may be substituted for (p—4)?/P, since this term as a whole is small. 
Thus, finally— 


n=(p-2 - je re apes tee at oC fp Gh 


Since 7 is constant, and g#/Q is also constant, it follows that 
2 
(p - spa 5)¢ is constant. This enables us to determine the value of 


5, from the results of observations of the times of descent of two pellets 
of mercury of different masses. 


The following are the details of a determination of the value of 7 for 
atmospheric air by this method. 

Room temperature during experiment =17° C. 

Volume Q between the two marks on the fall tube = 2°42 c.c. 
Sectional area of fall tube=0'0990 sq. cm. The value of p is obtained 
by dividing the mass of the pellet of mercury by this area. 

Barometric pressure P= 1050 gm. per. sq. cm. 

Value of 74= 4°56 x 10-9 (cm.)*. Length Z of capillary tube= 20°15 cm. 

The first column in the following table gives the observed values 
of the time of fall ¢ for the pellets of mass m given in the second 
column. The third column gives the value of p, obtained by dividing: 


4 
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the mass 7 by the area (00990 sq. cm.) of the fall tube. The fourth 
column is obtained by calculation. 


re 7] p 2 2 
(sec.) | =) | empemye | Ap=J5) | (p- F=2): 
a A io 
78°5 7°369 74°43 70°79 5475 
8y'2 6°474 65°39 63°36 5470 
984 5856 59°15 57°49 5450 
123°4 4 701 47 48 46°41 5475 
141°0 4°130 Ate a 40°88 5476 


The value of 5 is obtained from the first and fourth horizontal rows of 


2 
figures. Since (p - = - 5) x ¢ is constant, we have-— 


(71°79 — 8) 78°5 =(46'41 — 8) 123°4 
.*. 8=2°04 gm./(cm.)?. 
The fifth column is obtained by calculation, using the value of 6 just 


2 
determined. The average value of (p - Ze - 3) tis found to be 5470. - 


Then from (1), remembering that £=774/8/, 


ne 5470 X 981 X 3°14 X 4°56 x 10-9 


are -4 
Plex cack = 1'97 x 10-4 gm./cm. sec. 


Accurate determination of the coefficient of viscosity of 
a gas.—The accurate determination of the coefficient of 
viscosity is generally much more difficult in the case of a gas 
than in the case of a liquid. When only a small quantity of gas 
can be experimented with, the difficulty is still further increased. 
A simple arrangement, devised by Dr. A. O. Rankine, eliminates 
most of the difficulties that heretofore have confronted 
investigators ; by its aid the coefficient of viscosity of a gas 
can be determined with comparative ease, and only a few 
cubic centimetres of gas need be used. 

Rankine’s apparatus is represented in Fig. 243. AB is a 
capillary tube, of which the internal diameter is equal to about 
ozmm. A glass tube ADEB, with an internal diameter of 
about 3'°5mm., is bent into the shape of an elongated C, and 
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the ends of this tube are fused to the ends of the capillary tube 


AB aie 


Fic. 243.— 
Rankine’s ap- 
paratus for the 
determination 
of the coeffi- 
cient of viscos- 
ity of a gas. 


the mass of 


and 


total length of the apparatus is about 70 cm. 
Stopcocks F and G are fused on to the wider 
tube, so that the interior of the tubes can be 
evacuated, or filled with any gas. A pellet of 
mercury M is introduced into the wide tube; 
when the apparatus is placed with AB and DE 
vertical, the mercury falls under the action of 
gravity, and the gas below M is forced through the 
capillary tube. 


Let it be supposed that the apparatus, filled with 
the gas to be examined, is laid flat on a table. The 
pressure of the enclosed gas is now uniform through- 
out: let it be equal to Z. Let the total volume of the 
enclosed gas be equal to v, and let p denote the value 
of the density of the gas if its pressure were equal to 
unity. Then the mass of the enclosed gas is equal 
to pv, and this quantity must remain constant throughout 
the experiment. 

Now let the apparatus be placed with the tubes AB 
and DE vertical; at a given instant let the volume of 
the gas, between the end A of the capillary tube and 
the upper surface of the mercury, be equal to 7. 
The volume of the gas between the end B of the capillary 
tube and the lower surface of the mercury is equal to 
(v-—v), since the volume of gas within the capillary 
tube may be neglected. Let w denote the weight 
(in dynes) of the*pellet of mercury, and let @ be 
the cross-sectional area of the tube DE; then the 
pressure of the gas below the mercury exceeds that of 
the gas above the mercury by w/a. Let f, denote 


the pressure of the gas above the mercury. Then since 
gas is constant, 


ppu = ppv +p (A t ) (v-%) 
Bs (aoe ae ey 


w\ w 
Ohio pv =o(s = ) +=, 
a a 


Ww wy 
A=p-—+—1 


Seria Cnr ta, eh nc 
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When it is remembered that 7, w, a, and v are constants, while 7, 
increases as the pellet of mercury descends, it becomes obvious that the 
pressure of the gas above the mercury increases as the pellet-of mercury 
descends. Let P; denote the pressure of the gas below the mercury ; 
then— : 

: w wy 
P= —= Bi osmeileny jauds 
D2 Mins e/g eat (2) 

P, also increases as the pellet of mercury descends ; but P,—/, 
remains constant. 

Now let it be supposed that the pellet of mercury has descended to 
M’, (Fig. 243), the volume of gas between its upper surface and the end 
A of the capillary tube having increased to v2; and let the pressure 
of this gas now be equal to 4. Then— 

W Up 


fpa=p- +8 (3) 


If P, is now the pressure of the gas below the pellet of mercury, 
eden nied wep copie Senu(A) 


When the pellet of mercury is at M, the mass of gas between its 
lower surface and the end B of the capillary tube is equal to pP,(v—7), 
and the corresponding mass when the pellet is at M’ is equal to 
pP(v—v). Thus, the mass of gas which has been forced through the 
capillary tube, while the pellet descends from M to Mj, is equal to— 


p{Py(v — %) — Po(v — v)} = p{(Py — Pav — (Pim — P,v.)} 


(2 — U2) — (2% — Ye) — = (2? — v9”) i 


ale 


Seal 


Let the volumes 7, and v» be chosen so that 7,+7.=v ; this condition 
will be complied with, if the two positions M and M’ of the pellet of 
mercury are symmetrical with respect to the middle of the tube 
ADEB, and the volume of gas between A and the upper surface of the 
pellet at M, is equal to the volume between B and the lower surface 
of the pellet at M’. In this case 
(ais 2 Se 


w (v,2-v") w 
a vy a 


and the mass of gas forced through the capillary tube is equal to- 


— pp(% — Va) = pP(V2- %)- 
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If this mass of gas is forced through the capillary tube in the time T, 
the average rate at which the mass is forced through the tube is equal 
to pp(v_~-)/T. 

The formula obtained on p. 515 gives the value of the product of the 
pressure and volume of the gas forced through a capillary tube in a 
second under a steady difference of pressure between the ends of the 
tube. Let g denote the volume of gas forced through the tube in a 
small time ¢, when the gas enters the tube at a pressure P, and leaves 
it at a pressure 7, ; then— 

q (P,2 — p,?)ar4 
P, = = ———_.. 
zt 16n/ 

On multiplying this equation through by p, the density of the gas 
if its pressure were equal to unity, we obtain an expression for the mass 
of gas forced through the tube per second. Now— 


PY? - A? = (Py -p,)(Pi+~y)- 
And from (2) and (1), 


P = = i zt 
itp = 2p + ap? 
(P2-p2) = 2 (op - 24229) 

a av 


Similarly— 
2 w w w 
(P2-p2) = “(ap Oe 22), 


These equations indicate that the mass of gas is forced through the 
capillary tube at a rate which increases uniformly with the distance 
through which the pellet of mercury descends. While the pellet of 
mercury descends from M to M’, the average rate at which the mass of 
gas is forced through the capillary tube is proportional to— 


{(Pi? — 2,7) + (Pe? — po’) /2 5 


that is, to— 
2 (e- 2+ ate) 
a a CeO 
~ 2wp 
es 


since 7} +%,=v. 
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Thus, the average mass of gas forced through the capillary tube per 
second is equal to— 


2wp 
Navcam ¥. wp. mr 
a 16nl ae 8anl ” 
Vaae wmp* 
pp po pp Saal? 
oo eA 
hers 8al(v_— 2) (5) 


{t may be noticed that the same formula would apply if the apparatus 
were filled with a liquid instead of a gas. 

In carrying out an experiment with Rankine’s apparatus, two 
marks are made on the tube DE (Fig. 243), in such positions 
that the volume between the end A of the capillary tube and 
one mark, is equal to the volume between the end B of the 
capillary tube and the other mark. The time is observed when 
the zpper surface of the pellet of mercury passes the mark nearer 
to A, and again when the /ower surface of the pellet passes 
the mark nearer to B; T is the interval of time that elapses 
between these observations. The quantity (v,--v,) is obtained 
by subtracting the volume of the pellet of mercury from the 
volume between the marks on the tube DE. The radius ~ of 
the capillary tube is measured in the manner described on 
p- 496. 

The pellet of mercury sticks, to some extent, to the walls of 
the tube DE, and thus the pressure that it exerts is diminished ; 
in other words, the effective weight of the mercury, instead 
of being w, is (w—6). To determine the value of the 
correction 6, two experiments must be performed. with pellets 
of mercury of different weights, w, and w. Let T, and T, be 
the times required for these pellets to traverse the distance 
between the same two marks, and let (v,—v,) and (v.'—vy’) 
denote the volumes swept out by the pellets in the two cases. 
Then from equation (5), since 7, 7, @, and 7 have identical 
values in the two experiments— 

(w,-5)T, _ (w;—5)T, 
(2-2) yi — 0," 

From this equation the value of 6 can be calculated. 

There is some evidence that the layer of gas immediately in 
contact with the walls of the tube is not absolutely at rest ; in 
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other words, there is a small amount of slip between the gas 
and the walls of the tube. To correct for this slip, the value of 
rused in (5) above should exceed the true radius of the 
capillary tube by the mean free path of the gas under the 
conditions that prevail during the experiment. The meaning of 
the mean free path will be explained in the next chapter. 

Rankine’s apparatus can be used to prove, in a very con- 
clusive manner, that the coefficient of viscosity is independent 
of the density of a gas. It will be found that 
the value of T is not affected by pumping one- 
half or two-thirds of the gas out of the ap- 
paratus, provided that\the original pressure was 
comparable with the atmospheric pressure. 
Formula (5) above cannot be used, however, 
when the gas enclosed by the apparatus is 
very rarefied ; z.c. when the mean pressure is 
comparable with that due to the pellet of 
mercury. 

Modified form of Rankine’s apparatus, for 
use by students.—Rankine’s apparatus is not 
well adapted to the use of students, since the 
tubes must be cleaned and calibrated, once 
for all, before they are fused together. The 
apparatus now to be described has many of the 
advantages of that due to Rankine, and in 
addition it can be taken to pieces readily, so 


that the capillary tube may be cleaned and 
Fic. 244.—Appar- calibrated. 
atus for the de- 
ace aes AB (Fig. 244) is a piece of glass tube, about 12 to 14 
of viscosity of a inches in length, and about 1°25 inches in diameter ; 
gas. this tube must be selected carefully, since it 
must be straight, circular in section, and uniform in 
diameter throughout its length. Cis a piston made of ebonite, which 
slides freely in the tube AB ; it is about two inches long, and has five 
or six deep circular grooves turned in its curved surface. The grooves 
are filled with mercury, introduced through a small hole D near to one 
end of the glass tube ; the rings of mercury prevent air from passing 
between the piston and the walls of the tube AB, while the piston can 
slide along AB without friction. 
A piece of capillary tube about three inches long passes axially 
through the piston, and is held in position by stuffing boxes. The ends 
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of the tube AB are closed by rubber stoppers, one of which also closes 
the small hole D. On placing the tube AB with its axis vertical, the 
‘piston slowly sinks, the gas contained in the tube being forced from the 
lower to the upper side of the piston through the capillary tube. The 
formula for obtaining 7 is identical with that obtained above in con- 
nection with Rankine’s apparatus. Two marks must be made on the 
tube AB, the distance between one and the lower surface of the stopper 
that closes the end A of the tube being equal to the distance between 
the other and the upper surface of the stopper that closes the end B of 
the tube; T is the time that elapses between the passage of the upper 
surface of the piston across one mark and the passage of the lower 
surface of the piston across the other mark. 

If the lower surface of the piston meanwhile descends through a 
distance @, and R is the internal radius of the tube AB, the value of 
(Y)—2) is equal to tR?d. To obtain the value of w, the tube AB is’ 
weighed without the piston, and then with the piston inserted with its 
grooves filled with mercury. The value of a@ is equal to rR*. 

If stop-cocks are inserted through the rubber stoppers, the apparatus 
can be evacuated, or filled with any gas. There is a slight amount of 
friction between the piston and the walls of the tube : the correction for 
this can be obtained by performing two experiments; one with two 
metal cylinders attached to the ends of the piston, so as to increase its 
weight ; and the other with the piston unweighted. The correction is 
small, amounting to about 3 per cent. of w, the weight of the 
piston. : 

The viscosity of gases.—The following table gives the 
values of the coefficient of viscosity for various gases, at o°C. : 
the values are the means of results obtained by various 


observers. 


Gas Coefficient of 
Viscosity 
Hydrogen ... Se oe ae 0°0000864. 
Aqueous vapour ... a son 00000093 
Carbon monoxide... 550 Be 0'0001628 
Ethylene ... sae ae oo 00000944 
Nitrogen ae oe Be 0‘0001647 
Nitric oxide ae a bee 0000168 
Oxygen... = ails 8 0°0001873 
Carbon dioxide... oe ae 00001431 
Nitrous oxide ais oe 0°0001381 
Whlormne. ... ut ane me 0'000128 


ET 
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Dr. Rankine gives the following values for the coefficient of viscosity of _ 
atmospheric air at various temperatures 


Coefficient of 

Temperature Viscosity 
race, © ©'0001770 
TS) 0°0001803 
LOPS 00001828 


Dr. Rankine has also measured the coefficient of viscosity of the 
rare gases ; these gases had been purified specially under the direction 
of Sir W. Ramsay. 


Gas Temperature pene 
Helium ... ses Ono, 0’0001914 
INGOnL 7 ts ms 7 FOr Ce 0°0003036 
Argon... ae T3uCs 00002168 
Krypton ... te 10°6° C. 00002405 
Xenom | ..: a 109° C. 0'0002180 


In all cases, the coefficient of viscosity of a gas increases with the 
temperature. Maxwell thought that the coefficient of viscosity was 
proportional to the absolute temperature ; but, as a matter of fact, it 
increases more slowly than would be the case if this law held. Accord- 
ing to Prof. Sutherland— a 

Te Skt Hanes 


where a and C are constants for a given gas, and T denotes the 
absolute temperature. 

No definite laws have been deduced in connection with the 
viscosities of mixtures of gases. Graham found that, for a mixture of 
equal parts of oxygen, and nitrogen, the viscosity is the arithmetical 
mean of the viscosities of the gases mixed. On the other hand, he 
found that a small amount of air added to hydrogen increased the 


viscosity very much, while a small amount of hydrogen added to air 
produced but a small effect. 
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Viscous drag on a body which is moving through a 
fluid—When a body moves through a fluid, there is no slip 
between the body and the fluid immediately in contact with it ; 
thus the fluid near to the body is in motion, while the fluid at a 
distance from the body is practically at rest. Hence, there is a 
velocity gradient in the fluid near to the body, and the motion 
of the body is opposed by the corresponding viscous drag called 
into play. 

Some information as to the connection between the viscous drag and 
the velocity of the body can be obtained by the method of dimensions. 
Let the force f which opposes the motion of the body be given by the 
equation— 

> i= hE pin?V", 
where 7 denotes the linear magnitude of the body (for instance, the 
radius, if the body has the form of a sphere), p denotes the density of 
the fluid, 7 denotes the coefficient of viscosity of the fluid, and V 
denotes the velocity of the body; 2 is a constant, independent of the 
fundamental units of length, mass, and time. Equating the dimensions 
of the two sides of the equation— 


oe (8) EY 
leumee L3 many) Wanye 


For both sides of the equation to have equal dimensions in M— 


if SS VEE age She EG eae Jom 69) 

For both sides to have equal dimensions in L and T— 
eR 3 et teen nee! wee (2) 
es Co ot) NS EU ie Sir es sen) 


From. (2) and (3)— 
Il=x-3ytn-ztn 


l=yt2-%m, 
From (1) and (3)— 
‘ yrnr-t, 
x=, 
£=—-2#+2. 


Sie iF, kl 1y2-nyn 
4 ta Ba n ay. /% 


lp\* 2 
=a(“2)" 7. eS 
u] Pp 
The method of dimensions does not suffice to determine the value 
of 2. 
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Three cases now require consideration : 


(1) When the velocity of the body is small, experiment shows that 
the opposing force is directly proportional to the velocity. In this 


case 7=1, and— 
Fae Vin: 


Sir George Stokes proved that when a small sphere of radius 
ry travels through a viscous fluid, the value of the opposing force 
fis given by the equation— 

Gf SONY 9 


therefore in this case £=6n. 

Let it be supposed that a very small sphere, of density o, falls 
freely from rest under the action of gravity ; then it is pulled 
downwards by a constant force equal to (4/3)73(o —p)g, where 
p, as before, denotes the density of the surrounding fluid. The 
force opposing the motion of the body increases with the velocity, 
and so long as the downward force exceeds the opposing force, 
the velocity of the body increases. Thus the body will finally 
acquire a terminal velocity, such that the downward pull of gravity 
is just equal to the opposing force due to the viscosity of the 
surrounding fluid. In this case— 


6rnrV = Pua —p)e; 


Vl 2a): 
9 n 
Thus, in the case of a drop of water, of o'001 cm. radius, 
falling through air for which 7=0'00018, the value of the terminal 
velocity V is given by the equation— 
_ 2, 981 x (o'001)? x 1 


V 2 
9 o'00018 


= 1°21 cm. per sec. 


For drops of other sizes, the terminal velocity is proportional 
to the square of the radius ; thus a drop of o’o1 cm. radius falls 
with a terminal velocity equal to 121 cm. per second. This 
result explains why the minute drops of water, which constitute 
a cloud, do not fall perceptibly under the action of gravity, while 
the much larger rain-drops fall freely. 

(2) When the velocity of the body is great, experiment shows that 
the opposing force is proportional to the square of the velocity. 


XV QUESTIONS 529 
a a cei Ce 
Thus, in the high-speed railway trials conducted at Zossen in 
Germany, it was found that when the speed of the train was 
about 100 miles per hour, the train was opposed by a force 
proportional to the square of the velocity. 

Substituting 7=2 in equation (1), (p. 527), it is found that— 


Vi 
Fink i. ae = EVI, 


In this case, the opposing force is independent of the viscosity 
of the medium (p. 491), and is proportional to the density of 
the medium and the square of the linear magnitude of the 
moving body. Thus, Froude found that the frictional force 
acting on a ship is proportional to the square of the velocity 
and to the area of the wetted surface of the ship (compare 
p- 477). 

(3) When the velocity of the moving body is neither very great 
nor very small, it has been found by Mr. Allen that the 
opposing force is proportional to V!. Substituting 7=3/2 in 
equation (1), (p. 527), we find that— 


saat ® 


n 
_avizt ta 


QUESTIONS ON CHAPTER XV 


I. The plane surface of a solid body is constrained to remain parailel 
to, and ata distance of 1 mm. from, the surface of a plane sheet of metal 
of indefinite extent. The area of the plane surface of the solid body is 
equal to 100 sq. cm., and the space between this surface and the plane 
sheet of metal is filled with olive oil, of which the coefficient of viscosity 
is equal to 3:0 gm./(cm. sec.). Calculate the value of the force that 
would be needed in order to keep the solid body moving with a velocity 
of 10 cm./sec. in a direction parallel to the plane sheet of metal. 

2. The value of the coefficient of viscosity of water at 20° C. is 
equal a iS pe sec.) ; calculate the equivalent value expressed in 
lb. /(ft. sec.) 

3 What is the highest velocity at which water, at 20°C., can 
flow through a tube of 1 mm. diameter, without turbulence being 
produced. 


(Coefficient of viscosity of water at 20° C. =o’or0 gm./(cm, sec.)). 
M M 


. 
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4.. Water at 20° C. is escaping from a cistern by way of a horizontal 
capillary tube 10 cm. long and 0°4 mm. in diameter, at a distance of 
50 cm, below the free surface of the water in the cistern. Calculate the 
rate at which the water is escaping. 

(Coefficient of viscosity of water at 20° C. =o‘10 gm./(cm. sec.)) 

5. The horizontal section of the cistern referred to in question (4) is 
equal to 104 sq. cm., and the water has been escaping for 24 hours. 
What was the height of the free surface of the water in the cistern, 
above the level of the capillary tube, at the commencement of the 
24 hours? 

6. The space between two co-axial cylindrical surfaces is filled with 
olive oil for which the coefficient of viscosity is equal to 3:0 gm./(cm. 
sec.). The radii of the cylinders are respectively equal to 10°0 cm, and 
10‘I cm., and the axial length of either cylinder is equal to 20 cm. 
Calculate the value of the torque required to keep the inner cylinder 
rotating with an angular velocity of 2 radians per sec., the outer cylinder 
being fixed. 

7. The perfectly plane surfaces of two bodies are constrained to 
remain parallel to each other. Prove that the frictional force which 
opposes the sliding motion of one surface over the other cannot be 
diminished by oiling the surfaces. 

8. When a uniform spherical steel ball is set rolling on the concave 
surface of a lens (p. 104), the time required for the ball to come to rest 
is diminished by oiling the ball. Explain this. 

g. In order to determine the coefficient of viscosity of air, the 
following modification of expt. 57 (p. 517) may be used. With the 
U tube in the position represented in Fig. 242, determine the time 4 
required for the descending pellet of mercury to sweep out a volume 
Q; then invert the U tube, so that its bent part is uppermost, and 
determine the time 7, required for the descending pellet of mercury 
to sweep out the same volume Q as before. Prove that— 

Q (; s :) — (p—5)gn74 
TE 8nl 

The notation agrees with that used on p. 518. 

10, Emery powder, comprising particles of various sizes, is stirred 
up in a beaker filled to a height of 10 cm. with water. Calculate the 
size of the largest particles that will remain in suspension after 
(2) 1 hour, and (4) 24 hours. (Density of emery=4'o gm./(cm.)%. 
Coefficient of viscosity of water=o’oro gm./(cm. sec.). The particles 
of emery may be assumed to be spherical.) 


y 


CHAPTER XVI. 
THE MOLECULAR STRUCTURE OF FLUIDS 


Molecules.—-Some properties of fluids can be explained, in 
conformity with laws derived from experimental data, without 
making any assumption as to the ultimate structure of the 
fluids. Many of these properties have been studied in the 
preceding chapters; but once or twice it has been found 
impossible to frame an explanation without assuming that fluids 
consist of ultimate particles or molecules (p. 351). The 
properties of fluids which will be studied in this chapter cannot 
be explained without assuming a molecular structure; the 
explanations deduced from this assumption are so consistent, 
and have led, so often, to the prediction of phenomena which 
have been observed subsequently, that there can be no doubt 
that the assumption is justified. 

According to the molecular theory of matter, any homo- 
geneous material substance consists of ultimate particles, all of 
which are similar; these ultimate particles are called molecules. 
In many cases a molecule may be divided into parts ; but these 
parts possess properties which are not possessed by the 
molecule itself. The molecules of a substance are in rapid 
motion, and therefore they possess kinetic energy. When a 
substance is in the gaseous state, the average distance from any 
molecule to its nearest neighbour is great in comparison with the 
magnitude of the molecule itself. 

It is customary to assume that a molecule is spherical in 
shape ; this assumpiion is made, not because it is believed to 
be absolutely true, but because we have little evidence as to the 


real shape of molecules, and the sphere is the simplest shape 
53t M M 2 
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which can be assumed. In some cases, where there is 
evidence that a molecule comprises a number of atoms, each 
atom is assumed to be spherical; even in this case we can 
obtain valuable information as to the properties of the substance 
by assuming that the molecules are spherical in shape. 

Since molecules are very small in magnitude, it will be 
assumed at first that each molecule approximates to a 
geometrical point, although it possesses a finite mass; the 
extent to which the properties of material substances can be 
explained on this assumption will give grounds for forming 
some idea of the actual size of molecules; and finally the 
probable magnitude of a molecule will be estimated with a fair 
degree of exactness. 


INFINITELY SMALL MOLECULES. 


Pressure of a gas.—Let Fig. 245 represent a hollow cubical 
vessel of volume v; and let it be supposed that this vessel 
contains N infinitely small molecules, each of which is moving 
with a considerable velocity. When a 
molecule strikes on the walls of the 
vessel, it rebounds; the component 
velocity of the molecule, perpendicular to 
the wall on which it strikes, is reversed 
by the impact, while the component velo- 
city parallel to the wall is left unchanged. 
Fic. 245.—Cubical vessel ‘Since the molecules are supposed to be 

Sree ng eae: infinitely small, collisions between one 
molecule and another will be so 
infrequent that they may be supposed not to occur at all. The 
reasonableness of this assumption will be evident when it is 
remembered that a molecule is supposed to approximate to a 
geometrical point, and therefore it can pass another molecule 
without the occurrence of a collision, even when the shortest 
distance between the two is infinitely small. = 

Let a molecule rebound from the face A of the cubical vessel. 
Before the rebound, let the component velocity of the molecule 
perpendicular to the face A be equal to V, ; during the rebound 
this velocity is reversed or changed to (—V,). Let # denote the 
mass of the molecule ; then during the rebound the component 
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momentum of the molecule perpendicular to the face A is 
changed from (+V,) to (—V,), and therefore the change of 
momentum is equal to 2”V,. 

After the rebound, the molecule travels towards the face B 
with the velocity V,. If the molecule possesses a component 
velocity parallel to the face A, impacts may occur on other faces 
of the cube, but these impacts will not affect the component 
velocity V, perpendicular to the faces A and B. Let the 
length of an edge of the cube be equal to 7; then the volume v 
of the cube is equal to 7%. When the molecule has travelled 
from A to B and back to A, another impact will occur on the 
face A. The time required by the molecule to travel from A 
to B and back to A, with the velocity V,, is equal to (22/V,) ; 
during one second, the number of impacts of the molecule on 
the face A is equal to (V,/27). At each impact, the change of 
momentum is equal to (27V,); thus, during one second, the 
change of momentum of the molecule, due to its impacts with 
the face A, is equal to (2#V,) x (V,/22)=(mV,?/Z). 

Let the other molecules contained in the cubical vessel 
possess component velocities, perpendicular to A, equal to V., 
V., V,... V,; then the total change of momentum which 
occurs at the face A in one second is equal to— 


S(WItVS Vt 2.0. +Vn2) = 5 2". 


Since change of momentum per second is equal to force 
(p. 19) the expression just obtained gives the force that tends to 
push the face A away from B. The area of the face A is equal 
to 7? ; therefore the pressure (force per unit area) on the face A 
is equal to— 


Let the molecules possess component velocities U,, U,, U;, 
. .. Up, perpendicular to the upper and lower faces of the cube ; 
then the pressure on either of these faces is equal to— 
a. 202 
4 


Let the molecules possess component velocities W,, Wo, W; 
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: W,,, perpendicular to the front and back faces of the cube ; 
then the pressure on either of these faces is equal to— 


7 Ww? 
2) 

Let the velocities of the molecules be distributed in such a 
manner that all faces of the cube are subjected to equal 
pressures. —Then— 

7 avs 7. 30? = “sw? = ee =(U?+V? + W?). 

Now Uj,, V,, W; are the components of the velocity of a 
particular molecule, resolved perpendicular to the upper and 
lower, the right and left, and the front and back faces of the 


cube respectively ; therefore the resultant velocity V, of this 
molecule is given by the equation— 


V2 = U2+V 2+ Wy. 


Therefore = (U?+V?+W?) denotes the sum ‘of the squares of 
the resultant velocities of the molecules, which may be written 
=V*. The pressure f exerted on either face of the cube is given 
by the equation— 


mm 
= 2 
p au a 


Multiply and divide the right-hand side of this equation by N, 
the number of molecules contained by the vessel ; then— 
lit pANS de meee 
30. aN 3u ; 
where V? denotes the value of {V2+V,.2+V2+ ....}+N, or. 
‘3V?)/N ; that is, the average value of the square of the velocity 
for all the molecules, or the mean square velocity of the molecules. 


hens 
Nas, 
pv = V250@ 2M? See BR) 
53 

It should be noticed that the result expressed by equation (1) would 
have been obtained by assuming that one third of the molecules travelled, 
with the mean square velocity V2, to and fro perpendicular to the 
faces A and B, while another third of the molecules travelled perpendi- 
cular to the front and back faces of the cube, and the remaining third 
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travelled perpendicular to the upper and lower faces of the cube. This 
equivalent molecular distribution will be found useful in subsequent 
investigations. 


So long as V2 remains constant, the product of the pressure ~ 
and the volume v remains constant ; this is Boyle’s law, which 
is complied with, to a close approximation, by gases at high 
temperatures.! 

If we assume that the absolute temperature T of a gas is pro- 
portional to V%, it follows that— 


Po KTS 
where R is a constant depending only on the values of N and m. 


The value of the square root of the mean square velocity of a 
molecule can be calculated without difficulty. Let it be supposed that 
v is the volume of one gram of gas at 0° C., under a pressure of 76cm. of 
mercury (a standard atmosphere). Then, since the density of mercury 
is equal to 13°6 grams per c.c., and the pull of gravity on a gram of 
mercury is equal to 981 dynes, it follows that— 


p = 76x 13°6 x 981 = 1’o1 x 108 dynes per sq. cm. 


The value of Nv is the-mass of the gas, that is, I gram. 
The volume of a gram of hydrogen, at 0° C. and atmospheric pressure, 
is equal to 111x104 c.c. Thus, since— 


po = = ve, 


(I°0I x 10°) x (1°11 x 104) = 4V?; 


J(V?) = V3X 101 x L'11 x 10 
= 1°83 x 10° cm. per sec. 


Expressed in British units, the root-mean-square velocity of a 
hydrogen molecule at o° C. is equal to 4,100 miles per hour. 


Equipartition of energy.— Maxwell attempted to prove that, 
at a given temperature, the mean kinetic energy of a molecule 
has the same value for all substances in the gaseous state. 
According to this law, the mean kinetic energy of a molecule of 
hydrogen is equal to the mean kinetic energy of a molecule of 
oxygen, so long as the two gases are at equal temperatures. If 


1 ‘See the Author’s Heat for Advanced Students (Macmillan), p. 203. 
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gm, and mz denote the masses of the molecules of two substances, 
while V,2 and V,2 denote their mean square velocities at any 
temperature, then— 
di V2 Sate -tpieee We a ee 
V,/Vo = J (t7/7), 


where V, and V, denote the square roots of the mean square 
velocities ; V, and V, will be proportional, but not equal to the 
means of the numerical values of the velocities of the molecules. 

Let two equal vessels be filled with different gases at. equal 
pressures and temperatures ; then if letters with the subscript ; 
refer to one gas, and those with the subscript , refer to the other, 
we have, since the pressures are equal— 


PAT PORE ATS 1 
3u 3v 
From (2)— a pai 
TN Nos 
N, = No 


This result is the mathematical expression of Avogadro’s 
celebrated hypothesis, that at equal temperatures and pressures, 
equal volumes of all gases comprise equal numbers of molecules. 
This hypothesis forms the basis of modern chemical theory ; its 
universal adoption is proof of its close approximation to the 
truth, and affords valuable support to Maxwell’s law of the 
equipartition of tnolecular energy. 

It follows from Avogadro’s hypothesis, that at equal 
temperatures and pressures, the densities of different gases are 
proportional to their molecular weights, Now, if p, and p, denote 


the densities of two different gases under similar conditions of 
temperature and pressure— 


Vi/Vo = J (m/m,) = AJ (pol p1)- 


This equation is the mathematical expression of Graham’s 
law, that at equal temperatures and pressures, the velocities of 


effusion of different gases are inversely proportional to the square 
roots of the densities of the gases. 


In the majority of gases, such as hydrogen, oxygen, nitrogen, &c., 


each molecule comprises two atoms, so that the molecular weight is 
twice as great as the atomic weight. 
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A molecule of oxygen is 16 times as heavy as a molecule of hydrogen ; 
thus the mass of any given number of molecules of oxygen is 16 times as 
great as the mass of the same number of molecules of hydrogen. Hence 
32 grams of oxygen will comprise the same number of molecules, and 
occupy the same volume under similar conditions of temperature and 
pressure, as 2 grams of hydrogen. A mass of any substances, numeric- 
ally equal to the molecular weight of that substance, is now generally 
spoken of as a gram-molecule of that substance. 

Strictly speaking, the atomic weight of hydrogen is equal to 1'008, 
if the atomic weight of oxygen is equal to 1600. 

If v denotes the volume of a gram-molecule of any permanent gas at 
an absolute temperature T and under a pressure of dynes per sq. cm., 
it follows that— 

pv=RI1, 
when R has a single value for all permanent gases. To calculate the 
value of R, notice that 2‘016 grams of hydrogen at o°C. and standard 
_atmospheric pressure, occupy a volume of 2'24 x 104c.c. Thus— 


(Geotearo®))< (22244 10%) x 27355 
so) TPS etsy 


Thus the value of R is very nearly equal to twice the mechanical 
equivalent of heat. It should be remembered that the gas constant R 
for a gram-molecule of any permanent gas is equal approximately 
to twice the mechanical equivalent of heat, expressed in ergs per 
gram calorie. 


MOLECULES OF FINITE SIZE. 


Mean free path.—If the molecules of a gas are not infinitely 
small, collisions between them must occur inevitably. The 
average distance over which a molecule can travel through a gas, 
without colliding with another molecule, is called the mean free 
path of the molecule. 

Let it be supposed that a given space contains a great 
number of stationary molecules distributed at random, each 
unit volume of the space containing N, molecules, all of equal 
size. Then any volume v, chosen from this space at random, 
will contain the centres of N,v molecules ; provided that the 
volume v is large enough to contain a considerable number of 
molecules. The shape of the chosen volume is immaterial. 

Now let it be supposed that a molecule, of the same size as 
the stationary molecules, is projected at random into the space 
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with a velocity V. The projected molecule will travel in a 
straight line until it collides with a stationary molecule: the 
distance traversed is called the free path of the projected mole- 
cule. When a collision occurs, let the projected molecule be 
removed from the space and once more projected into it ; 
by repeating this operation a great number of times the mean 
value of its free paths can be determined. In the ensuing inves- 
tigations, the value of the mean free path will be denoted by A. 

The value of A can be calculated as follows. When a collision 

occurs, the centre of the projected molecule must be at a distance d 

from the centre of the mole- 

cule struck, where @ denotes 

<_<) the diameter of a molecule. 

Thus, it may be supposed 

that the projected molecule 

«—<(”) is replaced by a circular 

disc of radius d, the area of 

the disc remaining perpen- 

Ses atl ~ 5. SS © dicular to the direction of 

pro,ection while the centre 

of the disc moves along the 

Fic. 246.—Method of determining the free straight line described in 

path of a molecule. reality by the centre of the 

projected molecule. The 

disc will pass through the centre of a stationary molecule almost 

at the instant when the projected molecule would have collided with 

that molecule, and the free path of the disc, determined in this manner, 

will be approximately equal to the free path of the projected molecule 
(Fig. 246). 

Let the times which elapse during the free paths of the disc be equal 
to 4, ¢,.. + Zn, and let the sum of these times be equal to one second. 
Then the lengths of the free paths must have been equal to V4, V4, . . 
V¢,, and the sum of these lengths must have been equal to Vx1. In 
each free path the disc sweeps out a cylindrical volume of which the 
cross-sectional area is equal to md@%, and each cylinder contains 
the centre of one, and only one molecule; viz., that of the molecule 
struck (Fig. 247). The sum of all the volumes swept out by the disc is 
equal to m@?V, and this volume contains the centres of the 2 molecules 
struck. But the volume dV has been chosen at random, and it there- 
fore contains the centres of N, x d?V molecules. Thus 2 =N,ma?V. 
The sum of the lengths of the 2 free paths is equal to V, and there- 
fore the mean length, A, of the free paths is given by the equation— 
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eS 
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I 
Nyra?V ~ Nya” 


Thus, the mean free path is inversely proportional to N,, the 
number of molecules per unit volume ; in other words, the mean 
free path A is inversely proportional to the density of thegas. The 
value of A is independent of V. 

Now let it be supposed that a molecule is projected into 
a space, containing N, fixed molecules per unit volume distri- 


buted at random, and that the subsequent path of the projected 
molecule is observed. 


At every collision a change is produced 
in the direction of motion of the projected molecule ; but if the 


molecules are perfectly elastic, the velocity of the projected 


Oo 9 * ours) © OG 
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Fic. 247.—Method of determining the mean free path of a molecule. 


molecule will remain constant. 


Thus it may be considered 
that at each collision the moving molecule is projected afresh, 


and the average distance which it traverses between two 
successive collisions will have the value just determined for A. 


Fig. 246 shows that the replacement of the projected molecule by a 
disc is legitmate when A is large compared with @: when A is of the 
same order of magnitude as d, a correction is needed which will be 
deduced later. 


To determine accurately the mean free path of a molecule 


of a gas, it is necessary to suppose that a molecule is projected 
into a space which contains other molecules moving with 
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various velocities in different directions. The complete investi- 

gation of this problem is far too complicated to be attempted 

here ; but the problem becomes 

1 simpler if it be supposed that a 

o-! molecule is projected, with velocity 

bree, ANE V, into a space containing Ny, 

IS O._ molecules per unit volume, all 

moving in different directions with 
a single velocity V. 

As a preliminary let it be sup- 
posed that a molecule, A (Fig. 248), 
is projected with a velocity V, into 
a space containing N, molecules per 
unit volume, ‘all moving with the 
velocity V, in a direction inclined 
Fic. 248.—Molecule projected into at an angle @ to the direction of 

Se Ll Sie a eae reel motion of the projected molecule. 

direction with equal velocities, The number of collisions in a second 

will not be altered by impressing a 
velocity V, in a direction opposite to that in which the N, 
molecules are moving, on the whole system (compare p. 426). 
In this case the N, molecules will be reduced to rest, and the 
projected molecule will be moving with a velocity OR (Fig. 248) 
equal to the resultant of the impressed velocity AR and 
the true velocity of projection OA=V. The number of 


collisions of the projected molecule during a second is equal to 
N ad? x OR. 


Let a given space contain N,/2 molecules which are travelling from 
south-west to north-east with the velocity V, and N,/2 molecules which 
are travelling from south-east to north-west with the velocity V. Let a 
similar molecule be projected into the space with velocity V from south 
to north. Then it is clear that the number of collisions in a second, 
between the projected molecule and the molecules which travel from 
south-west to north-east, is equal to the number of collisions in a second 
with the molecules which travel from south-east to north-west, since 
OR (Fig. 248) has the same numerical value in both cases. The total 
number of collisions per second is therefore equal to N,rd@?2x OR. 

Now let the molecules within a space be moving in different 
directions, all of which are inclined to the direction of motion of the 
projected molecule at an angle @; to fix our ideas, let it be supposed 
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that the directions of motion of the molecules in the space cvincide with 
the generating lines of a cone, while the direction of motion of the 
projected molecule coincides with the axis of the cone. Then the 
number of collisions per second between 
the projected molecule and the other mole- 
cules in the space is the same as if the 
molecules in the space were all moving in 
a single direction inclined at an angle 0 
to the direction of motion of the projected 
molecule. 

An important property of a spherical 
surface must now be deduced. Let a 
diameter AB (Fig. 249) of a sphere be 
divided into equal Parts, and through Dies sede. Spherical i sevface 
each point of division let a plane be divided into strips having 
drawn perpendicular to the divided dia- ES SEIS 
meter. Then these planes divide the 
surface of the sphere into annular strips which are equal in area. 

To prove this, draw a radius from the centre C of the sphere to D, 
the middle of one of the strips; and let the angle DCB=6@. From D 
draw DE perpendicular to CB; then the average length of the 
strip is equal to the circumference of the circle of which DE is the 
radius. Thus, the average length of the strip is equal to 24 x CD sin @. 
The width of the strip is perpendicnlar to CD, and is therefore inclined 
to CB at an angle {(7/2)-6}. Let @ be the length of each of the equal 
parts into which the diameter has been divided, and let w be the width 
of the strip ; then— 

w cos {(r/2) — 6} = wsin@=a; 
w = a/sin @. 


The area of the strip is equal to— 
w x 2mCD sin 6 = (a/sin @) x 2nCD sin 0 
SACI oth 5 
and since this result does not contain @, it follows that the same value 
would be obtained for the area of any strip. 

Now let it be supposed that unit volume of a gas comprises 
N, molecules moving at random in all directions with the 
velocity V. To form a definite idea, let it be supposed that any 
point within the unit of volume is chosen, and that vectors are 
drawn from this point to represent, in magnitude and direction, 
the instantaneous velocities of all the molecules. Since the 
velocities of the molecules are numerically equal, it follows that 
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the free ends of the vectors will lie on a spherical surface of 
radius V; and since the directions of the velocities are distributed 
at random, it follows that the free ends 
of the vectors will be distributed uni- 
formly over the surface of the sphere. 

Let ADB (Fig. 250) represent a dia- 
metral section of the sphere, and let 
the diameter AB be the line along which 
a molecule is projected with the velocity 
V into the unit volume. Let the diameter 
AB be divided into a very large number 
nm of equal parts; and let planes, per- 

pi, pendicular to AC, be drawn through the 
Fic. 250.—Determination A ak: Ace 
of the mean free path of Points of division, These planes divide 

a molecule. the surface of the sphere into # circular 

strips of equal area, and on each strip 
terminate the free ends of N,/z vectors. The velocities 
corresponding to the vectors which terminate on the strip DG 
are all inclined to AB at the angle DCB=6. The molecules 
which possess these velocities form a group, and the number of 
collisions between the projected molecule and this group during 
a second is easily determined. 


From C, the centre of the sphere, draw CE equal and opposite to CD, 
and join AE. ‘Then, during one second, the number of collisions 
between the projected molecule and the group of N,/z molecules, is 


equal to— 
a md? x AE, 
nN 
where @ is the diameter of a molecule. The truth ot this result can 
be seen by comparing Fig. 250 and Fig. 248. 
From E draw EF perpendicular to AB. Then— 
AE? = AF?+FE?, 
and FE? = AF x FB; 
AE? = AF?+ (AF x FB) = AF(AF + FB) 
= AF. AB. 


Therefore the number of collisions per second between the projected 


+ RAN 
Ny 
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molecule and the group of molecules whose velocities correspond to 
the vectors that terminate on the strip DE, is equal to— 

N 

<2 wd? NAF. AB. 

Let the points of division of the diameter AB be at distances ¥,, 21, +o, 
3, ... %, from A; where x,=0, and x,=AB=2V. Let the point 
F lie between points of division at distances x, and x, from A, and let 
AF be denoted by 5x. The value of AB/z is equal to «;-%*a3 there- 
fore the number of collisions with the group during one second is 


equal to— 
N 


AB N, 


oP = TRB » TA” « gXat(X5 — Xa). 


AB" md? NAF. 
Let #,=6€,”, while x,=¢,2. 
Then Xp — Ka = by” — ba = (bs + Ea) (Eo — ba) =2 vb alto — ba) 
where ,& denotes the mean value of &, and é. Also, 5ta=osta? toa 
close approximation ; therefore— 
oXa"(x5 — Xa) = ota» 2 stalts — Ea) 
= 2 ota°(ts — Ea). 
In accordance with the general principle explained on p. 48, we 
may write— 
o _ be’ thobat ka? | 
ata ee eo os 
3 
thus 2pka"(Eo — Ea) = 8 (bs? + Eota + Ea”) (bs — a) = 8( to — f°). 
Therefore the number of collisions per second with the group is 
equal to— 


N, 2 eh 
AB md”. 3(t° - Ea) 
Now, let ¢,2=x,, while?=2j,..... f,°=4y. The total number of 


collisions per second with the N, molecules comprised in unit volume 
is equal to the sum of the numbers of collisions with the 7 groups into 
which the molecules have been divided. Therefore the total number 
of collisions per second between the projected molecule and the N, 
molecules comprised in unit volume, is equal to— 


at. oles ee) ea ere: - +(b2-fra4)} 


= grat. Hb? £.) 
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and &,2=%,=AB, so that t,3= AB. Further, §,=0. Thus, the total 
number of collisions per second is equal to— 


(AB)! 


Nya”. 4 AB} 


= aINGie na*. 3AB 


= $N,7a". V, 
since AB=2V. 


The mean free path A of the projected molecule is determined 
easily, for the molecule travels with a uniform velocity V, and 
collides (4/3)N,rd?V times in a second ; therefore the mean 
distance traversed between two consecutive collisions is equal 
to 
I 
V+4Nyrd Vea ? Nina? 

Maxwell calculated the value of the mean free path when the 
molecules comprised in the gas are travelling in different directions 
with unequal velocities ; the value he obtained is equal to— 


I a 


N2 . Nowe = 0°7071 


I 

Nyrd®? 

and this value of A is only about 5 per cent. smaller than that 
obtained above. 

Speed of transmission of momentum.—In obtaining the 
expression for the pressure of a gas in terms of the molecular 
bombardment of the walls of the containing vessel, it was 
assumed on p. 532 that the molecules are infinitely small, 
so that collisions between molecules do not occur. It now 
becomes necessary to determine the modifications introduced 
into the results obtained, when the molecules of a gas are 
supposed to be of finite magnitude. As might be supposed, the 
modifications depend on the collisions of the molecules with 
each other. 

Reference to the investigations already carried out (p. 533) 
shows that a molecule may be considered to be a vehicle for the 
transport of momentum. The size of a molecule cannot have any 
effect on the momentum transported ; but the size will materially 
affect the speed with which the momentum of the molecule is 
transported from one place to another. This result can be 
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realised by referring to Fig. 251. Let the distance between 
the centres of the spheres A and B be denoted by A, and at a 
given instant let A be projected with velocity V directly towards 
B. The distance over which A travels before it strikes B is 
equal to (A—d@), and the time occupied in traversing this 
distance is equal to (A—d)/V, where d@ denotes the diameter of 
either sphere. If the spheres possess an infinitely great 
elasticity, the momentum of A will be transferred to B at the 
instant when the collision occurs, so that the momentum of A 
travels through the distance A in the time (A—d)/V. If we 
suppose that a number of equal spheres lie along the straight 
line in which A starts to travel, and that the distance between 
each pair of neighbouring spheres is 2, it is clear that the 
momentum originally possessed by A will travel along the line 
of spheres at a speed VA/(A—d@). Thus the collisions of the 
spheres increase the speed with which momentum is transported, 
in the ratio \/(A—d@). Each sphere acquires the velocity of 
the sphere which strikes it, and travels forward until i+ strikes 


Fic. 251.—Speed at which momentum is transported by a sphere A which 
collides with another sphere B. 


another sphere ; the time taken in transferring the momentum 
of a sphere through the distance A is equal to (A—@)/V, and 
therefore the speed with which the momentum is transmitted is 
equal to VA/(A—@.) 

In impacts of the type just considered, the line joining the 
centre of the moving sphere to the centre of the sphere that is 
struck coincides with the direction of motion of the moving 
sphere at the instant of impact ; impacts of this type are said to 
be direct. The line joining the centres of the spheres at the 
instant of impact may be called the line of centres. In an 
impact of any kind, the component momentum of either sphere, 
resolved along the line of centres, is communicated to the other 
sphere. If the spheres are perfectly smooth, the component 
momentum of either sphere, perpendicular to the line of centres, 
is left unchanged by the impact. 

NN 
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Let A (Fig. 252) represent a sphere travelling along the 
straight line BA with the velocity V. When a collision occurs 
with the sphere C, the centre of A 
must be at a distance CA=d from 
the centre of C, where @ denotes 
the diameter of either sphere. 
Let the line of centres AC make 
an angle ACF =6 with the direction 
of motion of A before the impact ; 
in this case, the free path of A is 
shortened from A to (A—d cos 8), 
while in a direct impact the free 
path would have been shortened 
to (A—d). With C as centre and 
CA as radius, describe an imag- 
Fic. 252.—Transference of momen- inary spherical surface EFG. When 

pide the impact of two A moving in the direction BA, col- 

lides with C, the centre of A must 
lie for an instant in the hemisphere EFG, where EG is the trace 
of a plane drawn through C perpendicular to BA. To the imag- 
inary sphere, draw a diameter FK parallel to BA, the direction 
of motion of A; divide FK into equal parts, and through the 
points of division draw planes perpendicular to FK. By this 
means the hemisphere EFG is divided into circular strips of 
equal areas, and in a great number of collisions the centre of 
A will be as often in one of these strips as in another.) From A 
draw AH perpendicular to CF; then in a great number of 
collisions the point H will lie as often in one of the equal 
divisions of CF as in another ; therefore the average value of 
CH is equal to CF/2, and the average shortening of the free path 
is equal to CF/2=d/2. 

Let » denote the momentum of A just before the collision 
occurs; then, at the instant of collision, the component 
momentum, resolved along the line of centres, is equal to 
pcos@. This part of the momentum of A is transferred to 
the centre of B at the instant of impact; it can be 


1 This assumption is not strictly accurate ; it is adopted here in order to simplify 
the calculations. From a physical point of view, the simplification can be justified 
since there is small probability that the molecules are spheres, and therefore the 
calculation can be no more than an approximation at best. ‘ 
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resolved into a component pcos? 6, along FC, and a com- 
ponent pcos @sin@ perpendicular to FC. In determining the 
average momentum transmitted during a large number of 
impacts, it must be remembered that momentum is a vector 
or airected quantity; and since the component momentum 
perpendicular to FC is directed from right to left when the 
centre of the colliding sphere is to the right of FC, and from 
ieft to right when the centre of the colliding sphere is to the left 
of FC, it follows that, on an average, no momentum perpen- 
dicular to FC is transmitted during an impact. The average 
momentum transmitted during an impact is parallel to FC, and its 
value is equal to pcos? 0. 

Thus, in all impacts which are not direct, a fraction only of 
the momentum of the colliding molecule is transmitted to the 
molecule that is struck. In considering the transmission of - 
momentum, a given quantity transmitted through one centimetre 
is equivalent to twice the quantity transmitted through half a 
centimetre. Hence, we may calculate the average distance 
through which the whole momentum of a molecule may be 
considered to be transmitted, between the instant when the 
molecule starts on its free path and that at which the next 
impact is just completed : let this distance be denoted by L. 


Let an impact occur under the conditions indicated in Fig. 252; 
and let zACF=86. Then CH =d@ cos 8, and the whole of the 
momentum p# is transmitted through the distance (A-a@ cos @), while a 
part equal to « cos? @ is transmitted forwards through the distance CH= 
@ cos @, parallel to BA. Thus, the product of the momentum transferred 
and the distance through which it is transferred is equal to— 


u(A —dcos 0) + cos? 6. dcos 0. 


Let CH=dcos @=« ; then the quantity just found is equal to— 


Let the imaginary hemisphere EFG be divided into 7 strips of equal 

areas, and let a large number N of collisions occur; then, on an 

average, the centre of the colliding sphere will lie as often in one strip 

as in another, and the number of times it will lie in any strip will be 

N/. Thus, the number of collisions that will occur with the centre of 

the colliding sphere in the strip that contains the point A (Fig. 252) is 
NN 2 
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equal to N/z ; and for these collisions, the sum of the products of the 
momentum transmitted and the distance through which transmission 
occurs is equal to— 


I eat 
Nz. - {a er qs 
Multiply and divide this quantity by @; then the result obtained 


is equal to— “e f 4 
hw a a8 
Sar et) (NE le are Pte aes I 
din \ i as (1) 
Now let the points of division of the radius CF lie at distances 
Ln ernantatt tn 7 iromechercentten @. 
Let the point H lie between points of division at distances xq 
and x, from C. Since the elements of the radius are equal— 
a 
— = %-Xa;3 
n 
and since x is intermediate in value between x» and xg, we may write 
(compare p. 48)— 


_ taht 
aria: 
a te Hp? + y2X qt KpX a? + Xa? 
4 
Then X24 — Xa) = 4(x4? — x0"), 
and (5 — Xa) = E94 — xa) 5 


so that the quantity represented by (1) above is equal to— 


N 
a : {alse —st0) — Moi? 2) + zacit—ae)}. x @O 


If we sum the quantities similar to (2), where x, and x,, x, and 
%4,+.. &c., are substituted for x, and x4, we obtain the sum of the 
products of the momentum transferred and the distance through which 
it is transferred, for the whole of the N collisions. Thus— 


N 
Nal = “7 Alena) ~Srt=22) + a lant a}, 


= Nujr-3d+4d} = Nu(a-4d), 


L=(a-4) 


since %,=CF=d, and x,=0; 
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This result shows that, on an average, the momentum of a 
molecule is not transmitted through the whole distance A, as it 
would be if all the impacts were direct. It may be considered 
that the whole momentum is transmitted through the distance 
{A—(d/4)} during the time between two impacts ; and as, on an 
average, the free path between two impacts is equal to {A—(d/2)}, 
and the molecule traverses this distance with a velocity V, the 
time taken in transmitting the momentum through the distance 
{A —(a@/4)} is equal to {A—(d/2)\/V. Thus the average speed with 
which momentum is transmitted forward by a molecule is equal 


to— 
eae 
4 ae 4 
Ms sea =) ( “) 
A-- A--)(A+-— 
2 PL 
A 
IS = 
4 


when d@ is so small in comparison with A, that squares and higher 
powers of @ may be neglected. 

Substituting the value of A obtained on p. 544, we find that 
the speed with which momentum is transmitted forwards by a 


molecule 


Vv I ay I 
- us I- a 4 PN, 
4r 4 3 
I 
= be N,1a* 
3 


To interpret this result, notice that + is only about 5 per cent. greater 
than 3. If we take 7/3=1, the result just obtained becomes equal 


to— 
I 


Me, 1 — N,d@?’ 


and d® is the volume or a cube of which each side is equal to d, the 
diameter of a molecule. If we suppose the gas to be compressed until 
unit volume contains N, molecules piled in the manner represented in 
Fig. 253, it is clear that each molecule occupies a small cube of volume 
d3, and N,a® is the volume occupied by all of the molecules ; that is, 
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N,@? is equal to unity, and (1-N 12°) = o. In this case the speed with 
aes momentum is transmitted is infinitely great. It is easily seen 
that this will be the case when the molecules 
are in contact as represented in Fig. 253; 
for the molecules are supposed to possess 
infinite elasticity, and therefore the momentum 
communicated to a molecule by an impact 
on one side, is transmitted instantaneously 
Fic. 253-—Molecules in to the other side of the molecule, and there 
contact (cubical piling | -ansmitted to another molecule. 


ne 


Van der Waals’s Equation.—Let the cube represented in 
Fig. 254 be supposed to contain N molecules, the volume of the 
cube being equal to vy; then N,, the number of molecules per 
unit volume, is equal to N/v. Let each molecule be of finite 
size, its diameter being equal to d; then if V is the velocity 
with which a molecule travels, it follows that the momentum of 
a molecule is transmitted, on an average, with the velocity— 


I I 


jad 
3u v 
if 6=Nrd?/3, which is very nearly equal to the volume that 
would be occupied by the molecules if they were piled in the man- 
ner represented in Fig. 253; it is easily 
proved that Nad*/3 is equal to twice the 
sum of the actual volumes of the molecules. 

The velocity of an individual molecule is 
changed at each collision, but the number 
of molecules which are travelling with a 
given velocity in a given direction remains 
constant. Thus the number of molecules Fia.! a5, — Cubical 
which possess a component velocity V, per- vessel containing a 
pendicular to the face A will remain con- aad 
stant; let this number be denoted by 2, The component 
momentum of each of these molecules, perpendicular to the 
face A, is equal to mV,; and each molecule transmits this - 
momentum at an average speed equal to— 

V; 
1— (4/2) 


perpendicular to A. 
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Let an imaginary plane, parallel to A, be drawn between A 
and B; then at every instant ,/2 molecules, each possessing 
the momentum 7V,, will be travelling from right to left perpen- 
dicular to this plane, and another z,/2 molecules will be 
travelling from left to right. Thus, momentum is streaming 
normally across the plane ; if we describe a tube of flow of unit 
cross-sectional area, the momentum per unit length of this tube, 
due to the molecules which are travelling from right to left, is 
equal to (#,/2v)mV,, and the velocity of transmission of 
momentum along the tube is equal to V,/{1—(b/v)! ; therefore, 
(see p. 414) the momentum carried from right to left across 
unit area of the tube in a second is equal to— 


Vi 
1 —(4/v)’ 


n 
+. mV,. 
2v 


and an equal amount of momentum is carried from left to right. 
Both streams of momentum produce a pressure which tends to 
separate the gas on opposite sides of the plane ; and the value 
of the pressure due to both streams is equal to— 


Mm 2? 
v° 1-(b/v) 


Now let it be supposed that there are 7, molecules possessing 
a component velocity V. perpendicular to A, and 7, molecules 
possessing a component velocity V;, &c.; then the resultant 
pressure on a plane parallel to A is equal to— 


Mt I 


eT 2 2 ee ode 
eee (72? + 229Vo? + ) 


By reasoning precisely similar to that used on p. 534, it follows 
that— nv? 
2Vy2+ Vet... = are 
where N denotes the total number of molecules within the cube, 
and V? denotes the mean square of their velocities. Thus the 
pressure # of the gas is given by the equation— 


ne NmvV?2 = Nmv2 
P= soft (fo) 3(0 2) 


\ 


552 GENERAL PHYSICS FOR STUDENTS CHAP. 


This result may also be written in the form— 
ee FOP 
Laman; 


where RT is equal to NwV2/3 ; (compare p. 535.) 

With regard to the value of the constant 4, the reasoning used above 
shows that it is equal to twice the sum of the actual volumes of 
the molecules. According to van der Waals, the value of 4 should be 
equal to four times the sum of the actual volumes of the molecules ; 
according to Meyer, the value of 4 should be 4,/2 times the sum of the 
actual volumes of the molecules. Neither of these investigators took 
account of the fact that, in general, only a fraction of the total 
momentum of a molecule is transmitted forward at an impact ; if this 
partial transmission were neglected in the above investigation, the 
result obtained would agree with that due to van der Waals. 

To account for the properties of gases, it is necessary to 
assume, not only that the molecules are of finite size, but also 
that two molecules attract each other when they are separated 
by a distance less than a certain finite value. Let it be 
supposed that a molecule exerts a finite attraction on all other 
molecules within a certain distance c from its centre ; then, if 
an imaginary plane be drawn in the space which contains the 
gas, the molecules within a distance c from the plane on one 
side are attracted by the molecules within a distance c from the 
plane on the other side. The attraction across unit area of the 
plane gives rise to a tensile stress which is directly proportional 
to the square of the density of the gas ; for if the density of the 
gas is doubled, the number of attracted molecules on one side 
of the plane is doubled, and at the same time the number of 
attracting molecules on the other side of the plane is doubled. 
Hence the tensile stress may be represented by a/v?, where a is 
a constant. 

The tensile stress tends to prevent the expansion of the gas, 
while the dynamical pressure due to the motion of the 
molecules tends to cause the gas to expand. Hence, if p 
denotes the pressure exerted on the gas by the containing 


vessel,— 


i Melia $a 7s she POS el ete (1) 


and (6+5)-o=Rr. ee ee 
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ce 


This is the celebrated equation deduced by van der 
Waals. 

Interpretation of van der Waals’s equation:—Let it be 
supposed that a space is occupied by molecules which are very 
sparsely scattered. In this case the volume wv of the space is 


Tension~— —> Pressure 


’ Fic. 255.—Form of the isothermals of a substance, according to van der 
Waals’s equation. 


very large in comparison with #8, and therefore 4 may be 
neglected. Also the molecules are so far apart that the effects 
of their mutual attractions may be neglected, that is, a/v? may 
be neglected. In this case— 


a2, 
and 
GHD — NARS 


so that the substance is a gas, and obeys Boyle’s law. 

If these conditions held for all volumes, the relation between 
the pressure and yolume, at a constant temperature T, would 
be represented by the rectangular hyperbola AB (Fig. 255). 
But a considerable diminution in the space occupied by the 
substance brings the molecules nearer one to another, and the 
term (a/v?) acquires a finite value which may be neglected no 
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longer. In general, this happens before v becomes comparable 
with Z, so that equation (2), p. 552, may be written— 


The curve ACD represented by this equation lies below the 
rectangular hyperbola AB. Between A and C, the dynamical 
pressure of the gas is partially neutralised by the tensile stress 
due to the attraction of the molecules, and the resultant 
pressure increases to a smaller extent than would be the case if 
no molecular attraction existed. As the gas is compressed still 
further, the tensile stress due to the molecular attractions 
increases still further ; at a certain point D the resultant pressure 
reaches a maximum value; if a further compression occurs, 
the tensile stress becomes of greater importance than the 
dynamical pressure, and the gas contracts suddenly from D to 
E. This part of the curve corresponds to an unstable condition 
of the substance, since the tensile stress increases more and 
more as the molecules approach each other. 

When the volume occupied by the gas has reached a value 
comparable with 4, the resultant pressure # must be obtained 


from the equation— 


eae RT 
p= puke a 


A small decrease in the value of v will cause a large increase 
in the value of the second term on the right-hand side; in 
effect, the frequency with which the molecules strike on the 
walls of the containing vessel is increased by the proximity of 
the molecules, since these are of finite size; and therefore a 
greater pressure is exerted. Thus, there will be some point E 
on the curve, which represents a minimum resultant pressure ; 
a further diminution of volume increases the frequency of the 
impacts to a greater extent than it increases the tensile stress, 
and thus the curve from E to F slopes upwards steeply, and a 
very great increase in the resultant pressure is needed to 
diminish the volume to a small extent. The part EF of the 
curve corresponds to the liquid state. We may imagine that 
the liquid, in the condition represented by the point F, is sub- 
jected to a diminishing pressure which ultimately becomes a 
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tensile stress ; then the point E will correspond to the state 
of the liquid when it can no longer sustain the tensile stress 
applied to it, and the distance of the point E below the axis of 
volume is equal to the tensile strength of the liquid (compare p. 282). 

The curve ACDEF, as a whole, represents the isothermal 
relation between the pressure and volume of the substance. 
From A to D the substance is in the condition of a vapour. 
At D the vapour becomes unstable, and liquefaction occurs ; 
the part DE of the curve cannot be realised experimentally, 
since it corresponds to a state in which a diminution of volume 
produces a diminution of pressure, and this state is essentially 
unstable. From E to F the substance is in the liquid state. In 
accordance with the assumptions made in obtaining equation (1), 
(p. 552), the mean square velocity of the molecules remains 
constant so long as the temperature is constant, and therefore 
at a given temperature, the mean square velocity of the molecules of 
a substance inthe liquid state is equal to the mean square velocity 
of the molecules of the same substance in the state of vapour. 

The part ACD of the curve refers to a homogeneous vapour 
which entirely fills the containing vessel ; the part EF refers to 
a homogeneous liquid which entirely fills the vessel. When 
part of the vessel is filled with liquid, and part with vapour, the 
liquid and vapour being in equilibrium, the condition of the 
substance is represented by the horizontal straight line CG. 
According to Maxwell and Clausius, the line CG must be drawn 
so as to make the area of the loop CDHC equal to that of the 
loop HEGH. 

At the point C, the vapour has the same pressure as the liquid 
at G, and the liquid and vapour may remain in the same vessel 
without condensation or evaporation occurring ; thus the point 
C marks the saturation point of the vapour. 

From C to D the vapour is supersaturated. A supersaturated 
vapour cannot remain in equilibrium with the liquid ; but when 
no liquid is present, and there are no particles of dust which 
might serve as nuclei for condensation, a supersaturated vapour 
may remain in equilibrium (compare p. 363). 

The higher the temperature, the less pronounced becomes the 
kink CDEG in the isothermal curve. At a certain tempera- 
ture, called the critical temperature, the kink just vanishes ; at 
higher temperatures liquefaction cannot occur, however great 
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the pressure may be. At temperatures higher than the critical 
temperature, the velocity of the molecules is so great that the 
dynamical pressure due to their motion cannot be neutralised by 
the tensile stress due to their mutual attractions. 


According to van der Waals, the isothermals of carbon dioxide are 
represented by the equation— 


(2 + ns (2 - 070023 ) ad, se4a 
(a 273 


where the unit of volume is equal to the volume occupied by one 
gram of the gas at o°C under the pressure of one atmosphere, and the 


Fic. 256.—Graph of the isothermals for carbon dioxide at o°C. and — 78°C. 
Plotted from van der Waals’s equation. 


unit of pressure is one atmosphere. Fig. 256 is a graph of this equation 
for temperatures o°C and — 78°C. In order to avoid excessive size in 


— 
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the diagram, the parts corresponding to volumes between 0'08 and 0°68, 
and to negative pressures between —5 and —120 atmospheres, have 
been omitted. 

At -78°C., carbon dioxide vapour commences to liquefy, under 
favourable conditions, when the pressure is equal to one atmosphere ; 
the point on the curve corresponding to the commencement of liquefac- 
tion is marked by a cross, above the volume 0°7087. The curve 
representing supersaturation slopes upwards, and reaches a maximum 
height corresponding to 18°84 atmospheres, when the volume is equal 
to 0o’0187. The curve then slopes rapidly downwards, and reaches a 
minimum value of — 126 atmospheres at a volume 0'003807. Thus the 
maximum tensile strength of liquid carbon dioxide at — 78°C. is equal 
to —126 atmospheres. The curve then becomes very nearly vertical 
representing the condition of the liquid. The horizontal line, drawn at 
a height corresponding to one atmosphere, gives the pressure of saturated 
carbon dioxide vapour at — 78°C. 

The higher curve refers to carbon dioxide at 0°C. The pressure of the 
saturated vapour, equal to 35°4 atmospheres, is marked by a horizontal 
straight line. It will be noticed that at this temperature the curve does 
not extend beneath the axis of volumes, and therefore the liquid has 
no tensile strength. 

The form of these curves, which have been plotted carefully to scale, 
lends no support to the theory of Maxwell and Clausius, that the loops 
CDH and HEG (Fig. 255) are equal in area. 


Determination of the constants a and 4.—A method of 
determining the value of the constant @, from experimental data 
relating to vapour, has been explained already (p. 356). It is 
very difficult to obtain an accurate value of 4 from data relating 
to a vapour, since the value of this constant is obtained as the 
difference between two very large quantities, neither of which 
can be determined with very great accuracy. The method now 
to be described suffices to determine the values of both a and 4, 
in terms of the coefficient of thermal expansion and the co- 
efficient of compressibility of a liquid. 


Let a gram of a liquid occupy a volume 2 at an absolute temperature 
T,, when the pressure is equal to #, ; and let the volume change to 7, 
when the temperature falls to T,, the pressure remaining constant. 


Then— x 
a 
(ne a)o-)-Berral(o)) 0 
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The volume 7, of the liquid could be changed to v», without changing 
the temperature, by increasing the pressure from /, to f,; then— 


(+5) (2-2) =(a4 +) (m4) » Brig) 


Subtracting (2) from (1), we obtain the equation— 


{(m+8)-Blass)i(a-4)=8 


Since (v,—4) is not equal to zero, it can be divided out, when we 
obtain the equation— 


(7 +4)-2( +4)s0 (3) 
2 De Tt 1 ve . . om re 3 


The quantities 7, 72, Y), Ye, T, and T, are known, and therefore the 
value of a can be calculated. On substituting this value of a@ in (2), 
the value of 6 can be calculated. 

Let it be required to determine the value of the constants a and 4 for 
water. 

According to Chappuis! the density of water at 20°C. and atmospheric 
pressure is equal to 09982328. Thus for T;=273-+20=293°, and g,=1, 
the value of v, is equal to 1/0°9982328=1'001770 c.c. At 15°C, and 
atmospheric pressure, the density of water is equal to 0°9991285 ; there- 
fore for ,=1 and T,=273+15=288°, the value of 7, is equal to 
1'000873 c.c. Thus, the reduction of volume due to cooling a gram of 
water from 20°C. to 15°C. is equal to 0°000897 c.c. 

According to Pagliani and Vincentini,? an increase of one atmosphere 
of pressure on water at 20° produces a compressional strain (diminution 
of volume per unit volume) equal to 4°44 x 107%. Thus, 1001770 c.c. 
of water may be compressed, at the constant temperature 20°C., so that 
its volume is reduced by 0000897 c.c., if the pressure is increased by— 


8°97 x 1074 
2 =; = 20°16 atmospheres. 
1‘O00177 x 4°44 x Io 


Thus £,=1-+ 20°16 =21°‘16 atmospheres. 
On substituting these values in equation (3), and solving for a, it is 
found that a=1,164°I atmospheres. This value is of the same order of 
magnitude as that obtained by another method on p. 357. 

On substituting the value of @ and the other known quantities in 
equation (2), and solving for 4, it is found that 6=0'954. This 
result implies that if a gram of water at 20°C. were compressed 


1 Annalen der Physik, Bd. \xiii., p. 207, 1897. 
2 Nuovo Cimento [3], 16, p. 27, 1854. 
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until its molecules came into contact as represented in Fig. 253, then the 
volume of the water would be reduced from 100177 c.c. to 0°954 c.c. 

Hence, a molecule of water is not in contact with its neigh- 
bours except at the instant when a collision occurs ; but the 
distance through which a molecule moves between two suc- 
cessive collisions is very small—much smaller, indeed, than 
the diameter of a molecule. 

A gram of aqueous vapour at 20°C. occupies a volume of 
57,309 c.c. ; hence, if we suppose that a cube is described around 
each molecule, and the length of an edge of this cube is taken as 
unity, then the average distance from centre to centre of neigh- 
bouring molecules in the state of saturated vapour at 20°C. is 
equal to 38°6 units. 

Since water molecules are so closely packed, it might be 
inferred that a molecule could not travel from place to place. 
It must be remembered, however, that a molecule moves with a 
very great velocity in the intervals between collisions; the average 
velocity of a molecule of water at o°C. is equal to about 60,000 
cm. per second, or 1,300 miles per hour. Further, the distri- 
bution of the molecules must alter from instant to instant, 
and occasionally openings, through which molecules can pass, 
are sure to be formed. Experiments show that molecules do 
travel from place to place through a liquid, but their rate of 
progression is exceedingly slow—much slower than the rate at 
which the extremity of the minute hand of a watch moves. 

When a liquid is contained ina beaker, the weight of the liquid 
is borne by the bottom of the beaker. The molecules are not 
resting one on another, but are continually in motion ; when a 
molecule moves downwards, its speed is slightly accelerated by 
gravity ; when it moves upwards, its speed is diminished. Thus, 
the molecules comprised in any horizontal layer strike those 
beneath them with a slightly greater velocity than that with 
which they strike the molecules above, and therefore the 
force exerted on the molecules beneath exceeds the force 
exerted on the molecules above. Thus the pressure 
increases with the depth below the surface of the liquid, and 
this increase of pressure produces a small compression, which 
suffices to increase the number of impacts per second, so that 
the pressure is exerted in all directions—on the sides as well as 


on the bottom of the beaker. 
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THE MOLECULAR STRUCTURE OF GASES. 


Number of molecules in unit volume of a gas.—The 
number of molecules comprised in unit volume of a gas ata 
definite pressure has been determined indirectly from the results 
obtained in an electrical experiment due to Mr. R. A. Millikan. 
This method will now be described. 

When air, saturated with aqueous vapour, is caused to expand 
suddenly, a cloud of minute drops of water is formed if dust 
particles, around which condensation can occur, are present 
(p. 364). The drops of water descend under the action of 
gravity, and carry the dust particles with them ; thus, if several 
expansions are produced one after another, all the dust particles 
will be removed, and a sudden expansion of moderate amount 
will no longer produce condensation. Mr. C. T. R. Wilson has 
found that if the air is now exposed to Rontgen rays, charged 
particles are produced which act as nuclei, around which 
condensation can occur; these charged particles are called 
ions. The size of the drops of water can be determined 
from the rate at which they fall, under the action of gravity 
(p. 528) ; if V denotes the terminal velocity of a drop of radius 
rv, while n denotes the coefficient of viscosity of the surrounding 
air, then— 

hee ae 
97 
since the density of the water is equal to unity, and the density 
of the air is so small that it may be neglected. 
The mass M of a drop of water is given by the equation— 


M = 45/3 =9\2.9(2v). Er Sea a 
3 a 


Now let it be supposed that a cloud is formed in the manner 
just described, between two horizontal metal plates placed 
one above the other ; and let the plates be connected to an 
electrical battery, so that they are maintained at constant 
potentials. If a line is drawn normally from one plate to the 
other, the fall of potential per unit length of this line is equal to 
the force that would act on an electrical charge of one unit 
value, placed between the plates; let the value of this force 
be denoted by $. Let the upper plate be positive, and let it 
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be supposed that a drop of water is formed around a negatively 
charged particle, the value of the charge being equal to ~g 
units. Then the electrical charge will be pulled upwards with 
a force equal to ¢g dynes, and pulled downwards with a force 
equal to Mg dynes, where M denotes the mass of the particle. 
If the two forces are equal, the drop will remain stationary ; 
if the forces are unequal, the drop will move upwards or down- 
wards according as the electrical or the gravitational force is the 
stronger. ‘Thus, after a short time the space between the plates 
will be cleared of all drops, except those for which ¢g=Mg; 
on disconnecting the plates from the battery, the electrical force 
ceases to act, and the drops which have not been removed fall 
under the action of gravity. The terminal velocity V with 
which they fall can be observed by viewing them through a 
microscope ; and when V is known, the value of the mass M of 
each drop becomes known from equation (1). Then— 


q = Ms/9, 


and since @ is known, the value of the charge g can be cal- 
culated. 

Experiments in which the plates are maintained at different 
potentials lead to different values of g; but the values obtained 
are related in a very simple manner. The smallest value of 
g is equal to 1°55 x 107" coulomb ; g may also be equal to an 
integral multiple of this value. This result indicates that an 
electrical charge is not infinitely divisible; 1°55 x 107! coulomb is 
the smallest charge obtainable, or the atom of electricity. 

When a solution is electrolysed, it is found that no atom carries 
a charge smaller than that carried by an atom of hydrogen ; 
hence it may be assumed that the hydrogen atom carries the 
minimum charge of 1°55x1071!® coulomb. There is consider- 
able evidence in favour of this assumption, but a full discussion 
of the question would require more space than can be spared 


here. aX, 
Now, when water is electrolysed, each coulomb of electricity 


that passes through the water liberates 1045 x 107° gram of 

hydrogen ; thus, one coulomb of electricity is associated with 

1045 x 10~* gram of hydrogen ; therefore the minimum Gres 

of 1°55 x 10-9 coulomb must be associated with (1°55 x 107") x 
(oxo) 
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(1045 x 1075) =1°62 x 107% gram of hydrogen, and this must be 
the mass of an atom of hydrogen. The molecule of hydrogen com- 
prises two atoms, and therefore its mass is equal to 3°24 x 1074 
gram. The masses of molecules of other substances can be 
calculated without difficulty ; thus a molecule of water is 9 times 
as heavy as a molecule of hydrogen, and therefore its mass is 
equal to 2°92 x 1078 gram, 

A gram of hydrogen, at o°C. and atmospheric pressure, 
occupies a volume of 1°115 x 10% c.c.; therefore a cubic centi- 
metre of hydrogen at o°C. and atmospheric pressure weighs 8°96 
x 107° gram, and the number of molecules comprised in this mass 
is equal to (8°96 x 107°) +(3'24 x 10~*) = 2°76 x 10%, Since equal 
volumes of all permanent gases comprise equal numbers of 
molecules under similar conditions of temperature and pressure 
(p. 536), it follows that a cubic centimetre of any permanent gas, at 
o°C. and atmospheric pressure, comprises 2°76 x 10!° molecules. 


The following comparison will help the student to form some idea of 
the enormous number of molecules comprised in a cubic centimetre of 
gas under standard conditions. The area of the surface of the earth 
(both dry land and sea) is equal to about 1°97 x 10° sq. miles, and 

about a quarter of this area, or 4'9x 107 sq. miles, is 

dry land. An ordinary builder’s brick is 8°75 inches 

long, 4 inches wide, and 2 inches thick. If 2°76 x 10! 

of these bricks were piled uniformly over the 4°9 x 107 
v, sq- miles of the earth’s dry surface, they would reach a 
height of 852 ft. ; that is, to more than twice the height 
(404 ft.) of the cross of St. Paul’s Cathedral. 


BAO 
| 
| 
| 
| 
| 
| 
| 


een eee Se 


' 
' 
' 
1 
{ : : , 
\ Viscosity of a gas.—Let AB (Fig. 257) represent 
: the trace of a plane drawn perpendicular to the 
\ piane of the paper; and let it be supposed that 
: the plane AB is described in the interior of a gas. 
BD _ Ifa molecule were projected from any point in AB, 
Fic. 257. into the gas on either side of that plane, it would, 
Gee on an average, travel a distance A before it col- 
of a gas. lided with another molecule ; and since A denotes 


the average distance. traversed between two 
successive collisions (p. 538), it follows that a molecule which 
passes normally through the plane AB must, on an average, 
have travelled over a distance A since its last collision. 
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We may suppose that the actual gas is replaced by three groups 
of molecules, one group moving with velocity V normally to AB, 
and the other two groups moving, in mutually perpendicular 
directions, parallel to the plane AB (p. 534). The molecules 
moving parallel to AB do not cross that plane. If N, denotes 
the number of molecules comprised in unit volume of the actual 
gas, each of the groups of molecules defined above will com- 
prise N,/3 molecules. Therefore, at any instant, the number 
of molecules per unit volume that are travelling from right 
to left, in a direction normal to AB, is equal to N,/6; and the 
number of molecules per unit volume travelling from left to 
right is also equal to N,/6. 

The number of molecules that, in a second, cross unit area of 
AB, moving from right to left, is equal to the number of mole- 
cules moving in the direction specified, that are comprised in a 
rectangular prism of unit cross-sectional area and length V 
(p. 378) ; that is, to (N,/6) V. An equal number of molecules 
crosses unit area of AB in a second, moving from left to right. 

Let two planes, represented by the traces CD and EF, be 
drawn parallel to, and on opposite sides of AB, the distance 
between either plane and AB being equal to A, the mean free 
path of the molecules. Then, on an average, (N,/6) V molecules 
cross unit area of AB in a second, moving from one side to the 
other ; and each of these molecules suffered its last collision in 
one of the planes drawn at a distance A from AB, 

Now let it be supposed that the gas in the immediate neigh- 
bourhood of the plane CD, is moving bodily, with velocity 7, 
in the direction of the arrow drawn from C; and let the gas in 
the immediate neighbourhood of the plane EF be moving 
bodily, with a smaller velocity v, in the direction of the arrow 
drawn from E. Then if the bodily velocity of the gas changes 
continuously from point to point of a line drawn perpendicular 
to AB, the velocity gradient v’ of the gas in the neighbourhood 
of the plane AB, is equal to (v,;—v.)/2A. It is supposed that 
the bodily velocity of the gas is very small in comparison with 
the molecular velocity V. 

Next, let it be assumed that when a molecule collides in any 
plane drawn parallel to AB, it acquires the velocity with which 
the gas in that plane is moving bodily, in addition to its 

002 
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molecular velocity V. Then the (N,/6) V molecules which, in a 
second, cross unit area of AB from right to left, all possess the 
velocity v, acquired during their collisions in the plane CD; 
hence the momentum, in the direction from A to B, carried 
across the plane AB in a second, is equal to (N,/6)V x mv, and 
this transfer of momentum is equivalent to a tangential stress 
equal to (#zN,/6)Vv,, exerted on the gas to the left of the plane 
AB by the gas to the right of that plane. The (N,/6)V mole- 
cules which, in a second, cross AB from left to right, all possess the 
velocity v, acquired during their collisions in the plane EF; and 
the momentum, directed from A to B, which is transferred by 
these molecules across unit area of AB in a second, produces a 
stress equal to (#N,/6)Vv,, exerted by the gas on the left of 
AB on the gas to the right of that plane ; an equal but opposite 
stress acts on the gas to the left of AB,since action and reaction 
are equal and opposite. Thus, the gas to the left of AB is acted 
upon by the tangential stress (7zN,/6)Vv,, directed from A to 
B, together with the tangential reaction stress (7N,/6)Vv., 
acting from B to A. Hence, the resultant tangential stress 
exerted on unit area of AB is equal to— 


muN,V 
6 


The coefficient of viscosity 7 of the gas is equal to the ratio 
of the tangential stress to the velocity. gradient (p. 488) ; and the 
velocity gradient in the neighbourhood of the plane AB is equal 
to (vy —V»)/2X. Thus— 


Uy — Up). 


mN,V UV, — U- 

a era Opes) ea 
_ mN,Vr 
Pa 


In this equation, N, denotes the number of molecules per unit 
volume, and 7 denotes the mass of each molecule. Therefore 
Nm is equal to the density p of the gas, and— 
pV 

oa 

It was proved on p. 539 that the mean free path 2 is inversely 
proportional to the density of the gas, and therefore pd is inde- 
pendent of the density. Thus the value of 7, for a given gas, is 
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independent of the pressure to which the gas is subjected. This 
result, which has been alluded to previously (p. §14), was predicted 
by Maxwell from the results of an investigation similar to that 
just carried out; its subsequent experimental verification has 
always been regarded as affording strong evidence for the truth 
of the kinetic theory of gases. 


The law that the viscosity of a gas is independent of the density, 
holds only within certain limits, which may be inferred from the method 
used in deducing the law. Thus, if a gas is being forced through a 
capillary tube, the pressure gradient necessary to drive a given 
volume through in a second is independent of the density of the gas, 
so long as the mean free path of the molecules is small in compari- 
son with the radius of the tube. 

The value of A can now be calculated. At o°C., the value of 7 for 
hydrogen is equal to 8°64x 107° gm./cm. sec. The value of V, the 
root-mean-square velocity of hydrogen at o°C., is equal to 1°84 x 10° cm. 
per sec. ; and the density of hydrogen, at o°C. and atmospheric pressure, 
is equal to 8°96 x 107° gm./(cm.)3..  Thus— 

3n 3 x 8°64 x 107° 


~ pV 8°96 x 1075 x 1°84 x 10° 


= 15 7eLOmeccut. 


The number of collisions suffered by a hydrogen molecule in a 
second, when the temperature of the hydrogen is o°C. and its pressure is 
one atmosphere, is equal to— 


(a SAO) ss (57, Xi Ome) — aa TON. 


The diameter @ of a hydrogen molecule can be determined from 
the equation for the mean free path, obtained on p. 544. 


es) : 
a 4° N,xd?’ 
deaf goa 
therefore ae aN Nyaa’ 


where N, has the value determined on p. 562. Thus— 


vides od 3 a 
2N 2°76 x 10! x 3°14 x 1°57 x 10-5 
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Some idea of the size of a molecule of hydrogen can be formed by the 
following method of comparison. The mean diameter of the earth is 
equal to 1'27x 10% cm. or, in round numbers, 10° cm. Thus, if 
hydrogen, contained in a spherical vessel one centimetre in diameter, 
were magnified so that the vessel appeared to be as large as the earth, 
each molecule of hydrogen would appear to be 23 cm. in diameter, 
that is, a little larger than a man’s head. 


Thermal conductivity of a gas.—Let the temperature of a 
gas fall along a given direction ; and let the fall of temperature 
per unit length be called the temperature gradient. Then, if a 
plane be drawn perpendicular to the direction along which the 
temperature gradient is measured, the quantity of heat trans- 

mitted per second across unit area of the plane is 

EFA«O proportional to the temperature gradient. The 

ratio of the quantity of heat transmitted per second 
T, across unit area, to the temperature gradient, is called 
| the coefficient of thermal conductivity of the gas. 
This constant will be denoted by x. Let s, denote 
the specific heat of a gas at constant volume ; then 
| 5, 1s the thermal equivalent of the increase in the 
total kinetic energy of one gram of the gas, due to 
1 arise of temperature of 1°C. If unit mass of the 
: gas comprises N, molecules, each of mass m, it 
FBD follows that the thermal equivalent of the total 
kinetic energy of a molecule at the absolute tem- 
Theory of perature T is equal to ms,T. Now let AB (Fig. 
the thermal 228 he plan : : : 
condativite 58) represent the plane across which heat is being 
of a gas. transmitted, and let the temperatures of the gas 
at the planes CD and EF be denoted by T, and 
T,; then, if each of these planes is at a distance X from 
AB, it follows that the temperature gradient in the neighbour- 
hood of AB is equal to (T,—T,)/2\. 

Let the molecules be divided into groups as before, and let it 
be assumed that each of the (N,/6)V molecules which, in a 
second, cross unit area of the plane AB from right to left, 
possesses the kinetic energy corresponding to the temperature 
T,; while each of the equal number of molecules which cross 
from left to right possesses the kinetic energy corresponding to 
the temperature T;. The temperatures T, and T, are nearly 
equal, and therefore the rate at which the molecules cross the 
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plane is scarcely affected by the slightly different values of the 
translational velocity corresponding to T, and T,, The thermal 
equivalent of the energy carried, in a second, across unit area 
of AB from right to left is equal to— 


= V . M513, 
and the thermal equivalent of the energy carried from left to 
right is equal to— 


N 

e V . m5yT 95 

so that the net amount of heat carried, in a second, from right 

to left across unit area of AB, is equal to— 

N 

ea Vms,. (T,—T,). 
When this quantity is divided by the temperature gradient 

(T,—T,)/2A, the value of «, the coefficient of thermal con- 

ductivity is obtained. Thus— 


N T,-T 
i fe - Vais,(T, - T,) + ee ez 


Nm 


2 


WViscAS 


Further, N,7z=p, the density of the gas; for N, is the number 
of molecules comprised in unit volume, and 7 is the mass of 
each molecule. Thus— ‘ 
pVSyA 
Ke 
3 


where 7 is the coefficient of viscosity of the gas. It is very 
difficult to determine the value of « directly, but the above 
investigation shows that its value can be calculated in terms 
of the coefficient of viscosity and the specific heat at constant 
volume. Also, it follows that the coefficient of thermal conduct- 
ivity is independent of the density of the gas. 

Diffusion of gases.—Let the lower half of a vessel be filled 
with a heavy gas, such as oxygen, and the upper half with a 
light gas, such as hydrogen ; then, if the vessel is closed and 
left undisturbed, it will be found that ultimately the gases 
become mixed uniformly throughout the vessel. This result 


= Sv, 
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cannot be due to gravity, for the heavier gas has risen and the 
lighter gas has descended ; it must be ascribed to the motion 
of the gaseous molecules. ; 

In the following investigation, the effect of gravity will be 
ignored. It will be assumed that the molecules of both gases 
move with velocities equal to V, and that their mean free 

paths are both equaltoA. The 

E F results obtained will be ap- 
proximately true when the 


A—:—:'———— ——B molecular weights of the two 

Co. a ete O. Saseseare, nearly equal: 
Fic. 259.—Theory of the diffusion of a Let AB (Fig. 259) be the 
ee trace of a plane perpendicular 


to the plane of the paper ; and 
let CD and EF be the traces of parallel planes described 
on opposite sides of AB at distances equal to A from that 
plane, where A is the mean free path common to the two 
gases. In the neighbourhood of the plane CD, let there be N, 
molecules of one gas X per unit volume, and 7, molecules of 
another gas Y per unit volume, while in the neighbourhood 
of EF, let there be N, molecules of X per unit volume, and 7, 
molecules of Y per unit volume. 

By reasoning similar to that used in connection with the 
determination of the viscosity of a gas, the total number of 
molecules of X that pass upwards through unit area of AB 
in a second is equal to VN,/6, and the total number that pass 
downwards is equal to VN,/6. The net number of molecules 
of X that pass upwards through unit area of AB in a second 
is thus equal to V(N,—N,)/6. 

The mass of the gas X contained in unit volume is called the 
concentration of that gas ; and the change of concentration per 
unit distance is called the concentration gradient of the gas. The 
concentration gradient, c, of X is thus equal to 7,(N,—N,)/2A, 
where 7, is the mass of a molecule of the gas X. The mass of 


the gas X that passes upwards through unit area of AB in a 
second is equal to— 
m(N,—-N.)V_ aV GVA. 


6 es Cea orem 


thus, the rate of diffusion is proportional to the concentration gradient 
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¢;. The ratio of the mass of gas that diffuses per second through 
unit area, to the concentration gradient, is called the coefficient 
of diffusion; let this be denoted by A. Then— 
“AVN 

aS 

The mean free path varies inversely as the density (p. 539), and at a 
given pressure the density varies inversely as the absolute temperature 
T. Thus, at a given pressure, A varies directly as T. The root-mean- 
square velocity V varies as \/T, and therefore at a given pressure the 
coefficient of diffusion A varies as T?. Loschmidt and yon Obermayer 
have found that A varies as a power of T somewhat greater than (3/2). 


A 


The radiometer.—The radiometer invented by Sir William 
Crookes is represented in Fig. 260. Four aluminium vanes 
are mounted on a light frame- 
work which is pivoted centrally on 
a needle point. One surface of 
each vane is blackened, while the 
other surface is left bright. The 
vanes are arranged so that if 
the blackened surfaces are seen 
on the right-hand side of the 
instrument, the bright surfaces 
are seen on the left-hand side 
(Fig. 260). The vanes, mounted 
in the manner described, are 
enclosed in a glass vessel which 
is highly exhausted. When a 
hot body is placed near to the 
instrument, the vanes revolve ; 
their direction of motion indi- 
cates that the blackened surfaces ane es, Gites 
are repelled from the hot body. radiometer. 
Although a high degree of 
exhaustion is needed before the vanes will revolve, a perfect 
vacuum is not required. Indeed, in a perfect vacuum the true 
radiometer action ceases ; this circumstance indicates that the 
motion of the vanes is due to some action exercised by the 
highly attenuated gas in the enclosing vessel. 
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The elementary theory of the radiometer is as follows. The 
radiation from the hot body is absorbed by the black surfaces, 
while most of it is reflected from the bright surfaces. Thus the 
black surfaces become hot, and the molecules rebound from them 
with augmented velocities. The effect is the same as if equal 
numbers of molecules were projected from both surfaces of a 
vane, those projected from the black surface having the greater 
velocities. The recoil due to the projection of a molecule from 
the black surface of a vane, is thus greater than that due to the 
projection of a molecule from the bright surface ; hence, the 
black surfaces are subjected to a pressure which is greater than 
that exerted on the bright surfaces. 

This theory is incomplete, since it gives no explanation of the 
fact that the vanes will not revolve unless the gas surrounding 
them is highly attenuated. The complete theory of the radio- 
meter, due to Prof. Osborne Reynolds, must now be discussed 
briefly. 

Let AB (Fig. 261) represent the section of a vane of 
which the width is great in comparison with the mean free 
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Fic. 261.—Vane of which the width is great in comparison with the mean free 
» path of the surrounding gas. 


path of the surrounding gas; and let the blackened surface 
of the vane be uppermost. Let CD represent an imaginary 
plane described parallel to the blackened surface of AB, 
and at a distance A from it; where denotes the mean 
free path of the surrounding gas. Molecules will be pro- 
jected in various directions from any part of the surface AB, 
and will collide, in the plane CD, with molecules of the 
surrounding gas. Since the width of the surface AB is great in 
comparison with A, the force exerted on an element of area of | 
AB, due to the projection of molecules from that element, will 
be exactly equal to the force exerted on an equal element of the 
plane CD, due to the molecules that collide in that element. 
The gas, on the side of the plane CD remote from AB, will be 
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driven away from AB with a pressure exactly equal to that 
exerted on AB; consequently the gas between AB and CD 
must be more rarefied than that on the bright side of the vane, 
and the number of impacts on AB must be less than that on the 
bright surface. Thus, a small number of molecules are pro- 
jected with high velocity-from the black face of the vane, while 
a larger number of molecules are projected with smaller velocity 
from the bright face. It is evident that the pressures exerted on 
both faces of the vane must be equal; for if the pressure on the 
black face were greater than that on the bright one, AB (Fig. 261) 
would move downwards, and the gas above CD would have 
to follow, in order to prevent the formation of a vacuum 
between AB and CD ; and in this case the vane would be set 
in motion by the action of forces which react on the gas above 
the plane CD, and the action and reaction would both produce 
motions in the same direction. ‘This, of course, is impossible ; 
for the effect of the reaction must always be opposite to that of 
the action (p. 24). 

Let it now be supposed that the gas surrounding the vane is 
so attenuated that the mean free path of the molecules extends 
right up to the walls of the enclosing vessel ; in this case the 
reaction is exerted on the fixed walls, and therefore the action 
can set the vanes in motion ; it is clear that the gas on the 
black side of a vane cannot be rarefied by the impact of its 
molecules on the walls of the containing vessel. 

Prof. Schuster suspended a radiometer by a fibre which acted 
as a torsional control, and found that when the vanes revolved 
in one direction under the action 
mepure fadiation receivedifrom / 6°55 7. ee D 
a neighbouring hot body, the 
enclosing vessel suffered an 
angular deflection in an oppo- / Mala: 
gee Cher sa pour mts suspen Fic. 262.—Vane of which the width is 


sion. small in comparison with the mean 
Now let it be supposed that the _ free path of the surrounding gas. 

width AB (Fig. 262) of a vane 

is very small in comparison with the mean free path of the 

surrounding gas. Molecules will be projected from the black 

surface im various directions, and the reaction, due to their 

collisions in the plane CD, will be distributed over an area far 
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greater than that of AB. Hence, the pressure (force per unit area) 
exerted on the gas above the plane CD will be far less than that 
exerted on AB, and AB will tend to move 

away from CD. Thus, Prof. Osborne 

Reynolds found that a very fine spider 

‘thread, suspended in a vessel containing 
air at a pressure of about a third of an 

atmosphere, was repelled from a neigh- 

bouring hot body. Sir Oliver Lodge 

drew attention to an instance of a similar 

repulsion, which produces effects that 

most people must have observed. When 

a hot-water pipe is fixed at some distance 

from a wall, a black deposit is always 

formed on the part of the wall which 

faces the pipe. This is due to the radio- 

metric repulsion of minute dust particles 

suspended in the air; these particles are 

driven away from the hot pipe to the cold 

Fie. 263. Apparatus for wall, just as, in a partial vacuum, the vanes 

transpiration. of a radiometer are driven away from a 

neighbouring hot body. 

Thermal transpiration.—Let it be supposed that the small 
vane AB (Fig. 262) is fixed. When its blackened surface is heated, 
the projected molecules that collide in the imaginary plane CD 
produce a pressure that drives the gas away from AB. Thus 
the gas will stream past AB, from the cold to the hot side. 

Next, let it be supposed that a great number of minute vanes 
are arranged in a plane, with their blackened surfaces all turned 
in one direction : then, when the blackened surfaces are heated, 
the gas will stream through the plane, from the cold to the hot 
side. But the numerous minute vanes arranged in a plane con- 
stitute a perforated diaphragm: hence, we conclude that if a 
porous diaphragm is surrounded by gas, and one side of the diaphragm 
is heated, the gas will stream through the diaphragm from the cold 
to the hot side. 

Prof. Osborne Reynolds observed this effect, by means of the 
experimental arrangement represented diagrammatically in 
Fig. 263. Two vessels, A and B, are separated bya porous dia- 
phragm P of meerschaum. The two vessels are connected to 
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the ends of the mercury manometer M. The side of the vessel 
A remote from P is heated by steam led through the chamber 
S; the side of the vessel B remote from P is cooled by tap 
water led through the chamber W. Thus the side of the dia- 
phragin which faces the steam chamber S is heated by radia- 
tion, and the other side of the diaphragm remains cold. Gas 
streams through the diaphragm from the cold vessel B to the 
hot vessel A, and the manometer indicates that the pressure of 
the gas in A becomes much greater than that of the gas in B. 
The pressures in the two vessels can be equalised by opening 
the stop-cock T; but directly this stop-cock is closed, the 
pressure in A commences to rise above that in B, and finally a 
definite difference of pressure is established. 


The final difference of pressure between the gas in the vessels A and 
B can be calculated as follows, Let there be N, molecules per unit 
volume in the hot vessel A, and let the root-mean-square velocity of 
these molecules be denoted by V, ; and let N, and Vy, represent the 
number of molecules per unit volume, and the root-mean-square of 
their velocities, with respect to the cold vessel B. Then by reasoning 
similar to that used on p. 563, the number of molecules that stream 
through unit area of the porous diaphragm in a second, from the hot to 
the cold side, is equal to (N,/6) V, ; and the number that stream from 
the cold to the hot side is equal to (N,/6) V,._ So long as the number 
of molecules that stream in one direction through unit area of the 
diaphragm in a second, is different from the number that stream in the 
opposite direction, the difference of pressure between the vessels A and 
B will increase; the difference of pressure will become constant 
when— x 

oa eo 

that is, when N,V, =N.Vo. 

Now let 7, denote the final steady pressure of the gas in A, while 45 
denotes the pressure of the gasin B. Then (p. 534)— 


ae a V2, 
pny 
VN (N,V})Vi - (NeV2)Ve 
po (NoVo)Vo 
Vi - Vo 
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since N,V, =N,Vz,_ Also, if T, and T, denote the absolute tempera- 
ture of the air in the vessels A and B respectively — 


SNe ted 
viene 
by fa Ne NTi~ NTo 
2) meee 


This law was verified by Prof. Osborne Reynolds. 


OSMOTIC PRESSURE. 


Semi-permeable membranes.—If a pig’s bladder, filled 
with alcohol, be tightly closed and then immersed in water, the 
bladder commences to swell and may ultimately burst. On the 
other hand, if a pig’s bladder, filled with water, be immersed in 
alcohol, the bladder shrinks. These phenomena are due to the 
circumstance that water can pass through the substance of the 
bladder, but alcohol cannot. A membrane which will allow 
some substances, but not others, to pass through it, is called a 
a semi-permeable membrane. The selective transmission of a 
liquid through a semi-permeable membrane is called osmosis. 


If some grocer’s currants, in their shrunken and dried-up condition, 
are placed in water, they soon commence to swell, and finally become 
globular. In this case the organic substances, contained within the 
currants, cannot pass outwards into the water, but the water can pass 
into the interior of the currants. This is a familar instance of 
osmosis 


Osmotic pressure.—The laws of osmosis were first 
systematically studied by Pfeffer. This investigator filled a 
porous pot (similar to that used in many electric cells) with 
cupric sulphate solution, and immersed the cell in a dilute 
solution of potassium ferro-cyanide. A membrane of cupric 
ferro-cyanide was formed in the perforations of the cell wall, 
where the solutions came into contact ; and this membrane was 
found to be permeable to water, but impermeable to many 
substances, such as sugar, which can be dissolved in water, 
Accordingly, the cell was washed and filled with an aqueous 
solution of sugar, and its mouth was closed with a well-fitting 
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stopper pierced to receive a long vertical tube (Fig. 264). The 
cell was then immersed in pure water, and it was found that the 
solution rose in the vertical tube. From 
this it may be concluded that water 
passed through the semi-permeablé mem- 
brane into the cell. When the liguid 
attained a certain height in the vertical 
tube, no more water entered the cell ; 
the hydrostatic pressure due to the head 
of liquid prevented the further inflow of 
water. The internal pressure which will 
just prevent the inflow of wateriscalled the 
osmotic pressure of the solution contained 
in the cell. This pressure may be very 
great in the case of concentrated solu- 
tions, and therefore it is best to measure 
it by means of a mercury manometer ; 
in this case the solution becomes less 
diluted, since only a small volume of 
water enters the cell before the maximum '%G-, 26+ Apparatus _ for 
internal pressure is attained. osmotic pressure. 
Pfeffer found that, for dilute sugar 
solutions at a constant temperature, the osmotic pressure is 
proportional to the concentration of the solution; in other words, 
the osmotic pressure is proportional to the mass of sugar 
dissolved in each unit of volume of the solution. Thus, if the 
internal volume of the cell is equal to v, and 7 grams of sugar 
are dissolved in the contained water, the osmotic pressure # is 
given by the equation— 


where £ is a constant depending only on the temperature of the 
solution. Thus— 

pu=km, 
a relation similar to that which obtains between the pressure 
and volume of a given mass of a perfect gas at a constant 
temperature. 


Van’t Hoff analysed Pfeffer’s experimental results, and found 
that for a given concentration of the solution, the osmotic pressure 
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is proportional to the absolute temperature. Thus, the relation 
between the osmotic pressure /, the volume v in which a given | 
mass of the sugar is dissolved, and the absolute temperature T, 
is given by the equation— 

pu= RI. 


Further, it was found that if a gram-molecule of sugar is dissolved 
in the volume v, the constant R has the same value as the 
corresponding constant for a gram-molecule of a perfect gas. 
(p. 537). This relation holds so long as the solution is dilute ; 
that is, solong as the volume v in which the gram-molecule of 
sugar is dissolved, is very large. 

Thus it may be stated that the osmotic pressure of a sugar 
solution is equal to the pressure that would be exerted if the sugar 
were distributed, in the form of a gas, in an otherwise empty 
space having the same volume as the solution. 


With regard to solutions of substances other than sugar, the same law 
holds if a suitable semi-permeable membrane can be obtained. The 
cupric ferro-cyanide membrane, which is impermeable to sugar, is 
partially permeable to potassium nitrate, and therefore cannot be 
employed in connection with solutions of that salt. Further, many 
substances when dissolved in water, form electrically conducting 
solutions ; in such cases the substances are dissociated more or less 
completely, and the osmotic pressure is equal to the pressure that would 
be exerted by the substance, dissociated to the same extent, in the state 
of a gas. 


Explanation of the action of a semi-permeable membrane. 
—Before any attempt can be made to frame a dynamical theory 
of osmotic pressure, some definite idea must be formed as to the 
way in which a semi-permeable membrane acts. 


It is known that, at high temperatures, hydrogen can be absorbed by 
palladium, while other gases, such as nitrogen, cannot be absorbed. 
Acting on this knowledge, Sir William Ramsay filled a heated palladium 
vessel with nitrogen, and immersed the vessel in an atmosphere of 
hydrogen. He found that hydrogen passed into the vessel, until the 
internal pressure rose to (J; +5), where 2, denotes the initial pressure 
of the nitrogen, and #, denotes the pressure of the surrounding 
hydrogen. 

A clear idea of the way in which this result is brought about, may be 
formed as follows. Let it be supposed that a certain fraction, 4, of the 
hydrogen molecules which strike on the palladium vessel, pass into the 
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palladium ; and that the rate at which hydrogen molecules escape from 
either surface of the vessel is equal to the average rate at which they are 
absorbed by both surfaces. Now, let there he N, molecules of hydrogen 
per unit volume outside the vessel; and Ny molecules of hydrogen per 
unit volume inside the vessel ; the temperature inside the vessel is equal to 
that outside, and therefore the velocity V, of the hydrogen molecules is 
the same inside and outside. From reasoning similar to that employed 
on p. 563, the number of molecules of hydrogen that strike on unit area of 
the external surface of the vessel in a second is equal to (N,/6)V,, and 
the number absorbed is equal to 4(N,/6)V,. Similarly, the number 
of molecules of hydrogen absorbed by unit area of the internal surface 
of the vessel is equal to 4(N./6)V,. Therefore the total number of 
molecules of hydrogen absorbed during a second, by one sq. cm. of the 
walls of the vessel, is equal to (£V,/6)(N,+N.), and the number of 
molecules that escape from a sq. cm. of the internal surface is equal to 
half this value, viz., (£V,/12)(N,+N,.), while an equal number escapes 
from a sq. cm. of the external surface. Thus, the interior of the vessel 
is gaining hydrogen molecules at the rate of (4V,/12)(N,+N,) per sec. 
per sq. cm. of the internal surface of the vessel, and losing hydrogen 
molecules at the rate of (2V,/6) Ny per sec. per sq. cm. of the internal 
surface. When a steady state is reached, the number of molecules 
gained must be equal to the number lost ; therefore— 


AV. AV 
<F(Ni+Na) = Z?. Nos 


*, N, +N,=2Np., and N, = Np. 


Thus, in the steady state, the concentration of the hydrogen inside 
the vessel is equal to that outside. Let the number of nitrogen 
molecules per c.c inside the vessel be equal to 7, while the mass of 
each of these molecules is equal to 7, and its mean-square velocity to 
V; then (p. 534) the impacts of the nitrogen molecules on the internal 
surface of the vessel produce a pressure /, equal to (7272/3)V?; while 
the impacts of the hydrogen molecules produce a pressure 7g equal to 
(N,7,/3)V1?, where 7, denotes the mass of a hydrogen molecule. The 
total internal pressure is equal to— 


Attys VI + Nyy. 


Thus, the heated palladium plays the part of a membrane, permeable 
to hydrogen but not to nitrogen. If a soap-bubble, blown with air, is 
immersed in ether vapour, the bubble swells owing to the ether which 

PP 
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dissolves in the walls of the bubble, and escapes into the interior of the 
bubble; the soap bubble forms a membrane, permeable to ether vapour - 
but not to air. 


In order to explain the action of the cupric ferro-cyanide 
membrane used by Pfeffer, it is only necessary to assume that 
water molecules can. pass into this membrane, while sugar 
molecules cannot. Owing to the close packing of the water 
molecules, the number of impacts per second on unit area of 
the membrane will be enormously great; let it be supposed 
that a certain fraction & of the water molecules which strike 
unit area of either surface of the membrane in a second are 
absorbed, while water molecules escape from both surfaces as 
quickly as they are absorbed into the membrane. Let it be 
supposed that 7, water molecules strike unit area of the external 
surface per second, while (7, — 7») strike unit area of the internal 
surface ; where 7, denotes the number of sugar molecules that 
strike unit area of the internal surface per second. This 
amounts to the assumption that each sugar molecule displaces a 
water molecule, the total number of molecules of both kinds 
remaining unchanged. Then the number of water molecules 
absorbed by a sq. cm. of the membrane in a second is equal 
to (4m, + (2, —,)}, and half this number escapes from unit area 
of either surface in a second. Thus the sugar solution is 
losing water molecules at the rate of (72, —72,) per second per 
sq. cm. of the internal surface of the membrane, and gaining 
water molecules at the rate of {42,+2(7, —19)}/2= kin, — (19/2). 
The net rate at which water molecules are gained by the 
sugar solution is equal to £7,/2 ; in other words, the rate at 
which water molecules pass through the membrane into the sugar 
solution, is equal to £7,/2. 

Dynamical theory of osmotic pressure.—So long as the 
number of water molecules that strike unit area of the internal 
surface of the membrane in a second is less than the number 
that strike unit area of the external surface in the same time, 
so long will water flow into the solution. In the arrangement 
represented in Fig. 264, the flow of water into the sugar 
solution must be accompanied by a rise of the solution in the 
vertical tube, and this rise must produce an increased internal 
pressure. But an increase in the internal pressure compresses 
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the solution : the compression is very small, far too small to be 
observed directly ; but the molecules are so close together that 
a very slight compression appreciably increases the number of 
impacts on the internal surface of the membrane (p. 554), and 
the increase in the number of impacts causes the inflow of 
water to diminish. Water will cease to flow in when equal 
numbers of water molecules strike on the internal and external 
surfaces of the membrane in a second. In this case, the com- 
ponent pressure on the internal surface of the membrane, due 
alone to the impacts of the water molecules, is exactly equal to 
the total pressure on the external surface of the membrane ; but 
the impacts of the sugar molecules produce an additional 
pressure on the internal surface, and this additional pressure is 
the osmotic pressure of the solution. 

So far, the production of osmotic pressure has been accounted 
for by a train of reasoning which presents no special difficulties. 
It yet remains to be proved that the pressure due to the 
impacts of the sugar molecules is identical with that which 
would be produced if the water molecules were absent, and the 
sugar molecules were distributed in the state of a gas. 

In the first place, it may be assumed that at a given 
temperature the velocity of motion of a sugar molecule is equal 
to that of a gas molecule of the same mass (p. 535). If this 
be adinitted, it follows that the pressure, due to the impacts of 
the sugar molecules, will be identical with that due to the same 
molecules in the gaseous state, if the number of impacts per 
second is the same in both cases. In other words, the observed 
phenomena of osmotic pressure will be accounted for, if it can 
be shown that the sugar molecules will strike the internal 
surface of the membrane as frequently as if the water molecules 
were removed. 

There can be no doubt that a sugar molecule moves from 
place to place through the solution, in spite of its frequent 
collisions with the water molecules. If we suppose that its path 
consists of a series of zig-zags (that is, that the sugar molecule 
is not generally constrained to travel to and fro along the same 
free path) it follows at once that the number of collisions in a 
second, between one sugar molecule and the other sugar molecules in 
the solution, is the same as if the water molecules were absent. 
For, let a disc of radius @, equal to the diameter of a sugar 

PP2 
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molecule, be carried along the zig-zag path actually described 
by the molecule, the area of the disc being always perpendicular 
to the direction in which it is moving ; then, the disc will sweep 
out a volume equal to d@2V in a second, where V denotes tbe 
velocity of the molecule. If there are 7, sugar molecules dis- 
tributed at random in each unit of volume of the solution, it 
follows that the centres of 2,rd?V sugar molecules will lie in 
the volume swept out by the disc ; and therefore the number of 
collisions of a sugar molecule with other sugar molecules is the 
same as if the water molecules were absent, and the sugar were 
distributed in the state of a gas (p. 538). This being so, there 
appears to be no reason to doubt that the sugar molecules strike 
the diaphragm as frequently as if the water molecules were 
absent. The progress of a sugar molecule, 7 any definite 
direction, is impeded by frequent collisions with water molecules ; 
but these collisions merely jostle the sugar molecule about at 
random, and cause a collision with another sugar molecule 
or with the diaphragm, as often as they prevent one. Thus it 
appears that the laws of osmotic pressure can be explained in a 
satisfactory manner. 


It may be noticed that the free surface of an aqueous solution of a 
non-volatile substance is equivalent to a semi-permeable membrane ; for 
water molecules ¢an pass through the surface from the solution to the 
space above it, or in the reverse direction; but the non-volatile 
substance must remain in the solution. The sugar molecules exert an 
outwardly directed pressure on the free surface, and therefore tend to 
make the solution expand. The osmotic flow through a semi-perme- 
able membrane is sometimes explained by this expansive property of 
the solution ; according to this view, water is sucked into the solution 
through the membrane, just as if the walls of the vessel tended to 
expand and so exerted a tensile stress on the contained liquid. 


The ‘Brownian motion.”—In the year 1827, the botanist — 
Brown observed a phenomenon which affords direct experi- 
mental evidence as to the molecular structure of liquids. An 
aqueous solution of mercuric sulphide or gum mastic appears to 
be a perfectly clear liquid, which may be filtered and subjected 
to other similar modes of treatment without showing any signs 
that would distinguish it from an ordinary solution. If, how- 
ever, a drop of the liquid be placed on a cover glass and 
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examined under a microscope, numberless small particles in 
continual motion are observed. A solution of this character is 
called a colloidal solution, in order to distinguish it from ordinary 
solutions, in which no such particles are visible. Light is 
scattered from the particles, and if they are small enough, each 
is represented in the field of the microscope by a small luminous 
disc surrounded by diffraction rings ; in this case the particles 
are not seen, in the strict sense of the word, any more than a 
distant lamp is seen when it presents the appearance of a star. 
When the particles have diameters lying between o’oor mm. 
and o‘oool mm., they can be seen and their sizes can be 
estimated with some degree of accuracy. Perrin has studied 
the motion of these particles. He has found that the mean 
velocity with which a particle moves is such that the average 
kinetic energy due to its linear motion is equal to the average 
kinetic energy due to the linear motion of a hydrogen molecule 
at the temperature of the experiment. This result confirms 
Maxwell’s hypothesis as to the equipartition of energy (p. 535) 
as applied to liquids. If we suppose that a particle is an 
aggregate of molecules each of the size of a molecule of hydrogen 
(p. 562), it follows that a spherical particle o’oool mm. in 
diameter will comprise about 6 x 10’ molecules. Hence, each 
particle is virtually a very large molecular complex ; and since 
the hypothesis of equipartition of energy applies to these mole- 
cular complexes, there can be little doubt that it applies to the 
simple molecules of a substance dissolved in a liquid (p. 579). 
The particles collide one with another, and the frequency with 
which a particle collides with other particles can be found 
by the method explained on pp. 537-544; thus we reach 
the conclusion stated on p. 580. Near the bottom of the 
solution, Perrin found the average distance between two 
neighbouring particles to be smaller than the corresponding 
distance near to the top of the solution; further, he found 
that the number of particles per unit volume in the neigh- 
bourhood of any point in the liquid varies with the depth of 
the point below the free surface, in exactly the same way as 
the density of a gas varies with the height of the super- 
incumbent gas, as in the case of the atmosphere. In fine, then, 
the distribution of the particles, their velocities, and the frequency 
with which they collide one with another, are practically the same 
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as if they were in the gaseous state and the surrounding water 
were removed. This result affords the strongest possible support 
to the conclusion reached on p. 580, in connection with the 
dynamical explanation of osmotic pressure. 

Osmotic pressure, and diffusion in liquids.—-When a 
substance is dissolved in a pure liquid, the substance is called 
the solute, the pure liquid is called the solvent, and the mixture 
obtained by dissolving the solute in the solvent is called the 
solution. The number of gram-molecules of the solute 
dissolved in a c.c. of the solution is called the concentration of 
the solution. Sometimes the concentration is measured in 
grams per c.c. 

Let a solution be contained in the compartment A, which 
forms part of the containing vessel represented in Fig. 265 ; and 
let this compartment be separated from the 
remainder of the vessel, B, by a fixed semi- 
permeable diaphragm which allows the solvent 
and not the solute to pass through it. Let the 
space B be filled with the pure solvent ; then 
the solvent will pass through the diaphragm, 
from B into A, until the pressure in A is 
greater than that in B by an amount equal to 
the pressure that would be exerted by the 

.. solute if it were distributed in the state of a 

Fic. 265.—Osmotic : 2 
pressureofasolu- gas in the space A. Thus, if the concen- 
one tration of the solution in A is equal to ¢, gram- 
molecules per c.c., the osmotic pressure 2, 
in the compartment A is equal to c,.RT, where R is the gas 
constant of a gram-molecule of gas (p. 537), and T is the 
absolute temperature. Owing to the small compressibility 
of liquids (p. 281), the amount of the solvent that must pass 
through the diaphragm, in order’to establish this excess of 
pressure, is very small ; and therefore the full osmotic pressure 

P, will be established almost instantaneously. 

If the semi-permeable diaphragm is not. fixed, but can 
slide like a piston inside the containing vessel, it will move 
upwards under the action of the excess of pressure 7, 
exerted on it from below. Thus, the solution tends to expand 


just as a gas would if it filled the space actually occupied by - 
the solution. 
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Now let it be supposed that the closed vessel represented in Fig. 266 
is divided into three compartments by means of two semi-permeable 
diaphragms, the compartment A being filled with a, solution of 
concentration ¢, and the compartment C with a 
similar solution of concentration cy; the intervening 
compartment B being filled with the pure solvent. 
Then the osmotic pressure #, in the compartment A 
is equal to (RT as before, and the osmotic pressure 
Pz in C is equal to ¢sRT. If the diaphragms take 
the form of pistons which can move individually, 
they will tend to approach each other; but if the 
pistons are rigidly connected with each other, so that 
the space between them must remain constant, both 
pistons will move upwards if ¢4>c); the resultant Fy6, 266.—Osmotic 
force which produces the motion. being equal to pressure ofasolu- 
a(¢;—¢o)RT, where a@ is the area of either piston. ss ; 

It should be noticed that this result is independent 

of the volume of the compartment B; if the volume of B is 
infinitely small, the two pistons virtually coalesce into a single 
piston which divides the cylinder into two compartments, and the 
forces acting on opposite sides of this piston are respectively equal 
to acyRT and ac.RT. Thus, the osmotic pressure exerted on one 
side of the piston is independent of the concentration of the solution 
on the other side of the piston. 

Next, let it be supposed, as before, that the compartments A and C 
of the vessel represented in Fig. 266 are filled with similar solutions of 
concentrations ¢, and ¢,; but that the middle compartment B is 
filled with a solution of which the concentration varies from ¢, near 
the lower piston, to ¢, near the upper piston. Equal and oppositely 
directed forces will now act on the opposite faces of each piston, but the 
solute in the compartment B will be acted upon by a resultant force 
a(c¢, — ¢)RT, owing to the excess of the upwardly directed force exerted 
on the lower piston, as compared with the downwardly directed force 
exerted on the upper piston. In this case, both pistons will tend 
to move upwards, carrying with them the solute which lies between 


them. 


Weak — 
*Solution= 


Attention must now be directed to the diffusion of a solute 
through a solution. To fix our ideas, let it be supposed that 
some crystals of sugar are placed at the bottom of a cylindrical 
vessel which contains water (Fig. 267); the crystals dissolve in 
the water immediately in contact with them, and the dissolved 


5384 GENERAL PHYSICS FOR STUDENTS CHAP. 


sugar gradually diffuses upwards. The concentration of the 
solution varies with the height in the containing vessel, as can 
be observed without difficulty, since the refractive index of the 
solution varies with its concentration. If an 
imaginary transverse plane AB be described 
across the vessel, molecules of the solute will 
cross this plane in both directions, but in a 
given time the number that pass upwards 
through it will exceed the number that pass 
downwards. We may suppose, however, that 
the imaginary plane AB moves upwards with 
a velocity V, such that equal numbers of 
molecules of the solute cross the plane in 
opposite directions during a second. In this 
case, for every molecule of the solute that 
passes upwards through the moving plane, 
Bie eer UiSpeton another molecule of the solute must simul- 
of a solute through a d 
a solution. taneously pass downwards. If the imaginary 
plane were replaced by a semi-permeable 
diaphragm moving with the velocity V, the conditions would 
not be altered materially; for the motion of a molecule 
of the solute up to the moving diaphragm, and its imme- 
diately subsequent rebound, would correspond to the simul- 
taneous passage of two molecules through the imaginary 
plane, in opposite directions. If the concentration just beneath 
the moving diaphragm AB is equal to q, the pressure on the 
lower surface of this diaphragm will be equal to c.RT ; and if 
another semi-permeable diaphragm, also moving upwards with 
the velocity V, were substituted for a neighbouring imaginary 
plane CD where the concentration is equal to cy, the pressure 
on the upper surface of this diaphragm would be equal to 
cRT. Thus, the solute comprised between the two moving 
diaphragms would be urged upwards by a resultant force equal 
to a(c;—¢,)RT, where a is the area of either diaphragm ; and 
the solute comprised between the two imaginary planes AB and 
CD must be urged upwards by an equal force. 
Let it be assumed that, by the application of a constant force, 
a uniform motion in the direction of the force can be super- 
imposed on the erratic zig-zag motion of a molecule ; also, let 
it be assumed that the uniform superimposed velocity is 


XVI FICK’S LAW OF DIFFUSION 585 


proportional to the applied force. Let 4, denote the sum of 
the forces that would have to be applied to the molecules 
comprised in a gram-molecule of the solute, in order to 
keep them all moving with unit superimposed velocity ; 
then the sum of the forces required to keep the same 
molecules moving with a velocity V would be equal to jV. 
Between the imaginary planes AB and CD, there must be cad 
molecules of the solute, if c denotes the average concentration 
in the space between AB and CD, and d denotes the linear 
distance between these planes. In order that these molecules 
may be constrained to move upwards with the velocity V, the 
suin of the ferces exerted on them must be equal to fcadV. 
Equating this force to the resultant force due to the osmotic 
pressure below AB and that above CD, we have— 


ficadV = alc — C)RT; 


Ria 

ae Ts 

Now (c¢, — ¢)/d is the value of the concentration gradient 
between the planes AB and CD ; Ris an absolute constant, and 
RT/A/, will be constant for a given solute at a given temperature. 
Let RT//, be denoted by K. The quantity cV is equal to the 
number of gram-molecules of the solute that would diffuse 
upwards during a second through unit area of an imaginary 
transverse plane which remains in a fixed position between AB 
and CD; forc is the average number of gram-molecules of the 
solute per unit volume between AB and CD, and V is the 
average velocity superimposed on the molecules of the solute 
which occupy that space. Thus, the equation 


cv 


_ za 
Nh = Ke 


is equivalent to Fick’s law of diffusion, whicn states that the mass 
of solute which diffuses through unit area in a second is proportional 
to the concentration gradient. The constant K is called the 
coefficient of diffusion. The coefficient of diffusion is defined as the 
ratio of the number of gram-molecules of the solute that diffuse 
through a sq. cm. in a second, to the concentration gradient 
measured in gram-molecules per c.c. perem. If both sides of the 
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above equation be multiplied by the molecular weight of the 
solute, the left-hand side becomes equal to the number of grams 
of the solute that diffuse through a sq. cm. in a second, and the 
concentration-gradient on the right-hand side becomes expressed 
in grams per c.c. percm. ‘Thus the value of the coefficient of 
diffusion is the same, whether the unit of mass is the gram- 
molecule or the gram. 


Fick’s law has been verified for a great number of dilute solutions. 
In electrically conducting solutions the solute is more or less dissociated 
into electrically charged ions, and the rate of diffusion cannot be 
determined theoretically without taking into account the forces called 
into play by the electric charges on the ions. A theory taking account 
of these forces has been developed by Nernst.+ 

When the coefficient of diffusion of a substance in a given liquid is 
known, we can calculate the value of 7, the force needed to propel the 
molecules comprised in a gram-molecule of the solute, at a speed of 
I cm. per sec., through .the solvent. Thus, at 18°C., 0°42 gram- 
molecule of cane sugar diffuses through a sq. cm. in a day, under a 
concentration gradient of one gram-molecule (342 gm.) per c.c. per cm. 
Thus, K=0°42/86400, using c.g.s. units ; and the value of R is given on 
p. 537- Therefore 


vite RT 2x 4'2x 10’ x 273 x 86,400 
cree K 0°42 


= 4°7 x 10 dynes. 


This force is equal, roughly, to the pull exerted by gravity on 4°7 
million tons of matter. 


Work done by osmotic pressure.—Let Fig. 268 represent a 
cylinder provided with a frictionless piston, the lower end of the 
cylinder being closed by a semi-permeable membrane. Let the 
cylinder be filled with a solution, and immersed externally in 
the pure solvent ; then the osmotic pressure of the solution will 
force the piston outwards if the external force urging the piston 
inwards is slightly less than the internal force due to the osmotic 
pressure. As the piston moves outwards against the external 
force, work is done ; the value of the work is the same as if the 
solute were in the state of a gas and the solvent were removed. 


1 See Theoretical Chemistry, by W. Nernst, p. 322 (Macmillan); or A Treatise 


on the Theory of Solutions, by W. C. Dampier Whetham, p. 376 (Cambridge 
University Press). 
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If the solution is maintained at a constant temperature, the 
external work is performed at the expense of heat which 
enters the solution; similarly, the 
external work done by a gas which 
expands isothermally is derived from 
the heat which enters the gas.1 
When a solute diffuses through 
a solvent, the conditions are some- 
what different. In this case there is 
no external work done, and the con 
ditions are essentially similar to those 
of a gas which is forced through a 
porous plug.” In both cases the 
muleculcsmare: urged torwards\the ~ = S425 
kinetic energy due to their forward Se egies be toa 
motion being derived from heat Fic. 268.—Work done by 
which disappears. As soon as they aes ees 
gain any appreciable kinetic energy 
due to their forward motion, this energy is dissipated in the 
form of heat; the heat thus generated is then used up again 
in urging the molecules forwards, and so on. 


The process of solution.—The molecules of a solid such as sugar 
exert a great attraction one on another, and thus a molecule near to the 
surface is unable to escape into empty space (compare p. 358). To 
account for the escape of molecules when water is in contact with 
the surface of the solid, it is only necessary to assume that the 
molecules of the water exert a sufficiently great attraction on the 
molecules of the solid, and there is independent evidence of such an 
attraction (p. 282). 

Osmotic pressure and vapour pressure of a solution.—Let a 
solution, contained in the tall cylindrical vessel A (Fig. 269) be 
separated by a semi-permeable diaphragm from the pure solvent 
contained in the vessel‘B. For equilibrium to exist, the free surface of 
the solution must stand at a certain height % above the free surface of 
the pure solvent. Let both vessels be contained in an isothermal 
enclosure, which is empty but for the presence of the vapour of the 
solvent. Then, if # denotes the vapour pressure immediately above the 
free surface of the solvent in B, it follows that the pressure at a height % 
above that surface is equal to (-goh), where o denotes the density of 


1 See the Author’s Heat for Advanced Students, p. 298 (Macmillan). 
2 See the Author's Heat for Advanced Students, p. 380 (Macmillan). 
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the vapour. The vapour in contact with the surface of the solution 
must be in equilibrium with the solution ; for if the pressure were less 
than the vapour pressure of the solution, the solvent would evaporate 
from the solution and condense on the 
surface of the pure solvent, and more of 
the solvent would have to pass into the 
vessel A through the semi-permeable 
membrane; in other words, a type of 
perpetual motion would be realised. 
Thus, the vapour pressure #’ of the solu- 
tion must be equal to (p-gar). The 
semi-permeable membrane represented in 
Fig. 269 is at a distance 2 below the 
surface of the solution, and immediately 
beneath the free surface of the solvent ; 
therefore the osmotic pressure P of the 
solution must be equal to {( f’+ gph) — ZI, 
where p denotes the density of the 
solution; that is, P=g(p—oa)h, and 
h=P/e{p-—c). Thus, the vapour pressure 
p of the solution is less than that of the 
Fic. 269.—Osmotic pressure and pure solvent by gokh=Poa/(p—c). Since 
vapour pressure of a solution. js directly proportional to the con- 
centration of the solution, and is constant 

for solutions of equal molecular concentrations, we obtain Raoult’s law 
that the depression of the vapour pressure is directly proportional 
to the number of molecules of the solute dissolved in unit volume 
of the solution, and is independent of the chemical constitution 
of the molecules. Thus, a solution containing a gram-molecule of 
sugar dissolved in a given volume of water will have the same 
vapour pressure as a solution containing a gram-molecule of lactic acid 
dissolved in the same volume of water. When the solution is a good 
electrical conductor, allowance must be made for the fact that the 
molecules of the solute are dissociated into ions, and each of these 


ions plays the same réle in connection with osmotic pressure as an 
undissociated molecule. 


Influence of external pressure on the vapour pressure of a liquid.— 
Let Fig. 270 represent two vessels, containing respectively a solution 
and the pure solvent, separated by a diaphragm M permeable to 
the solvent and not to the solute. The space above the solution is 
occupied solely by the vapour of the solvent, while the space above 
the solution is occupied by vapour of the solvent and an inert gas such 
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as nitrogen. A diaphragm M’ permits the vapour of the solvent to pass 
freely from one vessel into the other, but is impermeable to the inert gas. 

Let it be supposed that the pressure of the inert gas is adjusted so 
that the solution on one side of the diaphragm M is in equilibrium with 
the solvent on the other side of that 
diaphragm. Then the resultant pressure 
of the vapour and the inert gas above 
the surface of the solution, must exceed 
the pressure of the vapour above the 
solvent, by P, the osmotic pressure of 
the solution. 

When these conditions are realised, 
the vapour on one side of the diaphragm 
M’ must be in equilibrium with the 
vapour on the other side of that dia- 
phragm. If this were not the case, 
vapour would flow through the diaphragm 
M’, to be condensed on the liquid in the 
vessel entered ; thus, the equilibrium of Spr ete eae aati 
the liquids would be destroyed, so that sure of a liquid. 

a flow of liquid would occur through the 

diaphragm M into the vessel which the vapour leaves. Hence, we 
should have a continual flow of vapour from one vessel to the other, 
and a flow of liquid in the opposite direction ; and this continual flow 
would occur in a system at a uniform temperature, which is impossible. 

For the vapour in one vessel to be in equilibrium with that in the 
other, the density of the vapour must have an identical value in both 
vessels (p. 577), and therefore the vapour pressure must have equal values 
in the two vessels. Thus, the pressure (say p) of the inert gas must have 
increased the vapour pressure of the solution so far as to make it equal 
to the vapour pressure of the pure solvent. In other words, the pressure 
p has increased the vapour pressure of the solution from {f#— Pa/(p — o} 
to ~. Now the pressure p of the inert gas must be equal to the 
osmotic pressure P of the solution, since the vapour has equal pressures 
in the two vessels ; thus the pressure p of the inert gas increases the 
vapour pressure of the solution by 

po 
(p—o) 
This increase in the vapour pressure, due to subjecting a liquid to 


pressure, has been noticed already (p. 360) and a formula equivalent to 
that just obtained has been deduced. For a physical explanation of 


this process, see p. 360. 


Vapour 
and 
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Osmotic pressure, and boiling point of a solution.-—A 
liquid can boil when its vapour pressure is equal to the pressure 
to which the liquid is subjected. The effect of dissolving a 
non-volatile substance in a solvent is to diminish the vapour 
pressure, and therefore it may be inferred that the boiling point 
of a solution of a non-volatile substance must be higher than 
that of the pure solvent. The relation between the elevation of 
the boiling point and the osmotic pressure of a solution must 
now be investigated. 


Fig. 271 represents two vessels, A and B, of which A is immersed in a 
bath maintained at a constant temperature T°, while B is immersed in a 


[o} 


=Bath at (Tt) 


Fic. 271.—Osmotic pressure and boiling point of a solution. 


bath at a constant temperature (T +7)°, both temperatures being measured 
in absolute units. The vessel A is closed, and contains only a pure 
solvent and its vapour ; if # denotes the pressure of the vapour in A, 
then, by definition, T denotes the boiling point of the solvent under a 
pressure #. The vessel B contains a solution of a non-volatile substance 
in the solvent ; let (T + 7)° be the boiling point of this solution under 
the pressure #. Two tubes extend from the vessel B to the vessel A. 
The lower tube communicates with the two vessels beneath the surfaces 
of the contained liquids, and is provided with a stop-cock C in which 
the free-way is replaced by a semi-permeable membrane. Thus, when 
C is opened, the pure solvent and the solution are separated from each 
other only by the semi-permeable membrane ; when C is closed, the 
liquids are isolated from each other. The upper tube opens into B at 
a point just above the surface of the solution, and opens into A at a 
point above the surface of the solvent; this tube is provided with an 
ordinary stop-cock C’. The vessel B is provided with a piston D 
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which can move freely up or down ; by placing weights on a scale-pan 
E attached to this piston, the contents of the vessel B can be subjected 
.to any required pressure. 


In the first place, let both of the stop-cocks C and C’ be 
closed, and let the piston D rest on the surface of the solution. 
Let the scale-pan E be loaded until the pressure exerted on the 
solution by the piston D is equal to (P + f), where P denotes 
the osmotic pressure of the solution. Thus, the pressure to 
which the solution is subjected, exceeds the pressure to which 
the pure solvent in A is subjected, by P. If the stop-cock C be 
‘opened, the solution and the solvent will be in equilibrium. 
By making an infinitesimal reduction in the load of the scale- 
pan E, the piston D can be caused to ascend, some of the pure 
solvent passing from the vessel A into the vessel B, through the 
semi-permeable membrane in the stop-cock C. Let p be the 
density of the solvent at the temperature T; and let a small 
volume v of the solvent enter B, while the piston rises from D 
to F. The work done in raising the piston against the force 
’ of gravity! is equal to(P +f)v. Of this work, the part Pw is 
performed at the expense of heat which enters the vessel B 
from the surrounding bath, while the solution virtually expands 
like a gas (p. 586); the remainder fv is performed by the 
solvent which enters B under a pressure /. 

In the second place, let the stop-cock C be closed, so that the 
solution is isolated from the pure solvent ; and let the load on 
the scale-pan E be adjusted so that the pressure exerted on the 
solution is equal to Z, the vapour pressure of the pure solvent 
at T° or of the solution at (T+ 7). Allow a mass of the 
solvent, equal to the mass py that previously entered the 
vessel B, to evaporate from the solution. During this process, 
the piston ascends to H and sweeps out a volume (say V) equal 
to the space between F and H. The work done in raising the 
piston against the force of gravity is equal to #V : an amount of 
heat, equal to the amount that becomes latent during the 
evaporation of the solvent from the solution, passes into B from 
the surrounding bath. Let Q, denote the total quantity of heat 

1 For simplicity, it is assumed tacitly that there is a vacuum above the piston, so 
that the pressure exerted on the solution is due to the pull of gravity on the piston 


and the loaded scale-pan attached to it. Also, the rise of temperature of the 
solvent which enters B produces an expansion which is neglected. 
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that has entered B during the osmotic expansion of the solution 
and the subsequent evaporation of the solvent. 

Next, let the stop-cock C’ be opened, and let all the vapour 
previously evaporated from the solution pass into the vessel A, 
there to be condensed on the pure solvent. During this process 
the piston descends to its original position D, sweeping out the 
volume (V + v); an amount of work equal to A(V+v) is done 
by gravity. The net work, done against gravity, now has the 


value 
{(P+p)v+pV -p~(V+v)} = Pz. 


While the vapour is condensing on the surface of the pure 
solvent in A, a quantity Q, of heat is given out and passes into 
the bath at T°; the value! of Q, is equal to Lpv, where L 
denotes the latent heat of vaporisation of the solvent at T°. 


It is unnecessary to take account of the quantity of heat absorbed by 
the solvent while its temperature was being raised from T° to (T + 7)’, 
previous to entering B ; or of the heat given out by the vapour in cool- 
ing from (T + ¢)° to T°, previous to entering A. Both these quantities 
will be negligibly sinall, since the specific heat of the liquid solvent, 
and that of its vapour, are both small in comparison with the latent 
heat of vaporisation L. 


The contents of both A and B are now precisely in the same 
condition as at first; therefore a complete cycle has been 
traversed, and obviously this cycle is reversible. During the 
cycle, a net amount of external work equal to Pv has been per- 
formed ; an unknown quantity Q, of heat has been absorbed at 


(T + 2)°, and a quantity Q, =pv L of heat has been rejected 
at T°. Thus— 


O:= Oss Caen 


OF eee 
i tes ZT 
Ore Daye 


1 While the solvent was passing from A into B through the semi-permeable 
membrane, some of the solvent was evaporated in order to fill the space left vacant 
in A, and heat was absorbed from the bath which surrounds A. During the final 
condensation of the vapour which is returned from B to A, an additional quantity of 
vapour, equal to that previously evaporated, is condensed on the solvent, and an 
amount of heat, equal to that previously absorbed from the bath which surrounds A, 
is returned to that bath. These two heat exchanges are equal and are both 
siice ab tie foeee te T, and therefore one cancels the other. 

or the thermo-dynamics of reversible cycles, see the Author’ 
Advanced Students, pp. 335-347 (Macmillan). x : sare tee 
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so that 
Or ea? 
ORE 
Q,:-Q, _ (T+z)-T Zz 
Cite Shae tT 


Now (Q,—Q,) is the amount of heat that has disappeared 
during the completion of the cycle, and this heat must be 
equivalent thermally to the net external work performed during 
the cycle. Thus, (Q,—Q,) = Pu/J, where J denotes the 
mechanical equivalent of unit quantity of neat. Then, since 


Q2 = puL,— 


Py 12 t 
JevL  JpL T’ 
and : 
1244p) 
a ‘ 
JeL 


This equation suffices to determine the value of 4, the elevation 
of the boiling point produced by dissolving a non-volatile 
substance in the solvent, so as to produce a dilute solution 
with an osmotic pressure equal to P. 


Problem. A gram of cane sugar (molecular weight = 342) is 
dissolved in 100 ¢.c. of water. Determine the botling point of the 
solution under a pressure of a standard atmosphere. 


The solution has a concentration, equivalent to one gram-molecule 
(342 gm.) dissolved in 342 x 100 = 3:42 x 10* c.c. Thus, at the 
absolute temperature T = (273 + 100) = 373°, the osmotic pressure 
P of the solution is given (p. 576) by the equation— 


Pe Ae lO — 154 xu Oa 35 


_ 84x 107 x 373 


3°42 x 104 = 9°15 x 10° dyne/(cm.)?. 


if 

The boiling point T of the pure solvent (water) is 373” absolute ; at this 
temperature its density p is equal to 0°96 gm./(cm.)*. The value of L 
is equal (roughly) to 537 gram-calories per gram. The elevation ¢ of 
the boiling point due to the sugar dissolved in the water is given by the 
equation— 


SEEMS OLS KIO" 4373 
As [pls \ 472 3¢107X 0:96 %537 
=O OLR ones 


QQ 
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As a result of experiments, ¢is found to be 0'0158°C., which is in 
excellent agreement with the value just obtained. 

The elevation of the boiling point for an aqueous solution, containing 
one gram-molecule of sugar per 100 c.c. of water, is equal to 342 x 
o'0158 = 5'40°C. In accordance with theory, it has been found that 
the elevation of the boiling point depends only on the number of 
molecules of the solute per unit volume of the solution, and is 
independent of the chemical nature of the molecules. 


Osmotic pressure, and freezing point of a solution.—The 
relation between the freezing point and the osmotic pressure of 
a solution can be determined from the study of an ideal thermo- 
dynamic cycle somewhat similar to that which has just been 
used. The ideal apparatus required is similar to that represented 
in Fig. 271, with the following modifications. The vessel A which 
contains the solvent is open to the atmosphere, and the upper 
tube extending from the vessel A to the vessel B is not required. 
Further, the bath surrounding the vessel A is maintained at a 
constant temperature T° equal to the freezing point of the pure 
solvent under atmospheric pressure ; the vessel B, which con- 
tains the solution, is surrounded by a bath which is maintained 
at a temperature (T—7)°, equal to the freezing point of the 
solution under atmospheric pressure. 

In the first place, the stop-cock C, which contains the semi- 
permeable membrane, is closed. The piston D is allowed to rest 
on the solution, and the scale pan E is loaded until the pressure 
exerted on the solution is equal to (P+/), where P denotes the 
osmotic pressure of the solution and # denotes the atmospheric 
pressure. On opening the stop-cock C, the solution and the 
pure solvent are in equilibrium, since the pressure of the 
solution in B exceeds that of the solvent on the opposite side of 
the semi-permeable membrane, by P, the osmotic pressure of the 
solution. 

Let a volume v of the solvent pass through the semi-permeable 
membrane into the vessel B. The piston D rises, and an 
amount of work equal to (P+ f)v is done against gravity: 
simultaneously the surface of the solvent in A sinks, and the 
work done on the system by the atmospheric pressure is equa) 
to fv. Thus the net amount of external work done is equal 
to (P + p)v—pv} = Pv. Heat is absorbed by the solution 
from the bath at the temperature (T —7)° which surrounds B. 
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Now let the stop-cock C be closed, and let the piston D be 
removed so that the solution is at atmospheric pressure. If the 
solution is allowed to begin to freeze, only the solvent will 
separate out: let a mass of the solvent equal to py be frozen 
out of the solution, where p denotes the density of the liquid 
solvent. During this process, heat is given out by the solution, 
and absorbed by the bath at the temperature (T—7)°. Let Q, 
denote the net amount of heat transferred from the solution to 
_ the surrounding bath, during the freezing of the mass pv of the 
solvent and the osmotic expansion of the solution. 

Let the solid formed in B be removed, placed in the pure 
solvent contained in A, and there allowed to melt. Meanwhile, 
an amount of heat Q,, equal to pvL, is absorbed from the bath 
at T°. 

The whole system is now in precisely the same condition as at 
first, and a reversible cycle has been traversed. In completing 
this cycle, a net amount of external work equal to Pv has been 
performed ; the changes of volume which occurred during the 
freezing and melting of the mass pv of the solvent were 
numerically equal but opposite in sign, and both were effected 
at atmospheric pressure, so that one cancels the other. An 
amount of heat Q,;=pwL has been absorbed at the temperature 
T°, and an unknown quantity Q, of heat has been rejected 
at (T-7)°. Therefore— 

0-0; wa (Tae et 


Q, Ae a 


Also, (Q,— Qs), the amount of heat which has disappeared, 
must be thermally equivalent to the net external work Pv 
which has been performed. Thus (Q,—Q,)=Puw/J, and— 


= dee ae 2 
jprL ele 1: 
it 

Jel 


This equation suffices to determine 4, the depression of the 
freezing point produced by dissolving a non-volatile substance 
in the solvent so as to produce a solution with an osmotic 
pressure P. 

QQ2 
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Problem. 4 gram of cane sugar (molecular weight = 342) 7s 
dissolved in 100 ¢.c. of water. Determine the freezing point of the 
solution under a pressure of a standard atmosphere. 


The osmotic pressure P of the solution at o°C, (T = 272°) is given by 
the equation— 
Px 3°42¢104=— (8 AX 10! x 27.3, 


es 8°4 x 107 x 273 


342x108 6°7 x 10° dyne/(cm.)*. 


The density of water at O°C. is equal to 0°99987, or, roughly, 
1 gm./(cm.*). The latent heat L of water = 80 calories per gm. Thus 


i OM7XRT O23 ee & 
~ 4'2x 107 x 80 Sess 


As a result of experiments, it is found that the depression of the 
freezing point of a solution of the above composition and strength is 
equal 0'0543°C. The depression of the freezing point for a solution 
comprising I gram-molecule per 100 c.c. of water is equal to 18°58°C. 


QUESTIONS ON CHAPTER XVI 


I. A mass 01 oxygen equal to 0°2 gm. is contained in a vessel of 
3 litres capacity. Calculate the value of the pressure of the oxygen at 
Bi Ce 

2. A certain gas has a density of o’0or gm. per c.c. under a pressure 
of 50cm. of mercury. Calculate the root-mean-square velocity of the 
molecules of the gas. 

(Density of mercury =13°6 gm. per c.c.) 

3. Assuming the law of equipartition of energy, calculate the root- 
mean-square velocity of a molecule of oxygen at 0°, if the root-mean- 
square velocity of a molecule of hydrogen is equal to 1°83 x 10° cm./sec. 
ationG- 

4. Calculate the mean free path in helium at o°C, and standard 
atmospheric pressure, being given that the number of molecules per c.c. 
is equal to 2°76 x 1018, and the diameter of a helium molecule is equal 
to 3°36 x 10-8 cm. 

5. The coefficient or viscosity of argon at 12°3°C. is equal to 
2168 x 10-4 gm./cm. sec. Calculate the value of the diameter of a 
molecule of argon, being given that the molecular weight of argon is 
equal to 39°9, that of hydrogen being 2°016; while the number of 
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molecules in a c.c. of hydrogen at o°C. and standard atmospheric 
pressure is equal to 2°76 x 1019, 
(Density of hydrogen at o°C. and standard atmospheric pressure = 
8°96 x 107° gm./(cm.§),) 
6. A cloud of water particles is observed through a microscope, and 
it is found that the particles descend with a velocity equal to 0°12 cm. 
per sec. Calculate the radius of the drops from the formula (p. 528). 


97 
(At the temperature of the experiment, value or 7 for air= 
1°8 x 10-4 gm./cm. sec.) 

7. Assuming that each of the molecules in liquid water has the 
constitution denoted by H,O, calculate the number of molecules in a 
spherical raindrop 2 mm. in diameter, being given that the mass of an 
atom of hydrogen is equal to 1°62 x 1074 gm. 

8. From the data given in question 7, calculate the number of 
molecules in a gram of water. 

g. If the value of 4 in van der Waals’ equation is equal to 0°954 
(see p. 559), calculate the diameter @ of a molecule of water from the 


formula (p. 550)— 
6=Nra@3/3, 


where N denotes the number of molecules in a gram of water (see 
question 8). 

_ Io. A gram of sugar is dissolved in a litre of water. Calculate 
the value of the osmotic pressure of the solution (a) at o°C., and (4) at 
100°C. 

11. The boiling point of ethyl ether is 34°6°C. Determine the 
elevation of the boiling point due to dissolving one gram-molecule of 
carbon hexachloride (molecular weight = 237) in 1000 grams of ether. 

Latent heat of vaporisation of ethyl ether=81°49 calories per gm. 

Density of ether at 34°6°C. =0°6944 gm. /(cm.)*. 

12. It has been found that 1°065 gm. of iodine dissolved in 30°14 gm. 
of ethyl ether, raises the boiling point by 0°296°C. Prove that each 
molecule of the dissolved iodine must consist of two atoms. 

Atomic weight of iodine = 127 

Boiling point of ethyl ether = 34°6°C. 

Latent heat of vaporisation of ethyl ether =81°49. 
Density of ethyl ether at 34°6°C. =0'6944 gm./(cm.)*. 

13. The vapour pressure of water at 40°C., when in contact only 
with its own vapour, is equal to 5°55cm. of mercury. Calculate the 
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vapour pressure of water at 40°C., when it is enclosed in a vessel which 
also contains nitrogen at 100 atmospheres pressure. 

(Vol. of one gram of saturated aqueous vapour at 40°=19,442 c.c. 

Vol. of one gram of water at 40°=1'0077 c.c.) 

14. The freezing point of benzene is equal to 5°58°C. Determine 
the depression of the freezing point, due to dissolving one gram- 
molecule of methyl iodide in 1,000 gm. of benzene. 

Latent heat of fusion of benzene =29'089 calories per gm. 
Density of liquid benzene at 5°58°=0'g900 gm./(cm.)*. 

15. One gram-molecule of acetic acid (C,H,O,) is dissolved in 
1,000 grams of benzene, and it is found that the freezing point of the 
solution is 2°53°C. lower than that of pure benzene. Prove that the 
constitution of the molecules dissolved in the benzene is 2(C,H,O,). 


ANSWERS TO QUESTIONS 


CHAP TERT 


(1) 3°94 x 104 poundals, 1°22 x 10° pounds, 5°45 x 10° dynes. 

(2) 3°84 x 104 poundals, 1°19 x 10% pounds, 5°32 x 10 § dynes. 

(3) 3°63 x 10° poundals, 1°13 x 104 pounds, 5‘or x 10° dynes. 

(4) 3°60 x 10% poundals, 112 pounds, 4°88 x 107 dynes. 

(5) Body would move upwards relatively to the lift chamber. 

(Suggestion : If the elastic filament were cut at the instant when the 
lift chamber is set free, the body and the lift chamber would fall with 
equal accelerations. ) 

(6) Let # = mass of body. When filament is nearly vertical, its 
tension is equal to mg dynes (nearly). The horizontal component of 
this tension is equal to #g@, when @ is small. Force needed to produce 
acceleration of body = ma. 

. mgd = ma, and 6 = alg. 

(7) 3:2 ft./(sec.) ?. 

(8) Depth of well, calculated on supposition that time taken for sound 
to travel from bottom to top is negligible, = 4,410 cm. Sound takes 
0°13 sec. to travel over this distance; thus, to a closer degree of 
approximation, depth of well = (4) x 981 x (2°87)? = 4,030 cm. 

(9) See p. 456. 

(10) Centripetal force per unit mass of the earth = 1-945 x 107? 
poundal per lb., or 0°59 dyne per gram. 

(11) Velocity of cord = \/2gh, where 4 = height of table. 

(12) 0'273 ft.-Ib., or 3°70 x 10° ergs. 

(13) Rod is in stable equilibrium when it hangs with its length in a 
vertical straight line passing through point of support. 


* CHAPTER II 
ae 
(1) 2% 2 
5 . . . 

(2) Let # be the mass of acircular ring cut from either cone, at a 
perpendicular distance x from the vertex. Then, moment of inertia 
of this ring about axis of symmetry of cone = m7”, where 7 = radius of 

Boose 
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ring. Moment of inertia of same ring, abouc a line through vertex and 


Te es 
perpendicular to axis of symmetry of cone = m (> + =), and this is 


equal to wr”, if (r/x)? = 2. 
Sel? 

(3) a 

(4) Angular velocity, # = ,/(3g//). 

(5) Force pressing body against plane = mg cos @. When body is on 
point of sliding, tangential force at point of contact = wg cos 6, and 
this force exerts torque uzgr cos 6 about centre of body. If a = linear 
acceleration of body, angular acceleration of body = a/v, and rate of 
increase of moment of momentum = mé?a/r. Then 

mka 


sae pnzgr cos 0. 


Linear acceleration a = gsin 6 — ug cos 6, 
k?( sin @— ug cos 0) = wer? cos 0. 
(6) Kinetic energy due to linear velocity = 105 ft.-poundals. Kinetic 
energy due to angular velocity = 105 ft.-poundals. Total kinetic 
energy = 210 ft.-poundals, or 6°52 ft.-lbs. 


CHAPTER III 


(3) T= 27 Nhe 
(4) T=2r, ae 
(yt ee UAC 


ky 
(¢= length, and 6 = breadth of rectangular sheet.) 
(6) Number of oscillations lost = 0‘00006z, where 2 = number 
of oscillations completed in 24 hours at lower temperature. 


(7) T= an, /(H), 


(8) When bar tilts through small angle @, its point of contact with 
cylinder moves through distance 7@; line joining original point of 
contact to centre of gravity of bar, turns through angle 6, and the centre 
of gravity moves through distance @@/2, in direction of displacement of 
point of contact. Hence, in tilted position of bar, centre of gravity is 
at distance {7@—(d0/2); from new point of contact, and restoring 
torque = mg\r — (a/2)}0. 


Tor (5 
N/ \ 12¢(7-ad/2) J 


r 
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(9) Restoring torque per unit twist = me. cd/4Z. 


Tite rasan ee) 
ea) g 
2= length of each filament, 4 = radius of gyration of suspended body, 
¢ = diameter of circle on which upper points of attachment of filaments 
lie, and d = diameter of circle on which filaments are attached to body. 


(15) Period T of oscillation of body is given by equatiou— 
Nes 
After loading with mass », at distance L, from axis of support, 
period T, is given by equation— 
ML 


Ret 14 mut 


(y= M (22+ 7?) + mLy? __ 
2m MZ+mL,) ; 
21 g(M/Z+ mL) o(+ #11) 


where M = the unknown mass of the body when unloaded. 


te TVs yest yes 
g(¢+ ZL) (2) =P+P 4 FL, 


=e(2)+ FL. a(t) 


On loading with same mass 7 at distance L, from axis of support, 
period Ty is given by equation— 


mm Do \ eae NB aig 
s(¢+Fle)(2) = i(=) + yy le sao cea 2) 
The only unknown quantities contained in equations (1) and (2) are 


Zand a and therefore the value of 7 can be calculated from these 


equations. 


CHAPTER IV 


(1) In equation on p. 133, the various symbols have the following 
values :— 
D5 x10- em. (cm.)2. 
I’ = 6°69 x 10° gm. (cm.)?. 
M = 103 gm. 
"75 cra. 
w = 62°8 radians per sec. 


Therefore 2 = + 0°23 + 3°32. 


= ooh hands 100. 
.*. periods of oscillation = 1°77 sec. and 2°03 sec. 
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(2) In formula at bottom of p. 135, the various symbols have the 
following values :— 


Ra 50: 
1S Se OS, 
L=lOs 


Smallest angular velocity for steady spin = 43°1 radians per sec. 
Value of w, corresponding to 10 rotations per sec. = 62°8 radians 
per sec. 

The smaller value of # is given by the equation— 

p = 12°56-— ,/(158— 78°5) = 3°59 radians per sec. 

This corresponds to one conical rotation in 1°75 sec. 

(4) Minimum speed = 13'2 ft./sec., or 9 miles per hour. 


CHAPTER V 


(2) Let original amplitude = @,, and let amplitudes at ends of 
successive intervals of time, each equal to 5 min., be denoted by 


(hg Cis Oxy > a ee ie 
Op ES ba Jani =p 
Then Leer sis Tee & (say), 
20 yt By ke lS eS 
th Gy” @ an, Gn 
In problem under consideration, @, = 5 cm., and a, = 3 cm. 
ee 25/38 Os 
Also, @ = O*I cm. 
ao eae 
ay er 
2 log 1°67 = log 50. 
1 6 
ae ORO OOO eam 8-67. 


~ log 1°57 0°1959 
Therefore, required time = 8°67 x 5 = 43°35 min. 
(3) 4°66 x 108 cm./sec. 


CHAPTER VI 


2 


1‘98 x 108 gm., or 2 x 107” tons (nearly). 


( 
( 
( 
(5) 5°97 x 1077 gm., or 6 x 107! tons (nearly). 


eae 
3) 3nGrp?r* ergs, if m, G, p, and 7 are measured in c.g.s. units. 
4) 
5) 
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6 Mass ofsun F 
(6) Mass of earth 351 * 10° 

(7) In the absence of the sphere of platinum, the surface of the 
water will form part of a sphere with its centre at the centre of the 
earth. Now let it be supposed that a spherical mass of water, of 
radius 7, becomes solid ; no change will be produced in the shape of 
the free surface of the water. Next, let it be supposed that the solid 
sphere increases in density from 1 to ¢, when o denotes the density of 
platinum. Let the sphere drawn with C as centre (Fig. 272) represent 
the solid sphere, and let AK be a 
straight line drawn through the 
centres of the sphere and the earth. 
At the point B, at a small hori- 
zontal distance x from A, the gravi- 
tational attraction due to the earth 
is equal to G$rR*%p/R? = GémpR, 
where p is the mean density, and R 
is the radius of the earth; this 


attraction acts along the straight = = 

line drawn from B to the centre of == === 

the earth. The attraction due to a= = = 
the increased density of the solidified = = = = = 
sphere is equal to G$m7(o—1)/7? = — 
=Gén(o-1)7; this attraction acts = — = 
along the line BC. Let BR denote oe arab, hee 
the resultant attraction at B; the pf ailidid! due to gravitational 
surface at B must be perpendicular attraction of.a massive submerged 


to BR, as otherwise there would be SS 


a tangential force acting along the 

surface of the water, and the surface would not be in equilibrium. 
Produce BR to cut AK in K; then K is the centre of curvature, and 
BK is the radius of curvature, of the water just above the sphere. Let 
BK = R’, and let the resultant force BR be denoted by F. Then, 
resolving F and its components perpendicular to AK, we have— 


nes 4 aha 

FR = $GmpR R + £Gr(o-1)r = 

Die Hee a a ene 
R 


F and its components are all very nearly parallel to AK, since « = AB 
is supposed to be small in comparison with the radius of the solid 


sphere. Thus— 
P= 4GripR+(¢=—1)r} = .-% «-.. (2) 
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Dividing (1) by (2), and neglecting the small quantity (7 - 1)7 in com- 
parison with the much larger quantity pR, we have— 


tynbe (1+) 
Rak a 


This equation determines the value of R’, the radius of curvature of the 
water surface just above the sphere. When the sphere has a density 
o=21'5 gm./(cm.)?, we have— 


b= R(i+ 205) _ 4 283 


RMR 5°53 / EROS 530 
F R 
Rk’ = —. 
4°71 


(8) See p. 210. 

(9) The following definitions must be remembered. The angle of a 
cone is the angle that a generating line (p. 138) makes with the axis. 
Let a sphere be described with the vertex of the cone as centre ; the 
area cut off from this sphere by the cone, divided by the square of the 
radius of the sphere, is a constant called the solid angle of the cone. 

Cali the chosen point P, and draw a perpendicular PO from P to the 
plane. About PO as axis, describe two cones with slightly different 
angles @ and (6+); these cones cut off an annular strip of area a from 
the plane lamina. The gravitational attraction exerted at P by the 
annular strip will be perpendicular to the plane lamina; for equal 
elements at opposite ends of a diameter of the annulus exert forces 
whose components parallel to the lamina are equal and opposite. Let + 
denote distance from strip to P; then resultant attraction at P due 
to strip = (Gma/7*)cos@. Now acos6/72= the difference between 
the solid angles of the two cones. Let the solid angles of the 
cones be equal to wg, and w,; then resultant attraction at P due to 
annular strip = G772(w, —w,). 

Describe cones with solid angles w,, ,, Wo) . . » @n, where w, approxi- 
mates to zero, and w, = 27, the solid angle subtended by a hemisphere 
at its centre. Then, summing the attractions exerted at P by the 
annular strips into which the plane lamina is divided, the resultant 
attraction is found to be equal to 2rGvz. 


CHAPTER VII 


(1) 4 = 3'°5 x10 c.g.s. units, ¢ = 0°167. 
(2) 2 = 5°37 x 10!° poundals per sq. ft., or 1°I16x 107 pounds per 
sq. in. 
& = 1'00x 101! poundals per sq. ft., or 2°16x107 pounds per 
sq. in. 
(3) A uniform dilatational strain A is equivalent to an elongation A/3 
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parallel to each of the axes. A shear 6, in the plane «, , is equivalent 
to an elongation @,/2 parallel to x, and a linear compression 6,/2 
parallel to y. A shear @, in the plane x, z, is equivalent to an 


oo 9,/2 parallel to z and a linear compression @,/2 parallel to x. 
en— 


ARM Be 
Be ee) 
arama) 
Ae é 
A 6, 
6==+ 
ZY 
ath+c=A. 
Ce A . pa 
Se ae 6 = { (2/3)(a+5+0)—20}. 
() A 
ae oe ote @ = - { (2/3) (a+5-+c)- 2c}. 


(4) Dilatational strain = I x 10%, 

This strain could be produced by tensile stresses, each equal to 
15 x 10! x 1 x 10-3 = 1°5 x 109 dyne/(cm.), parallel respectively to the 
axes of x, y, and z. 

Shear 6, in plane x, y, = 2°67x 104. This shear could be produced 
by a tensile stress parallel to x, equal to 8x10! x2°67~x 10-4 
= 2°14 x 108 dyne/(cm.)?, and an equal compressive stress parallel to y. 

Shear 6, in plane x, 3,= — 3°33 10-*. This shear could be produced 
by a tensile stress parallel to x, equal to 8 x 10! x 3°33 x 10'=2°66 x 108 
dyne/(cm.)*, and an equal compressive stress parallel to z. 

Resultant tensile stress parallel to x = (15 + 2°14 +2°66) x 108 

= 1°98 x 10° dyne/(cm.)”. 
Resultant tensile stress parallel to y = (15 — 2°14) x 108% 

= 1°29 x 10° dyne/(cm.)?. 
Resultant tensile stress parallel to z = (15 — 2°66) x 10° 

= 1°23 x 10° dyne/(cm.)?. 
(5) In the answer to question (3), let d= 0, andec=o0, Then— 


IN SG 
4 = (2/3)a. 
0, = — (2/32. 


To produce dilatational strain A, a tensile stress parallel to x and 
equal to A = ka is needed. To produce each of the shears 6, and 6, 
a tensile stress parallel to x equal to (2/3)za is needed. Thus— 

fi = hat §na, 


fh 
= k+4n. 
5 +37 


and 
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The value of 4/a is the modulus of longitudinal elasticity when the con- 
ditions are such that no lateral contraction or expansion can occur. 
(6) 4°8 x 108 dynes per sq. cm., or half a ton per sq. cm. (nearly). 
(7) rast aie, = OES at 
(8) (1-0'0078) N 
= of tube Resale, I ‘ 
(9) Sag of rod ~~ R#-74 | ‘ou (4) 


(10) Spring must be lengthened to (721/720)? of its original length. 


CHAPTER VIII 
(1) Treating the scale as a cantilever, force per unit displacement of 


a a (p. 258), and K = éd?/12, where 6 is the breadth, and 


d the aes of the scale. Therefore (p. 94), if mass of heavy 
body = M,— 


free end = 


2 4M/3 
Deena 
(2) Treating the scale as a twisted strip, torque per unit twist 


= nbd®/3/ (p. 276). Thus (p. 108) if I denotes the moment of inertia 
of the heavy body— 


(4) 104 dyne-centimetres. 

(5) Let the rod be divided in Paste ie arn into very short elements of 
length. When the stress f, is applied to one end of the rod, the effect 
is to compress the first element of the rod until its strain is equal to 
A/E, where E is the elastic modulus (Young’s modulus, if the rod can 
expand laterally; (£+4) if the rod is prevented from expanding 
laterally, p. 605). The first element then transmits the stress 4, to the 
next element, which becomes compressed in its turn ; and so the strain 


Qo = Vf 


ccc an — 


Fic. SP i strain transmitted along rod. 


travels along the rod. After an element has been compressed, it moves 
forward with uniform velocity, since its front and rear surfaces are acted 
on by equal and opposite forces. In ¢ sec. let the strain reach the 
point B (Fig. 273), where AB = V¢. The longitudinal compression 
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of the portion AB of the rod is equal to V¢x/,/E ; thus the end A has 
moved towards C through the distance V¢x//E, and therefore each 
element between A and B is moving forward with the uniform velocity 
VA/E. 

Let @ = cross-sectional area of rod, and let fa@=F. During 
time ¢, work done by applied force F is equal to Fx V/F/aE. If the 
portion AB of the rod were brought to rest, and then allowed to 
expand to its original length, the energy given up during the-expansion 
would be equal to $ V/F?/aE, for meanwhile the stress would fall off 
uniformly from f, to zero. Thus, the potential energy stored in the 
compressed portion AB of the rod is equal to half the work done by 
the applied force . Therefore, the remaining half of the work done 
by the applied force has been converted into kinetic energy, and the 
total energy of the compressed portion is equally divided between 
the potential and kinetic types. 

Mass of portion AB = Véap, where p = density of rod. Kinetic 
energy of portion AB = (1/2) Véap x (VF/aE)?. 

(1/2) Véap x (VF /aE)? = (1/2) V¢F2/aE, 
V?p/E =e 
and V = ,/(E/p). 

(6) Let rod be divided in imagination into elements, as described in 
answer to previous question, Let AC (Fig. 273) represent the rod, and 
suppose that a torque t is applied to end A. The first element is 
strained until its restoring torque is equal to r, and then this element 
rotates with uniform angular velocity while the other elements are strained 
in turn. When the torsional strain has travelled to B, where AB= V2, 
the end A has rotated through an angle (7 x 2V¢/zm7r*) (p. 237), and work 
done by torque = 7? x 2V¢/2mr4 (p. 41). Half of this work has been 
converted into the potential energy of the strained portion AB, 
(compare answer to question 5), and therefore the kinetic energy of the 
portion AB is equal to r?V¢/2m74. The portion AB is rotating with 
angular velocity 27rV/zmr4, and the moment of inertia of AB = 
pVinr? . 72/2. Thus, kinetic energy of AB= 1/2 (pV¢w74/2) (27 V/20074)?. 


(1/2) (pVén74/2) (27 V/nmA?? = 2°Ve/2074, hf 


nee = ih 


and V = ,/(z/p). 

(7) Let ABC (Fig. 274) represent the rod, bent so that its neutral 
axis assumes the form of a sinusoidal curve, by opposite collinear forces, 
each equal to F, applied to its ends. The restoring torque called into 
play at the section P is equal (p. 247) to EK/R=EK x (27/a)?PQ. 
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The force F at C exerts a torque equal to Fx PQ at P. Therefore, for 
equilibrium— 

Fx PQ = EK(22/a)?PQ, 

F = EK(2z/a)? = EK(x/Z). 


F:c 274.—Rod bent by collinear forces applied to its ends. 


(8) Let Fig. 275 represent a flexural wave travelling with velocity V 
from left to right along the rod. The neutral axis of the rod is bent 
into a number of loops of a sine curve. Impress a velocity equal to V 
on the whole of the rod, in the direction from right to left ; the waves 
now become stationary in space, and the rod moves past them. The 
portion of the rod which 
at any instant forms a 
loop of the curve, such , 
as ABC, needs equal and 
opposite forces, parallel to 
the axis XX’, applied to 
its ends; each of these 
forces is numerically equal 
to EK (22/A)? (see answer 
to question 7). 

Through A and C draw imaginary planes perpendicular to XX’; then, 
if 7 denotes the mass per unit length of the rod, the mass that crosses 
the plane through C in a second, moving from right to left with the 
velocity V, is equal to mV; and the space to the left of the plane 
through C is gaining momentum at the rate of V2 units per second. 
This is equivalent to a force equal to »V? acting from right to left on 
the part of the rod to the left of C ; and the reaction on the part of the 
rod-to the right of C is equivalent to a force mV? acting from left to 
right. Similarly, a force equal to V? acts on the part of the rod to 
the right of A. Then, for the equilibrium of the part ABC— 


EN (=) 
A 


Voce 
' x mt 
Let the cross-sectional area of the rod = a; then m = ap, where pis 


the density of the rod. Also, let K = af, where & denotes the radius 


Fic. 275.—Flexural wave travelling along a rod. 


? 
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of gyration (p. 58) of the cross-section of the rod about its line of inter- 
section with the neutral surface. Then— 


Vet 
A p 


(9) Pressure = apx, where p = density of rod, 

(10) Let ABC (Fig. 276) represent a transverse disturbance travelling 
with the velocity V from 
left to right along the 
cord. Impress on the 
whole of the cord a 
velocity V from right to 
left; the disturbance now 
remains stationary in 
space, and the cord 
travels past it. Let DBE 
be a short element of the Fic. 276,—Transverse disturbance travelling along 
cord, of length /, passing a stretched cord. 
the crest of the disturb- 
ance. Complete the circle of which DBE forms a part; then 
the centre K of this circle is the centre of curvature of the curve at 
B. Let BK=R. If denotes the mass per unit length of the cord, 
the element DBE must be urged towards K with a force equal to 
mlV?/R (p. 26). 

Join KE and KD, and through E and D draw lines perpendicular to 
KE and KD, and let these lines meet at O. Along OE produced, 
mark off a length OP equal to the tension fof the cord ; and mark off 
an equal length OQ from OD produced. The effective force acting on 
the element DBE is the resultant of the two forces OP and OQ acting 
normally across the ends of the element; the resultant OF is the 
diagonal of the parallelogram of which OP and OQ form conterminous 
sides. If the element DBE is very short, the length of a straight line 
drawn from D to E will be equal to 7; the triangles DEK and OFP 
will be similar, so that— 


OF/OP = DE/EK. 


OH = 77). 

Thus— m1V?/R Sy AMR 
“9 ye. 
and V= Js 


The saine result may be obtained more quickly by applying the 
principle explained in the answer to question 8. The transfer of 
momentum past the points E and D produces opposite compressive 

RR 
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forces, each equal to #V*, acting on the ends of the element DBE. 
These compressive forces must be equal to the tensions acting across the 
ends of the elements, and therefore #V? =f. 


CHAPTER IX 

(1) 2°64 cm. 

(2) o'0195° C. 

(3) 544 ergs per sq. cm. 

{5) 1°14 x 108 dyne/(cm)?. 

(6) 0°066 cm. 

(7) 1°88 x 10° ergs. 

(8) Let Q = total charge of bubble. Then outward pull normal to 
each sq. cm. of the surface = 24(Q/4m77)? = (1/82) V*(1/r)”. 


tat 48 
a Aw hy 
(9) 100°16°C. (nearly). 
CHAPTER X ~ 


(1) 180 dyne/(cm.)?. 

(2) Radius of cylindrical bubble must be half that of spherical 
bubble. 

(3) Thickness @ of disc of mercury = 1/(13'64 x 25) = 9°4 x 10-4 cm. 
Radius of curvature R of a vertical section, through middle of disc of 
mercury, is given by equation— 

2R sin (140° — 90°) = 9°4 x 1074, 
Req Oetsx< 10s scm. 

Excess of pressure inside mercury = 7°3 x 10° dyne/(cm.)?. 

Force exerted on upper glass plate =5°75x 107 dynes, or 
5°85 x 104 gm. (130 lbs. nearly). 

(5) 4°12 x 107 dynes. 

(6) Draw a horizontal line to represent the level of the plane part of 
the surface of the drop. Calculate the thickness H of the drop (p. 309), 
and draw another line to represent the horizontal surface of the solid on 
which the drop rests (Fig. 277). Let the surface of the water leave the 
solid at A. The radius of curvature R of the surface of the liquid 
where it leaves the solid is given by the equation— 

S/R = goH. 

From A measure a distance R vertically upwards, and with the 
point so chosen describe a small circular arc of radius R, to represent 
the lowest arc of the profile. The remaining arcs of the profile are 
drawn in the manner indicated in Fig. 277, the radius of curvature 
of each arc being calculated from the mean depth of the are beneath 
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the horizontal free surface of the liquid. Fig. 277 is drawn to scale for 
water, density = 1 gm./(cm.)’, and S = 70 dyne/cm. 

(7) The section of the surface is drawn in the manner indicated in the 
answer to question 6. When the water wets the plate, the section of 


Distance beneath surface (cm.). 


fap 


O'S 


BEE, eee 
W WVHJGeqeqeqcCquceqoqcCCCT eC CU CCTCZTCCCHC/ 


Shh \ 
ue), 


Fic. 277.—Profile of a drop of water resting on a plane surface which 
it does not wet. 


the surface is found by inverting the part BC of Fig. 277, the liquid 
being on the convex side of the curve. When the liquid does not wet 
the plate, the section of the surface is similar to the part BC of Fig. 277. 
(9) Let Fig. 278 represent a transverse section of a needle, of radius 7, 
floating on water. Let the surface. of the water leave the needle 
tangentially at B, where 
the radius CB of the 
needle makes an angle @ 
with the vertical. Let 
the point B be at a 
distance % below the flat 
surface of the water. 
The upwardly directed 
force acting on unit Fic. 278.—Needle floating on water. 
length of needle due to 
the surface tension of the water, is equal to 2S sin 6. If the portion 
of the needle below the horizontal plane AB were removed, the 
hydrostatic pressure of the water would exert an upward force equal 


RR 2 
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to gph x2rsin@ per unit length of the needle; p denotes the density 
of the water. The additional upward force due to the portion of the — 
needle below AB is equal to the weight of the water displaced by this 
portion of the needle; that is, to {729 — (7? sin 26)/2}ep. The down- 
ward pull of gravity on unit length of the needle is equal to enrs, 
where 8 denotes the density of the needle. Thus— 


oye 
3 = 2° ep = gnrd, 


2S sin 0+ 2¢phr sin @ + {9 - 


For the liquid FB to be in equilibrium— 
S(1—cos 0) = 4gph? (see p. 307), 
Ss . 
sp 
Substitute this value of / in the first equation ; on giving their numerical 
values to the various constants, and simplifying, we obtain the equation— 


ate 
A= 2sin-— 
2 


: F sG : 
7*(24°2 + 0'5 sin 20 — @) — 27 x 0534 sin @ sin = 0°1426 sin @. 


This is a quadratic in 7; solving it, and effecting a slight simplification, 
we obtain the value of ~ in the form— 
sin @ sin (6/2) 
ae 45°2+0932sin 20 — 1°868 


Us 0'267 sin@ F ( sin @ sin (6/2) by 
- 45°2+0'932sin 26 — 1°860 45°2+0°932sin20-1°866/) 


Fig. 279 shows the values of r for values of @ lying between 0° and-120”, . 
It will be noticed that the maximum value of 7 corresponds to @=100’, 
and is equal to 0'0995 
cm., or roughly, I mm. 
Thus the diameter of 
the largest needle that 
can float on water is 
equal to 2 mm. very 
nearly. The position 
of the needle, relatively 
to the surface, is shown 
in Fig. 280, which is 
o-oo TH Hi 3 a jot drawn to scale. The 
8 (degrees) section of the water 
surface is merely a part 
ot the profile repre- 
sented in Fig 277. 
If a steel needle 1-7 mm. in diameter be heated and coated thinly 
with paraffin wax, and dropped into some lycopodium powder before 


Fic. 279.—Graph exhibiting relation between ~ and @. 
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the wax has solidified, this needle can be floated on water by placing it 
on a piece of blotting paper and then floating this on water (see p. 300). 
(10) In this case, a glance at Fig. 279 shows that @ must be small. 
Substituting @ for sin @, etc,, in the original equation, and discarding 
terms involving 6”, we find that— 
(0°02)? (24°2+ 6 — @) = 0'1426 8, 
6 = 0'068 radian = 3°8° 


h=8 eine = 0'068 x 0°267 = 0°0183 cm. 
p 


(11) Mass of drop =225, 


where S = surface tension of water, and R = radius of sphere. 
(12) Decrease in surface energy = 84vE,5, where E, denotes the 
energy per unit area of the surface (p. 295). The thermal energy 


Fic. 280.—Needle floating on the surface of water. 


needed to evaporate a layer of thickness 5 is equal to 4m7*pL3, where 
L denotes the latent heat of vaporisation. For the layer to evaporate 
without the supply of heat from external sources— 

8nvE\5> 477°p Li], 


(13) Radius ~ of largest drop of water that could evaporate at 0° C. 
without heat being supplied to it, is given by the equation 
a iG 
” = 1x 606 x 42 x 107 


== 9°21 4cm, 
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CHAPTER XI 


(1) No. The attraction of gravity acts on each particle of matter 
directly ; the forces which produce the acceleration dealt with on 
p. 369, act on the walls of the tube, and are transmitted by these to the 
enclosed liquid. 

(5) Let B = difference of velocity-potential between any two neigh- 
bouring equipotential surfaces. Let a = distance between two neigh- 
bouring equipotential surfaces, and V = velocity of liquid between 
these surfaces. Then V@=B. Also, if a = sectional area of tube of 
flow, Va = A, where A is a constant. Therefore V7ad= AB. The 
kinetic energy of the liquid enclosed by the tube of flow and the two 
equipotential surfaces, is equal to (1/2)pad. V? = (1/2)pAB, which is 
constant throughout the liquid, since p is constant. 

(6) See p. 425. 

(7) Let A and B (Fig. 281) represent the cross-sections of the vortex 
filaments. Let C be a point at the distance d from A; and with C 


mH 


A 


Gita — rg ge peeceess ae | 


Ss ee! 


Fic. 281.—Line of flow due to two equal but dissimilar vortex filaments. 


as centre, let a circle of radius R be described. In order that this 
circle may be a line of flow, there must be no component velocity 
perpendicular to any element of the circle. Thus, at the point D the 
component velocity parallel to the radius DC must be equal to zero. 
Lett AD=7,, BD=7 Let zADB=y, zADC = g, and 
4DCA =x. Then, the velocity at D due to the vortex filament at A 
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is equal to m/2m7 (p. 395), and its direction is perpendicular to AD ; 
the component of this velocity, parallel to DC, is. equal to 
(m/2mr,) sing. The component velocity parallel to DC, due to the 
other filament, is equal to (m/27r,)sin(@+w). Thus— 

Ls SHAG 

oe sing = Ps sin (p+y). 
Now alr, = sin ¢/sin x 

(Z+ 6)/7 = sin (p+ )/sin x, 


mad m(ad+)\ . -_ 
( Fike 8 ) sin e108 
Since x may have any value, it follows that— 
d _ (d+) 
Also, 7,2 = R?+d?—2Rdcos x, 
and ro? = R°+(d+6)?-2R(d+b) cos x, 


a(R?+4+ (d+ 6)? — 2R(d+4)cos x) = (d+ 6) (R2+d? — 2Rd cos x), 
bR? - bd(d+b) =0, 
and R? = d(d+?). 
(9) Let a source of strength (+ g) be situated at A (Fig. 282), while 
a sink of strength (— g) is situated at B. Let it be supposed that A and 


Fic. 282.—Velocity of flow due to a doublet. 


B are in reality at an infinitesimal distance apart. From a point P in 
the surrounding fluid, draw PC to the point midway between A and B, 
and let PC = 7, while 2 PCA =. With P as centre, describe the 
circular arc AD ; this will approximate to a straight line perpendicular 
to PB, when the distance AB is infinitesimally small. 

To determine the component velocity at P, in a direction parallel 
to PC, let a source of strength (+ g) be superimposed on a sink of 
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strength (- g) at the point D. Then the source (+ ¢) at A, together 
with the sink (— g) at D, produce no appreciable velocity at P, parallel 
to PC. The component velocity at P, parallel to PC, is due to the 
source (+g) at D, combined with the sink (— ¢) at B. With P as 
centre, and radius PC = 7, describe the circular arc CE. Then, if 
AB =/, it follows that BE = ED = (/cos @)/2. Thus (Fig. 282, a), 
the velocity at P due to (+ g) at D and (— g) at B is equal to— 


q ts g 2g/r cos 8 
rit (- _ ¢cos “ oe (- en Zcos *) i, - {2 i Gan 
2 2 2 
; __ 25co0s 8 
~ garpr3? 


when s is written for g/, and 7 is so small that (/cos 6/2)? can be 
neglected in comparison with 7”. 

To determine the component velocity at P, in a direction per- 
pendicular to PC, notice that the source (+ ¢) at D and the sink (-— ¢) 
at B produce no appreciable velocity perpendicular to PC; therefore 
we must determine the resultant velocity V at P due to (+ ¢) at A and 
(-g) at D. For this purpose we may take QA=QD =, (Fig. 282, 0); 
and the required velocity, V, is the resultant of the velocity (¢/4mp7*) 
along AP produced, and the equal velocity along PD. Then— 


y / g__AD 
Ampr? 7” 
AD ssini@ 
d Bap eee 
pe 4mpr> 4p 


(10) The flow is obviously perpendicular to the linear source; if 
we describe a cylinder of radius 7 coaxial with the source, the mass of 


fluid g, generated by unit length of the source will pass normally 
through unit length of the cylindrical surface. 


Thus— gy = 2rrpv. 

(11) The answer to this question is obtained by a_ procedure 
essentially similar to that employed in answer to question 9, taking 
account of the result obtained in answer to question Io. 


CHAPTER XII 
(1) Let @ = inclination of tube to horizontal. Then— 
tand= — ‘ 


(2) During a second, a mass paV of liquid loses its velocity normal 
to the surface. Therefore, rate of change of momentum = paV2. 
This result gives the force exerted on that part of the plane, between 
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the point cut by the axis of the jet, and a concentric circle drawn 
through the points at which the normal velocity of the jet has just 
disappeared ; it does not give the pressure (force per unit area) on 


the plane. 
(3) Force / exerted across orifice of nozzle = paV?._ Also, V? = 2¢h, 


where % is the height above the orifice of the free surface of the liquid 
contained in the tank. Therefore, f= ax 2gph. 

(4) Velocity of escaping kerosene = 2°41 x 108 cm./sec, 

(5) Impress a velocity (— V) on the locomotive and the water in the 
reservoir ; then the water in the reservoir flows with velocity V up to 
the orifice of the horizontal portion of the pipe. Describe a tube of flow 
extending up to the orifice of the pipe, and along the pipe to the interior 
of the tank where the water is flowing with a velocity v, Let A be the 
sectional area of the tube of flow in the reservoir where the velocity is 
equal to V, and let @ be the cross-sectional area of the pipe where the 
water enters the tank with velocity v; then, if P = the atmospheric 
pressure, both above the reservoir and in the tank— 

va(P +4pv?) - VA(P+4pV?) = — pua. gh, 
sh Gre NE Sag 

(6) In this case V = 58:7 ft./sec. The virtual height 4 of the delivery 
pipe = (4/3) x8 = 10°7 ft. Then— 

D = /1(58"7)? —2 x 32°2'x 10°7} = 52'5 ft. /sec. 
Required time = 43°7 sec. 

(7) In question 5, let 4 be such a height thatv = 0. Then— 

v2 
Fae! 

(8) Assume constricted pipe to be horizontal. Then, pressure in 
constriction = 8°8 cm. of mercury. Water would boil under this 
pressure at a temperature of 49't°C. This temperature should be 
substituted for 21°5° in question. Water at 21°5° C. would boil in the 
constriction if it entered the pipe under a head of 11 ft. 

(10) Water enters and leaves the pipe at atmospheric pressure, and 
loses gravitational energy in flowing through the pipe. Hence, the 
‘velocity of the water must increase as it traverses the pipe, and this 
would be impossible if the water filled the pipe at all levels. 


CHAPTER XIII 


(1) Force per unit area of the spherical boundary of the source 
= P+9?/32px7s4, where P = statical pressure at a great distance from 


the source. 
(2) Dynamical pressure on boundary of a spherical source of radius 
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r = g*/32pr°x4, The force per unit area on the surface of a sphere 
charged with s electrostatic units of electricity per unit area 
= 20s? = g"/8nrt, if the total charge on the sphere is equal to g. 
Therefore the force acting across the transverse section of a tube of 
flow = 1/4mp x the force acting across the transverse section of a 
similar electric tube of force. Let the number of tubes of force 
leaving a charge g be equal to the number of tubes of flow leaving a 
source of strength g. Then, from the similarity between tubes of force 
and tubes of flow (p. 423), it follows that the attraction of two sources 
of strength g, and gj, when placed at a distance d@ apart, is equal to— 

172 

4mpa” 


since the repulsion of two electric charges, equal respectively to g, 
and gq» electrostatic units, placed at a distance @ apart, is equal to 
1192/4”. 

(3) Maximum outward velocity of a point on the surface of either 
body = (27a/T) (p. 86). When either spherical body is expanding 
with maximum velocity, the flow of fluid away from it is equal to that 
due to a point source of strength g = 4mp7*(2ma/T). Therefore, 
maximum attraction of the pulsating bodies 

= g*/4mpd? = 169° prta?/T2d?. 

(4) Let any system of tubes of flow, which gives the correct flow normal 
to the boundary, be denoted by A. If there be another system of 
tubes of flow due to the same sources and sinks, which will also produce 
the correct flow normal to the boundary, let this be denoted by B. 
Reverse the flow B and superimpose it on A. There is now no flow 
normal to the boundaries, and the sources and sinks are all 
annihilated. Thus, if there are any resultant tubes of flow in the fluid, 
they must be closed ; for they cannot cross the external boundaries of 
the fluid, and they cannot start or end within the fluid. But closed 
tubes of flow would possess a definite curl, and this would imply that 
vortex filaments had been created by superimposing a flow due entirely 
to sources and sinks on another similar flow, and this’is impossible. 

(5) The boundary conditions are, that there can be no flow normal to 
the plane. In Fig. 182 (p. 385), describe a plane, perpendicular to the 
straight line joining the two sources and to the plane of the paper, 
through the point midway between the sources. There will be no flow 
normal to this plane, and therefore we may suppose the plane to 
become a rigid sheet, without altering the flow on either side of it. 
Subsequently, the fluid may be removed from one side of the sheet 
without altering the flow on the other side. We now have obtained 
a system of tubes of flow due to a source placed at a definite distance 
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from a rigid plane; and since this system satisfies the boundary 
conditions, it is the only possible system of tubes of flow (see answer to 
question 4). Thus, the force f exerted on a source g placed at a 
distance d from the plane boundary of the fluid, has the same value as 
the force exerted by a source g on another equal source placed at a 


distance 2d; that is— 
2 


S= cae (see answer to question 2). 

(6) Let APB (Fig. 283) represent a diametral section of the sphere, 
moving from left to right in the direction of the diameter AB with the 
velocity V. Draw a radius PC making an 
angle @ with AB. Then the small element 
of area immediately surrounding P is p 
moving with the velocity V parallel to AB ; 
and the component velocity, normal to the 
area of the element, is equal to Vcos 8. 

Hence, the fluid near to P, and just outside A B 
the sphere, must possess a component 

velocity V cos @ perpendicular to the 

element of area immediately surrounding P. 

Since the spherical surface is the only yg. 283.— Sphere moving 
boundary of the fluid, it follows that we through an incompressible 
know the component velocity of the fluid pee Bek. 

normal to the boundary. 

Let the sphere be removed, and let a doublet of strength s (p. 398) be 
placed at the position previously occupied by the centre C of the sphere. 
Let the axis of the doublet lie along AB, with the souyce on the right- 
hand side; then, at P the component velocity parallel to CP is equal to 
2s cos 6/4mpR3, if CP = R (p. 616). The flow due to this doublet will 
satisfy the boundary conditions due to the motion of the sphere with 
velocity V, if— 

25 
ane V. 
Hence, s = 27pR°V, and the instantaneous flow in the space outside the 
moving sphere is identical (p. 618) with that which would be produced 
if the sphere were removed, and a doublet of strength s were placed at 
the position previously occupied by the centre of the sphere. The lines 
of flow are represented in Fig. 284. 

(7) In order to solve this problem, we must determine the total 
kinetic energy of the fluid set in motion by the sphere. Let an 
imaginary sphere MNO (Fig. 285) be described concentrically with the 
moving sphere APB. Then, if the radius, NC = 7, makes an angle @ 
with the direction of motion CB of the sphere APB, it follows that the 
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Ee 


velocity v of the fluid at N has the component 2s cos 6/4mp7* parallel to 

CN, and the component ssin @/4xp:* perpendicular to CN (p. 616). 
Thus— v? = {(25 cos 6)? + (ssin @)*}/(4mp)?7* 

Ra 

~~ (4mp)*7 

The particles of fluid, at a common distance 7 from C, together 

possess an amount of kinetic energy equal to the product of half their 

combined mass and the average value of v% The only variable part of 


(1+3 cos 76). 


Fic. 284.—Lines of flow in an incompressible perfect fluid, due to the motion 
of asphere. (To obtain the tubes of flow, rotate the diagram about the 
straight line extending from left to right.) 


v is cos 6; thus, we must determine the average value of cos 6 for 
equidistant points distributed over the surface of the sphere MNO. 
This average value is wot equal to the average value of cos 26 for 
equidistant points distributed around a circle (p. 53). - 

Describe a sphere concentric with MNO and of slightly greater radius. 
This sphere, together with MNO, cut off a spherical shell of the fluid. 
Let MCO be the diameter of the inner sphere, coinciding with the direc- 
tion of motion of APB. Divide the straight line MO into a large 
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number of equal parts, and through the points of division draw planes 
perpendicular to MO. These planes divide the spherical surface MNO 
into annular strips with 


eee red equal areas (p. 541), and 
EEN ee Te they divide the spherical 
Beles ; hun mes, shell of fluid into rings 

7 1 Zia . 
VAR atlbri iBowtny ld at Gye he Nise with equal masses. Let 
ft, y Aout! Ui th ; yf } ‘YN N be a point at the middle 
es, H ‘ : y : ean \\ of one of the annular 
oh aaah, Bi wae it strips into which MNO 

S \ ss 
tL) eee ae ; p— Ki 1 Or, has been divided, and from 
Na Steen AN {eae 1} N drop the perpendicular 
omaeoatere  saeetess) NK von to. MO. Let 
Maar sdi ntl Seca ys jo) CK = w! Tf ¢ NCO ='8, 
' . 

w\ : Bt By ; ace ji cos 26 = (7? cos 26/72) = 
Ne ‘ : ; ' H vi" x2/r2; and since the 
SO ' ' 1 ' ' ge ‘ , . 

AS : 1 ' ee various rings of fluid are 
Se Hi eae all equal in mass, the 
pd ABE 


eee average value of <x«?/7? 

Fic. 285.—Kinetic energy of an incompressible for the equal elements 
perfect fluid through which a sphere is H : 
moving. of the radius CO will 


give the average value of 
cos 7@ for all the particles of fluid comprised in the spherical shell of 


9 


: ars IT ae Ge 

fluid. Now, the average value of x?/7* is equal to a S 2? where zz 
denotes the number of elements in the radius CO, and x is the distance 
from C to the centre of an element. Multiply and divide this sum by 


CO =r. Then the required average value = < Ss = and 7/7 is equal 


to the length of any one of the 7 equal elements of the radius CO. Let 
the points of division of CO be at distances x,, xy, %), » . . %» from C. 
Then for the element lying between the points x, and 2, x? (which is 
intermediate in value between x? and x,?) can be written in the form 
(x2 +.©,% + «y")/3 (p 48), and the values of x* for the other elements 
can be written in a similar form. 


AICO ET fh Xa, — A = Sin) 2 hus 
r a. Tas, (x12 +440, +4,2) 
—->5 = 5) (4. -+,.) ———— +... 
n ps ) Pp U 1 i) 3 \ 
I ; \ 
- sal Gt 22) AEG Seep ee cage (Ur ~¥n-1°) 
I A 
= —. (4,°—24,*) = 4, Since +, =0-ahd x,.=~+7, 


378 
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Thus, the average value of cos 26 for all particles of fluid comprised in 
the spherical shell of fluid, is equal to 1/3, and the average value of 
v* for these particles is equal to— 
ge ease 
(amp) c f (3 : i) ~ (gmpPe 

Now let the fluid surrounding APB be divided into spherical shells by 
means of concentric spheres of radii 7,, 7, 7%) +» + %m where 7, is 
equal to the radius R of the moving sphere, and 7» is infinitely great. 
The mass 7, of the spherical shell of fluid bounded by the spheres of 
radii 7, and ”, is equal to (4/3)mp(“,3-7,3). The kinetic energy of the 
shell of fluid is equal to— 

ae 

am (ampy'e” 

and we may write 7* = 7,°7.3 (compare p. 193). Thus, the kinetic 
energy of the shell of fluid is equal to— 


4p ; 252 s2 I I 
4. — (73-73 ey ee Se ee 
wh @ € ) ** (qmp)*rer2 — 3(amp) e 7) 


Writing down the values of the kinetic energy for the other shells, and 
summing the results, we find that the total kinetic energy of the fluid 
surrounding the moving sphere APB is equal to— 


2 {(G-a)+G 5 - my 
3(4mp) \ he iE u re rs a 6 CG pita 


$2 I 


From p. 619, 

5 = 2rpR°Ve 

Thus, the total kinetic energy of the fluid is equal to 

(2mpR*V)? 

3(4mp)R® 
and this is equal to one half of the kinetic energy of the mass (4/3)mpR® 
of fluid that would fill the space occupied by the sphere, if this mass were 
moving with a uniform velocity V. Thus, the effect of the surrounding 
fluid is to increase the inertia of the moving sphere by an amount equal 
to one half of the mass of fluid that is displaced by the sphere (see 
ph ZO 

(8) This problem is solved by a method essentially similar to that 
employed in solving question 7. The following are the results of the 
various stages of the investigation. The instantaneous velocity of the 
fluid is the same as if the moving rod were replaced by a linear doublet 
(p. 398) of strength s,; = 2mpR*V, where R is the radius of the rod. 
The mutually perpendicular components of the velocity, at a distance ~ 
from the axis of the rod, are equal to s, cos @/2mp7? and s, sin 6/2mp7 


=4(§mpR’) V’, 


— — <r dain 
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(p. 398), and the resultant value of the square of the velocity is equal to 
5;"/(2mpr*)?.. The kinetic energy of the fluid bounded by two planes 
perpendicular to the rod and at unit distance apart, is equal to— 


2 
FL ry Gat — po 31 
 ™p (71° —7,") (2mpPrer2 
I I I I 
= +. a AGE =a hoe ees = =) Sem Bd ee a) =)} 


ye aie ner = 

= 4%. mpR°V?, 
which is equal to the kinetic energy of the mass of fluid displaced by 
unit length of the rod, if it were moving with the velocity V. 

(9) The cross-section of the internal surface of the cylindrical vessel 
must be a line of flow. If the vessel were removed, and an equal 
vortex filament of opposite sign were placed in the straight line passing 
through the centre of the cylinder and the filament, and at a distance 4 
from the latter, we should obtain a similar line of flow if R? = a(d+ 4) 
(p. 398), and the lines of flow within the cylindrical space would be 
identical in both cases. Thus, the instantaneous velocity of the vortex 
filament is the same as if it were placed at a distance 6 = (R?-a?)/d 
from an equal filament of opposite sign, in an infinite ocean of fluid. 
For the rest, see p. 430. 

(10) If a plane be drawn perpendicular to the paper through the 
straight line extending from the top to the bottom of Fig. 205 (p. 430), 
the plane may be supposed to be converted into a rigid sheet without 
altering the flow on either side of it. The motion of the filament on 
one side of the sheet will be the same as before the sheet was introduced. 
(Compare p. 618). 

(11) This is a problem on the escape of a compressed gas from a 
small aperture in its containing vessel. If the channel through which 
the gas escapes is short, the effects of viscosity may be neglected, and the 
results of the investigation on pp. 437-447 may be used. The pressure 
at the orifice is equal to one-half of the pressure within the containing 
vessel, to a sufficient degree of approximation. The velocity V of 
escape, given by equation (2) (p. 440), is equal to— 

SES 


2y pi een 
\ erat os) * 


Also, N vs is equal to the velocity of sound in the interior of the 


containing each at the average room temperature, this is equal to 
340 metres per sec. Substituting y = 1°41, the velocity of escape at 
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the orifice is found to be equal to 0°95 times the velocity of sound under 
the conditions pertaining to the interior of the vessel. The density of 
the escaping gas is equal to— 
Ir 
x (0°5)” = 0°61p,. 
If a denotes the area of the aperture through which the gas escapes, 
the mass of gas that escapes per second is equal to 
ax0'6Ip, XO ‘95% velocity of sound. 

Thus, the mass that escapes in a given time is proportional to the 
density of the gas within the vessel, and therefore to the pressure of the 
gas within the vessel. 

Let M = mass of air contained by air tube at atmospheric pressure. 

Then, PM = mass of air contained by air tube at P atmospheres 
pressure. 

Let pressure in air tube when gas commences to escape = P, 
atmospheres, 

Let #2 = mass of gas expelled per unit time when the intcrnal 
pressure = P, atmospheres. 

The mass of gas expelled per unit time when the internal pressure is 


P atmospheres = a 


° 


Owing to the expulsion of the air, the internal pressure falls ; the 
ratio of the pressures, at the end and at the beginning of unit time, is 
equal to the ratio of the masses of gas contained at these times ; hence— 


122 
Pressure at unit time after the | _ sage P, fe Pp 
pressure was equal to P einai PM 


ML 
= (3 - oat) 124 


Thus, to determine the pressure at the end of unit time, we must 


multiply the pressure at the beginning of that time by (: - = 7 
it 


Pressure at commencement of experiment = Bx 


Pressure after lapse of first unit of time = (: - ox) Ee 
m \2 

oy yy ” second ” ” = € 4 PM Pe 
mt -\* 

” ” ” nth ” ” = (1 Sa P.M °° 


The air in the bubble is practically at atmospheric pressure, and the 
volume of the bubble is equal to 0’0082 c. in., or, in round numbers, 


—e 


ANSWERS TO QUESTIONS 625 


8x10-*c. in. Thus, if we take half an hour as the unit of time, the 
volume of air at atmospheric pressure that escapes in unit time 
=24¢c.in. Thus, 7/M = 2°4/80=0'03. At the end of 48 hours 
(96 units of time), the air escapes at half its original rate, and therefore 
the pressure = P,/2. Thus— 


96 
P, (1 - a3 ates 


Ws ay = (0" 3°" = 0°9927. 
OPO 3" EMMITT 
Sale ce ney “9937 = 4°I atmospheres, 


(12) Let p = density of air at atmospheric pressure ; then, density of 
air contained by tyre at commencement of experiment = 4°Ip, and 
density of escaping gas = 0°61 X4'Ip = 2'5p. Velocity of gas at orifice 
= 0°95 X 34,000 cm./sec. = 12,700 in./sec. The gas escapes at the rate 
of (8 x 10-*)/6 = 1°3xI0—*c. in. per sec. Thus, if a = area of orifice, 
measured in sq. in.— 

PraLis eal Ome —= (2 <Awlip <2, 700, 
@= 275% 10_ $q./1n. 


CHAPTER XIV 


(4) 0°67 cm. 

(5) 12°7 ft./sec., or 8°65 miles per hour. 

(6) Let 8 = height of ridge on bed of canal, and let « = height of 
wave on surface over ridge, measured from undisturbed level of surface. 
Vertical accelerations may be neglected (p. 482) and velocity is uniform 
across any transverse section, Thus, velocity over ridge on bed 
= VH/(H+a-8). 

Consider tube of flow just above bed of canal. For this tube of flow 


we have— 


H 
5 = Ales = (goH + 40V") = — ep, 
ep(H+a-8)+43pV (a) (gpH + 3pV°) &pB 


y2 ka pees 


: -—8 
Vv xX 2a = 26%, 
v8 
and a= Vi=¢H 


ss 
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Thus, a is positive or negative, according as (V?—gH) is positive or 
negative. If V2 = gH, a would be infinitely great; but this result 
cannot be trusted, since it has been tacitly assumed in the course of the 
investigation that a is small. 


CHAPTER XV 

(1) 3 x 10* dyne. 

(2) 6°72 x 1074 lb./ft. sec. 

(3) 200 cm./sec. 

(4) 3°08 x 10-7 c.c. per sec. 

(5) Let H = initial height of free surface in cistern above level of tube. 
From answer to question 4, it follows that the water that escapes during 
an hour has a volume of H x 2‘2 c.c., and during this hour the level of 
the surface in the cistern is reduced by Hx 2'2x10-4cm. Therefore, 
at end of hour, height of surface above tube = H(1-2°2x 1074). After 
24 hours the height of the surface will be equal to H(1 —2'2 x 10-4)*4 
(see p. 624). 

Hi@ = 2 25610 =3)2=—a50s 
and H = 50°24 cm. 
(6) 7°15 x 10° dyne-cm. 
(TO)N(@2) 87 —31-O7'x 1O>— cm» (0. 783 62a TOS cms 


CHAPTER XVI 


Reps 10! dyne/(cm.)?. 


(1) 
(2) V = 4°46 x 104 cm./sec. 
(3) V = 4°57 cm./sec. 
(AR 77 Sato cm. 
(5) A = 3:65 x 10-" cm., d= 3°16 x 10-9 cm» 
(6) 7 = 3°14.x 10-4 cm. 
(7) 1°44 x 10% 
(8) 3°42 x 10”, 
) 


(10) Ato’ C., P = 6°7x 108 dyne/(cm.)?. 
At 100° C., P = 915 x 108 dyne/(cm.)”. 
(11) Elevation of boiling point = 2°32°C. This value is in close 
agreement with experimental results. 
(12) On the assumption that each dissolved molecule consists of one 
atom (that is, that the molecular weight of the dissolved iodine = 127), 


——” 
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the calculated value of the elevation of the boiling point = 0°64° C. 
This is roughly twice as great as the observed value. Notice that the 
solution is fairly concentrated, and therefore the calculated value of the 
osmotic pressure (which is obtained on the assumption that the solution 
is dilute) will not be quite accurate. 
(13) The vapour pressure will be increased by 0°42 cm. of mercury. 
(14) Depression of freezing point = 5°35° C. 
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APPENDIX I 
THE GYROSTATIC COMPASS 
THE earth is rotating about its polar axis, which possesses 


an approximately constant direction in space ; a plane including 
this axis and any given point on the earth is called the meridian 


Fic. 286.—Gyrostat with three degrees of rotational freedom. 


plane at that point, and the line of intersection of this plane 
with the surface of the earth is called a meridian of longitude. 
In specifying a direction at any point on the surface of the 


earth, it is necessary to state the angle which the direction 
629 
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makes with the meridian of longitude passing through that 
point. The magnetic compass does not directly indicate the 
true meridian of longitude, since a suspended magnet comes 
to equilibrium with its axis on the magnetic meridian, which, 
in general, is inclined to the true meridian of longitude; thus 
troublesome corrections are needed in order to determine a 
direction correctly by the aid of a magnetic compass. Further, 
in large steel vessels, and particularly in submarine vessels, the 
magnetic compass is rendered inaccurate by the magnetism of 
the steel in its neighbourhood. Hence it is highly desirable 
to have an instrument which indicates the true meridian of 
longitude at any place, and this end is attained by the gyrostatic 
compass. mere 

Consider a fly-wheel W (Fig. 286) rotating about the axis I. 
Let the axle of the wheel be pivoted in the ring R, which in its 
turn is pivoted in the fork F so that it can rotate freely about 
the axis 2; and let the fork F be pivoted on the stand S so 
that it can rotate freely about the axis 3. Further, let it be 
supposed that the wheel, the ring, and the fork are balanced 
perfectly so that gravity exerts no torque on the wheel. Then 
if the wheel is set spinning its axle will maintain a constant 
direction in space. Such a rotating wheel might be used to 
measure directions, but several difficulties would be encoun- 
tered. Thé direction of the axle of the wheel relative to some 
fixed direction in space would have to be determined, and as 
the meridian of longitude moves with the earth, the axle would 
not make a constant angle with the meridian plane ; farther, if 
the rotation of the wheel were accidentally allowed to cease, 
the axle might acquire a new constant direction when the 
wheel was set in rotation once more. It is therefore desirable 
to modify the arrangement represented diagrammatically in 
Fig. 286 so that the axle of the fly-wheel tends to set itself in 
the meridian plane, instead of pointing in a constant direction 
in space. This end is attained by the Anschiitz Gyrostatiec 
Compass. 

Let it be supposed that a small weight is fixed to the ring R 
so that gravitation tends to keep the ring horizontal, z. e. with 
its plane perpendicular to that radius of the earth which passes 
through the common centre of the ring and fly-wheel.. For 
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simplicity let it be supposed that the fly-wheel is set rotating 
at the equator, and that the axis of rotation (p. 61) initially 
points from East to West. Then, looking along the initial 
direction of the axis (from 
East to West, A, Fig. 287) 
the fly-wheel would be seen 
rotating in a clockwise direc- 
tion. As the fly-wheel is 
carried toward the East owing 
to the rotation of the earth, 
the direction of the axle would 
remain constant were it not 
for the weight attached to the 
ring ; that is, after a short time B 
the fly-wheel would be in the 

position B (Fig. 287), the plane 

of the ring being no longer 

perpendicular to the radius of ls 

eee etitenecht axed | ee 
to the ring tends to set the ring 

perpendicular to the radius of the earth, and thus generates a 
torque acting in an anti-clockwise direction about a perpendicular 
to the plane of the paper through B; and Lanchester’s rule (p. 70) 
shows that this torque will cause the axle to alter its direction, 
the West end of the axle being raised above the plane of the 
paper, while the East end is depressed below that plane. As 
the rotation of the earth continues, the torque continues to act 
until the axis of rotation points vertically upwards in Fig. 287 ; 
7. é. until the axle of the fly-wheel has come into the meridian 
plane, the axis of rotation being directed from South to North 
(geographically). At any point on the earth except either of 
the poles, the same action will occur; but the directive torque 
will be greatest at the equator, and will diminish as the poles 
are approached. 

The fly-wheel is driven electrically, and so long as it rotates 
the axis points from South to North; if the rotation were 
allowed to cease, it would only be necessary to restart it in 
order that the axis should quickly come into the meridian 
plane. 
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APPENDIX I 


THE MICHELL THRUST BEARING 


OSBORNE REYNOLDS proved that for the full advantages 


of lubrication to be realized, it is 
lubricated surfaces should be slightly inclined 
to each other (p. 511), and that very little 
advantage can be gained by lubricating two 
plane surfaces which remain parallel while 
one slides over the other. In a thrust 
bearing a projecting shoulder on a shaft 
presses on a collar, and the difficulty of 
producing effective lubrication in this case 
has long been known. The problem has 
been solved in recent years by a descendant 
of the Rev. John Michell mentioned on 
p. 204. The collar is made in the form of a 
number of segments which are pivoted so 
that they can tilt slightly (Fig. 288), thus 
giving the necessary angular inclination of 
the applied surfaces for effective lubrication 


(p- 509). 


necessary 


that the 


Item 
edt 


Fic. 288.—The 
Michell thrust 
bearing. 


This form of bearing was adopted for the thrust 


bearings of ships during the war, and was found so effective 


that few large ships are now without it. 
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INDEX 


(Names of persons are printed in italics.) 


Acceleration, 10, 19, 599; angular —,62; 
— due to gravity, 21, 90, tor, 117; 
—, measured by spirit level, 369 

Action and reaction, 24 

Activity, 30 

Adiabatic expansion of gas, 439 

Airy, 201 

Aitken, 364 

Allen, 629 

Amplitude, 
waves, 451 

Angle of contact, 302, 306, 310 

Angular acceleration, 62 

’ Angular velocity, 46; — — of vortex 
filament, 374, 392 

Anticlastic curvature, 263, 324, 327 

Anschiitz gyrostatic compass, 630 

Aperiodic motion, 183 

Atmospheric air. viscosity of, 517, 526 

Atom of electricity, 561 

Attraction due to surface tension, 340 

Attwood’s machine, 13 

Avogadro's hypothesis, 536 

Ay7 ton, Mrs., 485 

Axis of rotation, 47 


of oscillations, 85; — of 


Balance, 115 ; — wheel of watch, 254 

Ballistic galvanometer, 173 

Ball rolling on concave surface, 104 

Barton, Dr., 238 

Bending of beam, 242, 259; —of blade, 
266:— of cantilever, 255;— torque,247 

Bessel, 102 

Bifilar suspension, 106 

Blade, bending of, 266 

Boiling point of solution, 590 

Borda's re-entrant mouthpiece, 416 

Bouguer, 203 

Boyle's law, 535 

Boys, Prof., 207, 210 

** Brownian motion,” 580 

Buoyancy, 35 

Bulk modulus, 220, 227 
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Calming of waves, by oil, 298; — — by 
rain, 480 

Cantilever, 255 

Cavendish, Henry, 204 

Capillarity, 311 

Centre of gravity, 40; — of oscillation 
and suspension, ror 

Centrifugal force, 27 

Centripetal force, 27 : 

Circular motion, 26, 87 ; — orbit, 73 

Cloud, velocity of descent of, 528 

Coefficient of viscosity, 487, 495, 498, 
501, 503, 515, 519, 564 

Collisions of molecules, 538 

Colloidal solutions, 581 

Composition of forces, 22; — of velo- 
citles, 9 

Compound pendulum, 96, °128 

Compressibility, 281 

Compressible fluid, flow of, 437 

Compressive strain, 218, 606 

Concentration, 568, 582 

Condensation of vapour, 363 

Conductivity (thermal) of gases, 566 

Conical pendulum, 89 

Conservation of energy, 
momentum, 25 

Constancy of weight, tor 

Constricted tube, 405, 617 

Contamination of liquid surface, 297 

Coupled system, 156 

Crookes, Sir W., 569 

Curl, 385, 388, 395 

Curvature, 323 ; — of wave curve, 333 

Cycle, surface tension, 293 

Cylindrical bubble, 330, 337 


of 
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Damped galvanometer, 177, 180, 183 
Damped oscillations, 172, 180, 602 

Dead beat motion, 183 

Deep water waves, 451 

Density of earth, 206, 208, 2 

Diffusion of gases, 567 ; — of liguids, 582 
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Dilatancy, 213 

Dimensional equations, 346, 477, 490, 528 

Dimensions of physical quantities, 6 

Disc rolling on plane, 138 

Displacement, 6 

Doublet, 398, 615 

Drops, formation of, 286, 346 

Drop of mercury, 307 ;-— of water, 610; 
— of water between parallel plates, 342 

**Ducks and drakes,” 512 

Dupré, 354 


Dyne, 18 


Elastic constants, 231 ; — limits, 224 

Electric attraction and repulsion, 423 

Electricity, atom of, 561 

Energy, 30; — of rotating body, 46; 
— of strain, 35 ; — of wave, 464, 466; 
— transferred along tube of flow, 401 

Edtvos, 365 

Equiangular spiral, 75. 79 


Equilibrium, 23; stable, unstable, and © 


neutral —, 42 
Equipartition of energy, 535, 58 
Equivalent simple pendulum, roz 
Erg, 28 
Evaporation, 358 


Falling bodies, 20 

Fick's law of diffusion, 585 

Flexural wave, 474, 608 5 

Flow, of compressible fluid, 437, 623; — 
of gas through tube, 514; — of liquid, 
416; — of liquid through tube, 404, 


491 

Fly-wheel, moment of inertia of, 106 
Foot-pound, 29 

Foot-poundal, 29 

Force, 11 ; — of gravity, 2x 
Forced oscillations, 184 
Foucault's pendulum, 189 
Frequency, 84 

Froude's law of comparison, 478 
Fugitive elasticity, 507 
Fundamental units, 3 


G (gravitation constant), 208 

g (acceleration due to gravity), 21 

Galvanometer, 177, 178 

Graham; 536 

Gram-molecule, 535 

Gravitation, terrestrial, 2rz 

Gravitational attraction, 192, 198, 215, 
423; 603 ;— energy, 32 

Group velocity of waves, 469 

Groups of waves, 474 

Gyration, radius of, sg 

Gyrostat, 63, 122, 629 

Gyrostatic compass, 629 


Heat a form of energy, 36 ¥. 
Heat absorbed by stretched liquid film, 


295 . 
Helicoid, 269, 328 
Homogeneous, 217 
Horse-power, 30 


Inertia, 20 ; — of sphere moving through 
fluid, 20, 150, 619 

Inertia of vortex ring, 437 

Inverse square law, 192, 209 

Inviscid fluid, 367 

Ions, 560 

Irrotational motion, 387 

Isotropic, 217 


Jet of liquid, 345 
Johannot, 358 
Joule, 28 


Kater's pendulum, roz 

Kelvin, Lord, 361 

Kinetic energy, 31; — of vortex fila- 
ment, 389 ; — of wave, 466 

Krigar-Menzel, 208 

Kundt's dust figures, 486 


Laplace, 351 

Lanchester’s rule, 70 

Latent heat of vaporisation, 353 
Le Sage, 212 

Lehfeldt, Dr., 516 

Lever, equilibrium of, 39 

Linear doublet, 398 ; — source, 398 
Lines of flow, 380, 384 

Lines of force, 384, 395 

Liquid escaping from tank, 409, 411 
Logarithmic spiral, 82 

Lubrication, 505 


Magnetic attractions and repulsions, 423 
Magnet oscillating in magnetic field, 117 
Marangoni, 298 
Maskelyne, 203 


Mass, 4; — of earth, zor, 202; — of 
molecule, 562 
Matter, x 


Maximum velocity of gas, 447 

Maxwell, 535, 536, 544, 582 

Maxwells needle, 113 

Mean free path, 537, 565 

Membranes, semi-permeable, 574, 576 

Michell, 204, 632 

Millikan, R. A., 560 

Minimum velocity of waves, 350 

Molecular forces, 351 

Molecules, 352, 531, 560 

Moment of inertia, 47;-——of fly- 
wheel, 105 
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Moment of momentum, 60; — —— of 


vortex filament, 389, 390 

Momentum, 19; — transmitted by 
fluid, 414, 616 ; — transmitted by mole- 
cule, 544 

Multiple valued potential, 396 


Napier, R. D., 446 

Napierian logarithms, 82 

Needle floating on water, 300, 610 

Nernst, 586 

Neumann's triangle, 305 

Neutral axis and surface, 24 

Newtonian constant of gravitation, 192, 
204, 208, 210 

Newton's \aw of gravitation, 192, 210 

Newton's laws of motion, 12, 24 

Number of molecules, 560 


Oscillations, linear, 93; —, torsional, 


108 ; — of finite amplitude, 143 ; — of 


magnet in magnetic field, 117; ob- 
servation of —, 118 

Osmosis, 574 

Osmotic pressure, 574, 578 


Parallelogram of forces, 22; — of velo- 
cities, 9 

Pendulum, compound, 96; conical, 89; 
gyrostatic, 122 ; reversible, 99 ; simple, 


Pafect fluid, 380, 399 

Periodic motion, 84 ; — time, 84 
Perrin, 581 

Pfeffer, 575 

Phase angle, 85 

Piling, normal and loose, 213 
Plateau, 286, 298 

Potseuille, 405 

Poisson's ratio, 223, 233, 765 
Polygon of forces, 23 


Potential energy, 32; — — of wave, 
464 ; — —a minimum, 43 . 
Potential, gravitational, 193; velocity 
—, 381 
Poundal, 18 

Power, 30 


Poynting, 208 

Pressure, 24, 34; — due to liquid 
surface, 313, 318, 323; — gradient, 
369, 404; — of gas, 532, 552; — of 
liquid, 34, 455, 559; — of wave, 460 

Principal radii of curvature, 323; 
principal sections, 326 

Projectile, 27 


Radial flow of liquid, 413 
Radius of curvature, 323, 33), 
Radius of gyration, 58 


Radiometer, 569 

Ramsay, Sir W., 576 

Rankine, Dr., 517, 519 

Rayleigh, Lord, 297, 347 

Regnault, 278 

Relative motion, 426 

Repsold's pendulum, 152 

Resolution of forces, 22; — of velocities, 9 

Reversible pendulum, 99 

Revolving body, 74 

Reynolds, Prof. Osborne, 213, 446, 499, 
570 

Richarz, 208 

Ripples, 351, 460 

Rivers, winding of, 374 

Rolling motion, 58, 600 

Rodger, 500 

Root-mean-square velocity, 535 

Rotation of fluid, 370 


Scalar, 7 

Schuster, Prof., 57% 

Searle, 248 

Semi-permeable membrane, 574, 576 

Sensitiveness of balance, 116 

Shearing strain, 225 ; — stresses, 227 

Shear elasticity, 228 

Simple harmonic motion, 84, g2, 600 

Sinks, 377 

Size of molecules, 358, 565 

Soap bubbles, 325 

Solid, x 

Solid angle, 604 

Solute, 582 

Solution, 582 

Solvent, 582 

Sound waves, 474 

Sources and sinks, 377, 379, 385, 420 

Sources attract-each other, 423, 617 

Spinning top, 133 

Spiral orbit, 73 

Spreading of liquid films, 300 

Spherical bullet, 409 

Spiral spring, 240, 251 

Stability of tube of flow, 416; — of 
cylindrical film, 337 

Stable equilibrium, 42 

Stokes, Sir George, 528 

Strain, 35, 217, 218, 221, 225, 28 

Stream-lines, 380 


Strength of doublet, 398 ; — of sources 
and sinks, 379 ; — of vortex filament, 
386, 388 


Stress, 217, 218, 221, 227, 280 
Stresses due to vortex filaments, 375, 


393 A 
Strip, torsion of, 272 
Superposition, principle of, 383 
Surface energy, 287, 292 
Surface tension, 285, 289, 292, 293, 357 
Sutherland, Prof., 512, 526 
Synclastic curvature, 324 
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INDEX 


Tait, Prof, 432 

Temperature coefficient 
tension, 295 

Tensile strength of. liquids, 281, 342, 
354) 5570, 

Tensile strain, 218, 604 

Terminal velocity, 528 

Terrestrial gravitation, 21x 

Thermal transpiration, 572 

Thorpe, 500 

Time of swing of pendulum, gr, 98, tor, 
IIQ, 127, 149, 151, 154 


of surface 


Torque, 39; — and moment of momen- 
tum, 61; — per unit twist, 109, 112, 
115, 237, k 

Torsion of cylinder, 234; — of strip, 


272 

Torsional oscillations, 108 

Tower, Beauchamp, 512 

Transfer of energy, along tubes of flow, 
401 ; — — — by waves, 467 

Transfer of momentum by fluid, 414; 
—-—— by molecules, 544 

Trochoidal waves, 459 

Tubes of flow, 380, 618; — — —, 
stability of, 416 

Turbulent motion, 403, 488, 513 

Turning moment, 39 

Twisted strip, 272 


Unstable equilibrium, 42 


Van der Waals, 356, 550 

Van't Hoff, 575 

Vaporisation, 358 

Vapour, 2 

Vapour pressure, of liquid, 555; — — 
of compressed liquid, 360, 362, 589 ; 
— — of solution, 587 

Vector, 7 


Velocity, 8 ; — gradient, 487 ; — of gas 
molecules, 535; ‘‘— greatest, where 
pressure is least,” 405; — of fluid, 
378 ; — of transmission of compressive 
strain, 606; — of vortex ring, 434; 
— of waves, 460 

Velocity potential, 381, 614 

Venturi water meter, 406 

Virtual displacements, 38 

Viscosity, 2, 487; — of gas, 525, 562; 
— of liquids, 500 s 

Viscous fluid, 367 

Vortex filament, 374, 388, 393, 394, 424, 
428, 614 

Vortex motion, 424 

Vortex rings, 431 


Watch, balance wheel of, 254 

Watt, 30 

Wave oscillations, 454 

Wave length, 450 

Waves and ripples, 349 

Waves, calmed by oil, 298 ; —, calmed 
by rain, 480; — on deep water, 451; 
on a shallow liquid, 481, 625; — pro- 
duced by a ship, 477 ; — produced by 
a barge on a canal, 485 

Wave train, 449, 469 ; — velocity, 460 

Weight of matter, 1, 35, 191 

Whetham, 586 

Wilde, 446 

Wilson, C. T. R., 560 

Winding of rivers, 374 

Work, 28; — performed in overcoming 
torque, 41 


Young, 358 
Young's modulus, 220, 231, 232, 244, 
267 


THE END 


PRINTED IN GREAT Brirain By RicHarp Cray & Sons, LimitTEp, 


BUNGAY, 


SUFFOLK. 


—— 


BY EDWIN EDSER 


Globe 8vo. 7s. 


WIGHT “FOR STUDENTS 


Guardian.—‘‘ The best elementary text-book on this subject 
we have seen.” 


School World.—‘‘ It is impossible to speak: too highly of this 
new text-book on Light. . . . The illustrations, 306 in number, 
are reproduced from diagrams and photographs; practically all 
of these are original and deserve unstinted praise, both for their 
clearness and their explanatory power. About seventy experi- 
ments are described, most of which can readily be carried out 
with the simplest apparatus. We have no hesitation in predict- 
ing that this volume will at once become a recognised text-book 
on Light for all university and technical-school students.” ©! 


Globe 8vo. 5s. 6d. 


HEAT FOR ADVANCED 
STUDENTS 


Educational News.—‘‘ We find embodied here the essence of 
such admirable works as those of Clerk Maxwell, Tait, and 
Tyndall, together with all the more recent work which has been 
done in the subject. ... The summaries at the ends of the 
chapters are excellent, containing as they do, ina succinct and 
definite form, the facts and conclusions of the text. The ex- 
amination questions will also be found of considerable service to 
students. ... Is well printed and got up, and constitutes an 
excellent and modernised text-book for advanced students, and 
will be found highly useful to both student and teacher, and will 
unquestionably take a first place in the literature of the subject.” 


LONDON: MACMILLAN & CO., LTD. 


WORKS ON PHYSICS 
A CLASS-BOOK OF PHYSICS 


By Sir RICHARD GREGORY and 
H. E. HADLEY, B.Sc. 
Crown 8vo. 
Parts I and II. FUNDAMENTAL MEASUREMENTS, HyDRO- 
STATICS AND Mrcuanics. Sewed, 2s. Boards, 2s. 6d. 
Parts I, II, and III. FUNDAMENTAL MEASUREMENTS, 
Hyprostatics AND Mecuanics, Heat. Boards, 3s. 
Part III. Herat. Sewed, 1s. 6d. Boards, 2s. 
Part 1V.  Licut. Boards, 2s. 
Parts III and IV. Heat, Licut. Sewed, 2s. 6d. Boards, 
38. 
Parts III, IV, and V. Herat, Licut, anp Sounb. Boards, 
Bsu0ds 
Parts IV and V. LicuTt anp Sounb. Boards, 2s. 6d. 
Parts VI, VII, and VIII. Macnetism, Static ELsc- 
TRICITY, VOLTAIC ELECTRICITY. Boards, 2s. 6d. 
Complete, boards, 6s. 6d. 


A TEXT-BOOK OF PHYSICS 


For the use of Students of Science and Engineering 
By J. DUNCAN, Wh.Ex., M.I.Mech.E., and 
5G. SCARLING, BSc, AR.Cse; 
Extra Crown 8vo. 18s. 
Also in Parts: 
DyNamics, 6s. 
Heat, LIGHT, AND SOUND, 7s. 6d. 
MAGNETISM AND ELECTRICITY, 5S. 
Heat, 4s. 6d. 
LIGHT AND Sounp, 4s. 6d. 


LONDON: MACMILLAN & CO., LTD. 


WORKS ON PHYSICS 


A TEXT-BOOK OF PRACTICAL PHYSICS 
By H. S. Atien, M.A., D.Sc, and H. Moore, 
A.R.C.Sc., B.Sc. Extra crown 8vo. 10s. 6d. net. 

Also Vol. I (Part I. PRoprertiES oF MATTER). 4s. net. 

Vol. II (Parts II, III, and IV. .Sounp, Licut, anp 
HEAT). 4s. net. 

Vol. III (Parts V and VI. MacGnerism anp ELECTRICITY). 
4s. net. 

Part J. PROPERTIES OF MATTER, and Part IV. Heart. 
5s. net. 

Part IV. Hear. Sewed, 1s. gd. net. 


Erol ONo dN ELEMENTARY PHYSICS 
By Batrour STEwarRT, LL.D., F.R.S. Feap. 8vo- 
5s. Questions. 2s. 6d. 


ERAMPLES SIN PHYsICS 


Containing over tooo problems, with answers and 
numerous solved examples. By D. E. Jones, B.Sc. 
Feap. 8vo. 4s. 


MAGNETISM AND ELECTRICITY FOR 


BEGINNERS 
By H. E. Havtey, B.Sc. Globe 8vo. 3s. 6d. 


MAGNETISM AND ELECTRICITY FOR 


SLU DEN LS 
By H. E. Hap.ey, B.Sc. Globe 8vo. 7s. 


PRC LICALSEXERCISES IN 
MAGNETISM AND ELECTRICITY 
By H. E. Hap.ey, B.Sc. Globe 8vo. 3s. 


LONDON: MACMILLAN & CO., LTD. 


WORKS ON PHYSICS 


ELEMENTARY. LESSONS IN 


ELECTRICITY -AND MAGNETISM. 
By Sitvanus P. THOMPSON, D.Sc., F.R.S. Feap. 8vo. 
5s. 6d. 


ELECTRICITY AND MAGNETISM 


FOR BEGINNERS 
By F. W. Sanperson, M.A. Globe 8vo. 3s. 


AN INTRODUCTION TO 


TECHNICA EL EGA RIC laay: 
By S. G. STaRLING, B.Sc. Crown 8vo. 4s. 


ABSOLUTE MEASUREMENTS IN 


ELECTRICITY AND MAGNETISM 
By ANDREW Gray, M.A., F.R.S.E. Second edition, 
re-written and extended. 8vo. 42s. net. 


AGT ERNATING. CURRENG 


ELECTRICAL ENGINEERING 


By Puitie Kemp, M.Sc.Tech., M.I.E.E. Second 
edition. Illustrated. 8vo. 17s. net. 


RUDIMENTS 2ORSE UEC PRG Ale 
ENGINEERING 


By Puitip Kemp, M.Sc.Tech., M.I.E.E. Illustrated. 
Crown 8vo. 6s. 


ELECTRICAL ENGINEERING IN 
THEO RYSAND PRA CECE 
By G. D. AsPInaLL Parr, M.Sc. 155. net. 


LONDON: MACMILLAN: & CO., LTD. 


WORKS ON PHYSICS 


BhAT, LIGHT, AND SOUND 


By D. E. Jonss, B.Sc. Globe 8vo. 3s. 6d. Separately. 
Heat, 1s. 3d. Sounn, 1s. 3d. 


LESSONS IN HEAT AND LIGHT 
By D. E. Jones, B.Sc. Globe 8vo. 4s. 


LESSONS IN HEAT 
By D. E. Jones, B.Sc. 8vo. as. 6d. 


PRACTICA EXERCISES IN HEAT 


By E.S. A. Rogson, M.Sc. Second edition. Globe 
SV OmmnsS. 


Gable eORY: ORT HEAT 


By Tuomas Preston, F.R.S. Third edition, edited 
by J. RoGgrson Correr, M.A. 8yvo. 25s. net. 


maser AINICS J AND: HAT 
By J. Duncan, Wh.Ex. Crown 8vo. 55. 


MANUAL OF MECHANICS 


pa = BAT 


By Sir RicHarD GreEGoRY and H. E. HaDLey, B.Sc. 
Crown 8vo. 4s. 


Ber iCs= A MANUAL FOR 


STUDENTS 
By A.S. PercivaL, M.A., M.B. Crown 8vyo. ras. 6d. 
net. 


LONDON: MACMILLAN & CO., LTD. 


WORKS ON PHYSICS 


TREATISE ON PRACTICAL LIGHT 


By Recinatp S. Cray, D.Sc. Extra crown 8vo. 
12s. 6d. net. 


PRACTICAL, EXERCISES IN ULIGHT 
By REGINALD S. Ciay, D.Sc. Globe 8vo. 3s. 


ELE VLE ORY 20 Fe hae 


By THomas Preston, F.R.S. Fourth edition, edited 
by W. E. Turirt, M.A. 8vo. 15s. net. 


LIGHT, VISIBLE AND INVISIBLE 


By Prof, Si.vanus P. THompson, F.R.S. Second 
edition. Crown 8yo. 8s. 6d. net. 


ELEMENTARY LESSONS ON 
SOUND 
By Dr. W. H. Stone. Feap. 8vo. 3s. 6d. 


A TEXT-BOOK ON SOUND 


By Prof. Epwin H. Barron, D.Sc. (Lond.), F.R.S. 
Second impression, revised. Extra crown 8vo. 12s. 6d. 
net. 


EO Ray. OF SOUND 


By Lord Ray.eicu, F.R.S. Second edition. Vol. 
ISPS VvOumli5S. Net. 


LONDON: MACMILLAN & COS’ LTD, 


WY ee 7 i ae Bee fi 
‘Ope a res We ; 
i 


a Ne 
B NOV. 1937, 

1 nov 1938. 
pe APR 1940 


 F APR 1952 


x & 


